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PREFACE TO THE THIRD EDITION 


This book is meant as a textbook for a course in Complex Analysis at graduate level 
of universities in India and abroad. It is also intended to be useful for scientists and 
engineers. The second edition of this book was reviewed by learned mathematicians 
in many reputed international journals of mathematics and the response was very 
encouraging. In this third edition we have incorporated reviewer’s suggestions and 
comments. We welcome any further comments and suggestions from readers. Finally, 
I thank the publisher for his cooperation in bringing out the book. 


B. Choudhary 
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PREFACE TO THE SECOND EDITION 


Complex Analysis was originally developed for the sake of its application. Keeping 
in view the applied nature of the subject I have included in this edition topics like 
some physical applications of conformal mapping, extension of the maximum 
modulus principle, some consequences of Jensen’s theorem and Hadmard’s gap 
theorem. 

The justifiable criticism was that the chapters on conformal mapping and 
analytic continuation were not given more attention than most other books. In this 
edition, both these chapters have been strengthened by new results and examples. 

Solutions to some more selected exercises which involve lot of new ideas 
and theoretical considerations have been provided at the end. I hope this will help 
the students to get actively involved in the subject. 

Finally, I thank the publisher for his cooperation in bringing out the book. 
Readers are urged to send their comments and suggestions so that I can improve the 
usefulness of the book. 


B. Choudhary 
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PREFACE TO THE First EDITION 


This book is an introductory course in Complex Analysis of one Complex Variable. 
It contains sufficient material for one semester course. 


The prerequisite for this book is a course in advanced calculus and a course 
in elementary modern algebra. 


The book consists of fourteen chapters and two appendices. Chapter | is 
very elementary and deals with the field of complex numbers. Assuming that the 
reader is familiar with metric spaces, continutity, convergence, compactness, 
connectedness, etc., we briefly introduce these concepts in Chapter 2. Chapter 3 to 
Chapter 10, includes the essentials of Complex Analysis, which cannot be left out 
in one semester course. 


Since the proof of the Riemann Mapping Theorem is somewhat more difficult 
than the study of the specific cases considered in Chapter 9, it has been presented in 
the Appendix. Chapters 12-14 deal with further analytic aspects of functions in 
many directions, which may lead to some other branches of mathematics. Chapter 
11 initiates the reader in the consideration of functions as points in a metric space 
and presents Weierstrass Factorization Theorem and its application. The homological 
version of Cauchy’s Theorem is presented in the Appendix. Exercises are given at 
the end of each chapter. Solutions to some selected problems are special feature of 
the book. 

This book grew out of a regular course given by me at M.Sc. level of Indian 
Institute of Technology, Delhi. I have been influenced by many books on the same 
subject, especially by L. Ahlfors, H. Cartan, J.B. Conway and Serge Lang. I have 
also referred, in various places, to those books which have been of particular 
assistance to me in preparing lecture notes for this book. 

This book covers the syllabus on Complex Analysis at graduate level of the 
universities in India and undergraduate level of the universities in North America 
and Europe. I have resisted the temptation to include everything of the subject in 
this text, consequently there are many facets of the subject which have been omitted. 


xii PREFACE TO THE First EDITION 


I have chosen the topics with greatest care and have tried to present them 
systematically with diagrams and illustrations. In each chapter the level grows 
gradually and accumulations of lengthy theorems at one place have been avoided. 

My thanks are due to many people who have read drafts of the text. I am 
afraid that despite all my efforts, if some of the mistakes are still survived, I will 
be grateful to the readers who are kind enough to point them out. 


B. Choudhary 
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SETS, FUNCTIONS AND 
CompLex NUMBERS 


ERM sets | 


Let A be a given set. We write x € A if x is an element of A. The negation of x € A is 
written in the form x ¢ A. 


If each element of F is also an element of F, then we say that F is a subset of 
F, or that £ is contained in F, or that F' contains E and write 
ECF or FD E. 
In particular, E c E for every set E. 


The set which contains no element is called the empty set. We denote the 
empty set by o. Note that the empty set is a subset of every set. 


Two sets E and F are said to be equal if they contain the same elements. In 
order to show that the sets E and F are equal we must show that Ec Fand Fc E£. 
If—E cFandF cE, we write 


E=Ff, 
IfE cFand E#F, Eis called a proper subset of F. 
Let P denotes a property for a collection of elements. We use the symbol 
{x : P} 
to denote the set of all elements x which have the property P. 


Let A and B be two sets. The union of two sets A and B is defined to be the set 
of all elements which belong either to A or to B or to both A and B. In symbols, 


AUB={x:xeAorxe B}. 


The intersection of two sets 4 and B is defined to be the set of all elements which 
belong to both A and B. In symbols, 


AQNB={x:xeAandx eB}. 
Let A and B be two sets. If A 7 B= , then we say that A and B are disjoint. 


We now list some of the algebraic properties of the operations on sets that 
we have just defined. The proofs of these assertions are left to the reader. 
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A B 
AUB 
Fig. 1.1 

A B 
ANB 
Fig. 1.ll 


Properties 
(a) AVA=A,AUO=AANA=4A,ANO=0; 
(6) AUB=BUA,ANB=BOA; 
(c) (AUB)UCHAU(BUDO,AN(BOAOCF(ANB)AC; 
(2) AU(BONC)=(AVB)A(AVUO; 
AN(BUQ)H(ANB)UANC). 
These properties are called the idempotent, the commutative, the 


associative, and the distributive properties, respectively, of the operations of union 
and intersection of sets. 


Let A and B be two sets. The complement of B relative to A is the set of all 
elements of A which are not in B. In symbols, 


A-B={x:xEA,x ¢ B}. 


A - B 
Fig. 1.111 
We now state the De Morgan’s laws for three sets. 


De Morgan’s Laws 

(a) A~-(BUQ)=4-B)N(4-O); 

(b) A~(BONC)=(A-B)U(A- ©). 

We verify the first of the two equalities. Ifx ¢ A—(BUC), thenx €4,x ¢ B 
and x ¢ C. Hence x e A— Band x € A—C. This shows that x « (4-—B) N(A-C). 
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Conversely, ifx ¢ (A —B) \(A— CO), then x € (4 —B) andx € (A—C). Thus x € A, 
x ¢ Band x ¢ C. This shows thatx ¢ dA andx ¢ BUC,i.e.x Ee A-(BUOQC). 
The verification of the second equalities is left to the reader. 
Let A and B be two non-empty sets. The Cartesian product A x B of the sets 
A and B is defined to be the set of all ordered pairs (x, y) where x € A andy € B. In 
symbols, 
Ax B={(x,y):x eAandye B}. 
Example : Let A = {a, b, c, d} and B= {1, 2, 3}. 
Ax B= {(a, 1), (a, 2), (a, 3), (6, 1), (6, 2), (6, 3), (ce, 1), 
(c, 2), (c, 3), (d, 1), (d, 2), (d, 3)}. 
Note that (a, 1) ¢ Ax B, but (1, a) ¢A xB. 
We shall use the following notations for designating intervals. If a and b are 
real numbers such that a < b, then we define 
la, b]) = {x:a<x<b}; 
(a, b) = {x:a<x<b}; 
la, b)={x:a<x<b}; 
t 


= {x:a<x<b}. 


EP FUNCTIONS | 


Let A and B be arbitrary non-empty sets. A function from A to B is defined to be a set 
f of ordered pairs in A x B such that if (x, y) and (x, y’) belong to f, then y = y’. In 
other words, a function from A to B is some rule whereby to each element x € A 
corresponds a uniquely determined element y € B. The y which corresponds in this 
way to a given x is denoted by f(x), and is called the value of / The set A is called 
the domain of definition of fand the set of values of fis called the range of f The 
terms “function” or “mapping” are synonymous and we denote them by 
f: AB, 

with domain A, and range contained in B. 

Let A and B be two sets and let f: A > B be a map. Suppose that D is a subset 
of A. The image f(D) is the subset of B defined by 


f(D) = f(&) sx € D}. 


Fig. 1.IV. The image f(D) 
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It is clear that f(A) c B. If f(A) = B, then we call fa mapping of A onto B. The 
mapping f of A into B is called one-to-one mapping if two different elements in 4 
have different images under f: In other words, fis one-to-one mapping of A into B if 
whenever x, #x,,x, € A, x, € A implies that f(x,) #f(x,). 

If f: A > B is both onto and one-to-one, then we can define the inverse 
mapping. f' : B > A in the following way : 

ft "() =x if and only if f(x) =y 
for every y € Band for every x € A. 

Let f: A — B be a map. Suppose now that G is a subset of B. The inverse 

image f—'(G) is the subset of A defined by 


fo (G) = {x :f() € G}. 


OmO 


Fig. 1.V. The inverse image f- (G) 


We list below certain properties of sets that are preserved under the direct 
image and inverse image, respectively. The reader should convince himself of the 
validity of these properties. 

Properties: Let f: A > B be a map. Suppose that D and E are subsets of A. 

(a) IfDCE, then f(D) c f(£); 

(b) {DOB f(D) of); 

() f(DUE)=f(D) Vf 

(d) f(D\E)Cf(D). 

Properties: Let f: A > B be a map. Suppose that G and H are subsets of B. 

(a) If GCH, then f' (G) cf 1 (A); 

() fUGAM =f" (@afi ; 

(0) f(GUN=f"(QuUf7 MH; 

(d) f' (G-A)=f" (G)-f" (A). 

Observe that the inverse image is better behaved than the direct image. 

Let f: A > Band g: B > Cbe any two functions. The composition g o fis 
the function from A > C defined as follows: 

(x, z) € go fif and only if for some y, (x, y) € fand (y, z) € g. 
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Oy 


Fig. 1.VI. Composition of functions 


Note that if fand g are one-to-one, then g o f is also one-to-one and its 
inverse function is 


(gofpt=ft og". 
Let f: A > B be a function and let E be a subset of A. We call the set of 
elements (x, f(x)) with x € E the restriction of fto E and write 


f\E: EOB. 
Clearly, if fis one-to-one, so is f'| E. 


come COUNTABLE SETS | 


Definition: Let A and B be any two sets. If the function f: A — B is one-to-one and 
onto, then we say that fis a one-to-one correspondence between 4 and B. 


Example: Let A denotes the set of positive odd integers and B the set of 
positive even integers. Define f: A > B by 


f(=nFl. 
Then fis one-to-one correspondence between A and B. 

Whenever there exists a one-to-one correspondence from set A to set B, we 
say that A and B have the same cardinal number, or briefly, that A and B are 
equivalent, and write 

AB. 

This relation has the following properties and can be easily verified. 

(a) reflexive : A = A for any set A. 

(6) symmetric : if A = B, then B = A. 

(c) transitive: if 4 + Band Bx C, then 4 =C. 

A set A is called finite if it is empty or if there is a natural number 7 such that 
A is equivalent to the set {1, 2, 3, ...,2}. A set A is called infinite if A is not finite. The 
most basic infinite set is the set of all positive integers: 


T= (1, 2,3,..,n,n+1,...}. 
Definition: We say that a set A is countable if A = J. 
Example: Let A be the set of all integers. 
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Define f: [> A by 
(n even); 


lid 
a 
(4) = _ 
He) ae (n odd). 


The function is one-to-one correspondence from A to /. The sets A and J are 


arranged as follows: 
A: 0, I, —l > 2; =2, 
t - - - i 
3; 4, 5, 


L. 1, 2: 
We say that a set A is uncountable if A is neither finite nor countable. 


Definition: Let / be the set of all positive integers. A sequence in a set A isa 
function f: [> A. 
In other words, a sequence assigns to each n € J, a uniquely determined 
element of A. 


Iff(n) =x,, forn e€ I, we usually denote the sequence f by the symbol 
iinet 


n 


TRF OE Kis Noe Koss 
Ifx ¢ A foralln e J, then we say that x, is a sequence in A. 
We need to define unions and intersections of large class of sets. Let {A,} be 
a collection of sets, where i runs through some index set /. We define their union 


and intersection as follows: 
U_A.= {x :x € A, for at least one i € J} 


iel 
OO A= {x:x € A, for everyi eI} 


and iel i 
If J is the set of all positive integers, then their union and intersection are 


often written in the form 
WA, and A). 
i=1 i=l 


Note that De Morgan’s laws can be generalized for an arbitrary collection of 


sets in the following way: 
(a) A~-UA,= (A-A,); 
iel iel 


(b) A-A A, =U (A-A,). 
iel iel 
We shall now establish two useful properties of countable sets. 


yaee 


Theorem 1. Every infinite subset F of a countable set E is countable. 
Proof: Let the element x < E be arranged in a sequence x,, x,, X,, ...,X, 


distinct elements. We construct a sequence n,, n,,N,, ... in the following way. 


SETS, FUNCTIONS AND CompLex NUMBERS 7 


Let n, be the smallest positive integer such that x,, € F. Having chosen n,, 


let n, be the smallest integer greater than n, such that x,, € F. In this way, having 
chosen 7,, 11,, ..., 1,_, (k = 2, 3, 4, ...), let n, be the smallest integer greater than 


n,_, such that x,, € F. 


Set f (= %m, (k= 1, 2,3, ...). 


We thus see that there exists a one-to-one correspondence between F and the 
set of all positive integers. 


Theorem 2. Zhe union of a countable collection of countable sets is countable. 


Proof: Let {A,} be a sequence of countable sets, and let 


Then we have to prove that E is countable. 


Let {A4,,4,, A,, ...} be arranged in a sequence {a,}, i,j=1,2,3,....Letall the 
elements ai, be written in the following order. 


Note that we have listed the elements of A, in the first row, the elements of A, 
in the second row, and so on. Write all these elements (as indicated by the arrows) 
in the form of a sequence 


A 45 A455 A,,5 Ax, A,5, 4 


11? 


127 212 132 2073 


Observe that Ang precedesa, ifp+q<m-+n, or, incasep+q=m+n, if 
p<m. 


Hence, it follows from Theorem 1 that £ is countable. 


ER@ FIELDs | 


In order to introduce the notion of a “field” we shall follow a convention that is 
familiar to the reader from elementary courses in modern algebra. By a binary 
operation in a set F', we mean a function 
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h:FxXFoF. 
In general, h(a, b) denotes the value of the binary operation / at the point 
(a, b) in F x F, but we shall use symbols such as a+ b ora: b. 


Definition: A set F is called a field if there are two binary operations + and - 
such that the following properties are satisfied. 


Ifa, b, c belong to F, then 
(i) a+ b=bta; 
(ii) (a+ b)+c=at+(bt+o); 
(iii) a-b = b-a; 
(iv) (a-b)-c = a-(b-c); 
(v) a-(b + c) = (ab) + (a-c) and (6 + c)-a = (b-a) + (c-a); 
(vi) there exists a unique element 0 in F' such that 0+ a=aanda+0=a; 


(vii) for each element a in F there is an element a in F such that a+ a =0 and 
a+a=69. 
(viii) there exists a unique element e # 0 in F'such that e-a =a, a-e=a; 

(ix) for each element a+ 0 in F there is an element a’ in F such that a-a' =e, 

anda’: a=e. 

The element 0 is called the zero element of F and the element e is called the 
identity or unit element of F. 

We assume that the reader is familiar with the “algebraic” structure of the 
real number system. Before we discuss the “algebraic” structure of the complex 
number system, we shall give two examples of fields. 

Examples: (i) Consider the system R of real numbers. Two of the binary 
operations in R are addition and multiplication. Note that the familiar operations 
subtraction and division are defined in terms of addition and multiplication 
respectively. Here 0 = 0 and e= 1 are the additive and multiplicative identities of R. 
For every a € R, there exists @ = (— 1) a in R such that a + (— 1) a= 0 and 
(-1) a+ a=0. For every a #0 in R, there exists a number a’ = 1/a such that a'a = 1 
and aa’ = 1. We conclude that the set R of real numbers forms a field. 

(ii) Let QO denotes the set of rational numbers; that is, real numbers of the 
form p/q where p and q are integers and q # 0. In this case also, 9 =0 and e= 1. It is 
readily checked that the set Q of all rational numbers forms a field. 


[EE CoMmPLEX NUMBERS | 


Let R be the set of real numbers. A complex number z is defined as an ordered pair 
of real numbers: 


z=(a,b)whereae R,beER. 
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The real numbers a and b are called the real and the imaginary part of z, 
respectively. In symbols, a = Re z, b=Imz. 

Two complex numbers z, = (a,, b,) and z, = (a,, b,) are said to be equal if and 
only ifa, = a, and b, = b,. We denote by C the set of all complex numbers. 

The operations of addition and multiplication in C are defined as follows: 


2 2, = (4, ad 8,), 
a a (4,4, ~ b,b,, a,b, + a,b,); 
Az =X (a, b) = (Aa, Ab) where i € R. 
It can be easily checked that with these definitions C satisfies the associative, 
commutative and distributive laws for addition and multiplication. 
The complex numbers (0, 0) and (1, 0) are the additive and multiplicative 
identities of C. The operations of subtraction and division in C are defined as 


2 =2; = (G/ = Gy; =0,): 


Z aa, +b,b, a,b,-—a,b, \. 
= Jy | HE 
Zy ay +b; a, +b; 
Zz, = (a,, b,) # (0, 0). 
It is readily seen that the set C of all complex numbers with respect to the 
operations described above is a field. 


Note that for a, b € R, the following properties hold. 
(i) (a, 0) + (6, 0) = (a + 8, 0); 
(ii) (a, 0) (6, 0) = (ab, 0); 
diy, AO (2. 0) ifb +0. 
(5,0) \b 
This shows that we can identify (a, 0) with a and hence may consider R as a 
subset of C. It is now desirable to show that the notation (a, b) is equivalent to the 
more customary a + ib. If we introduce 


i= (0, 1) 
and identify (a, 0) and (4, 0) with a and 5, respectively, then 
a+ ib =(a, 0) + (0, 1) (6, 0) = (a, 0) + (0, 5) 
= (a, b). 


Note that 
?=(0, 1) (0, 1)=C 1, 0) =- 1. 
It may be remarked here that the equation x” + 1 =0, which has no solution in 
R, becomes solvable in C. The roots of the equation are + 7. 


Before we conclude this section, it is important to mention that the field of 
complex numbers is not an ordered field like that of real numbers and rational 
numbers. We shall not discuss it here and readers interested in this topic may consult 
Birkhoff and Maclane [5], or any other good book on modern algebra. 
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[IERS3 THE COMPLEX PLANE | 


It is customary to use the letter R to denote the set of all real numbers as well as the 
real line, and identify the real numbers with the points on the real line. For the 
geometric representation of the complex numbers, it is necessary to introduce first 
the coordinate plane. 


Take two mutually perpendicular axes, the x-axis and the y-axis, as shown in 
Fig. 1. VII. Let P be a point in the plane. Project P perpendicularly onto points P_ 
and P on the x and y axes, respectively. Let x and y be the coordinates of P_ and P_ 
on the x and y axes, respectively. Then it can be easily seen that there is a one-to-one 
correspondence between the ordered pairs (x, y) of real numbers and point P in the 
plane. The set of ordered pairs (x, y) withx € R andy € Ris called the coordinate 
plane and is denoted by R * R, or R’. 

It follows from the definition of complex numbers that each z= x + iy in C 
can be identified with the unique point (x, y) in the plane R*. Thus with each complex 
number z = x + iy, we associate the point (x, y) in the plane, and vice-versa, each 
point of that plane corresponds to one and only one complex number. We call this plane 
the complex plane and denote by C itself. In the complex plane C, the x-axis of the 
coordinate system is called the real axis and the y-axis is called the imaginary axis. 


y-axis 


Fig. 1.VIl 


Let z= x + iy be acomplex number. We introduce the polar coordinate (7, 0): 
x=rcos 0,y=rsin 0. 
The positive quantity r is called the absolute value of z and is denoted by r 
=|z |. The angle 0 is the angle between the positive real axis and the line segment 
from 0 to z. We illustrate this in Fig. 1. VIII. 


Fig. 1.VIIl 
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The angle @ is called the argument of z and is denoted by 0 = arg z. If 0 is 
one of the value of arg z, then 


arg z=0 + 2kn,kK=0,+1,+2.,... 
The value of 8 which lies in the interval 
—nm<O0<7 


is called the principal value of the argument of z. 


Note that the arg z is not unique and is infinite valued. 
We introduce the notation 
cis 8=cos 0 +i sin 0. 
Let 2, = 7, cis 0 ,2.— 7, is 9, 
Then ZZ, =1,r, cis 0, cis 0, 
=r,r, [(cos 8, cos 8, — sin 0, sin 8,) 
+i (sin 0, cos 8, + cos 9, sin 9,)]. 

By applying the familiar addition formulas for the sine and cosine, we get 

a2,— Fr, cis (0, + 9,). 


Thus |z2,1= 12,1 2, 
and arg (z,z,) = arg z, + arg z, (upto multiples of 27). 
We write z.=r,cis®,,1 Sk Sn. 


It follows by induction that 
22 8 =F Tt O18 (0, FO, > 2.0), 

In particular, 

(1) z"=r" cis (nO) for every integer n > 0. 

The quotient of two complex numbers can be handled in a similar way. Ifz #0, 

z[r' cis (-9)] =1; 

so that (1) holds for all integers 1, positive, negative and zero, ifz #0. In the special 
case r= | of (1) we get de Moivre’s formula: 

(2) (cos 6 +i sin 8)" = cos nO + i sin n0. 


swag THE ROOTS OF COMPLEX NUMBERS | 
We can use de Moivre’s formula to find the mth roots of a complex number 
z=rcis 0. Write z= w" where w= R cis y 
If follows from de Moivre’s formula that 
z=w"=R" (cosny +isinny). 
Thus 
(3) r (cos 8 +7 sin 8) = R” (cos ny +7 sin ny). 
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By equating the absolute values on both sides in (3), we get 
R'=r ie. R=%r 
where the root is real positive and thus is uniquely determined. 
By equating the arguments in (3), we obtain 


ny = 0+ 2kn 

0 2kn 

Le, w= -—+— 
non 


where & is an integer. 


Consequently, 2/7, for z # 0, has the n distinct values. 


(4) le = A cis( 247A) k= 0,1, 401 
n n 


The complex number x — iy, denoted by Zz, is called the conjugate of 


Z=xtTIy. 
Note that 
ZZ =x +y? =|2|. 
Ifz #0, then 
1 Zz 
-=—,. 
z |2| 


The following basic properties of absolute values and conjugates can be easily 
verified: 


1 1 
(i) Rez=—(z+72Z), Imz=—(z-Z). 
2 2i 


(ii) (2, +2,)=2Z, +2. 


(iii) [2 =) )z,|>0. 
49 Zy 
(iv) |Z| =|z|. 
Note also that | z, — z,| is exactly the distance between z, and z,. The 
fundamental properties of the distance function are: 
lfz, 2,2, € C, then 


(a) |z|20,|z|=O0ifand only ifz=0; 


(6) |2,z,1= 12,112, 1; 
(c) |z,+2,|s]z,|+1z,]; 
(d) 2,—2,|212,(=|2,) 


We prove only the statement (c), which is called the triangle inequality. 
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Observe that for any z, € C, 
—|z,|SRez,s|z,|; 
=|z,|S mz SZ; |. 
Hence 
Re(Z,Z,) $| 2,2, | =| Zz, | EAR 
Thus 
[2 72, P=|2, Fo 2Re Gz.) ela? 
<|z,+2|z,||2,|+]2,P 


=(12,1+12,)%, 


from which (c) follows. 
The triangle inequality can easily be generalized i.e. 


n n 
(e) | DABS DHE? | 
i=l i=l 


The equality in (e) holds if and only if 
arg Z, = argz,=...=argz. 
A complex number z= x + iy can be represented by the directed line segment 
OP joining the origin O to the point P (x, y). We often call OP the position vector 
of P. 
Let OP, and OP, represent the complex numbers z,=x, t+ iy, andz,=x,+ iy,, 
respectively. We complete the parallelogram OP, PP, whose side OP, and OP, 
correspond to z, and z,. It is readily verified that addition of complex numbers 
corresponds, in the complex plane, to a parallelogram law for addition of vectors. 
This fact is illustrated in Fig. 1.IX. 


Fig. 1.1X 
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[IEE STEREOGRAPHIC PROJECTION | 


Let C be the complex plane. Consider a unit sphere S which is centered at z = 0 of 
the complex plane C. Suppose that the sphere S is cut by the complex plane C along 
its equator, which coincides with the unit circle centred at z = 0, as indicated in 
Fig. 1.X. The diameter NN’ is perpendicular to C. We call points NV and NV’ the north 
and south poles of the sphere S. A point P in C is mapped onto the point P’ on the 
sphere S by joining N to P by a line. The line NP intersects the sphere S at P’. Points 
inside the unit circle are mapped onto the lower hemisphere, and points outside the 
unit circle are mapped onto the upper hemisphere. The origin z = 0, is mapped onto 
the south pole NV’ of the sphere S. We now put the north pole N in correspondence 
with the “point at infinity” of the complex plane C. 


Fig. 1.X 


The method described above for mapping the plane onto the sphere is called 
the Stereographic Projection. The set of all points of the complex plane including 
the point at infinity is called the extended complex plane. The sphere is often 
called the Riemann Sphere. This is the manner in which a one-to-one 
correspondence is established between the sphere and the extended complex plane. 


FEES SPHERICAL REPRESENTATION | 
We denote the extended plane by C_= CU {}. Let P=x + iy and let P’ =(x,,x,, x,) 
be the corresponding point on S. The line in R? through P and N is given by 

(5) [{C1 —u) x, (lu) y, uy :—0 <u <oo] 

In order to find the coordinates of P’ we have to find the value of u at which 
this line intersects S. If u is the value, then 

l=(-uf rtd -uyyt+w 
=(1-u)|P\?+w’. 
It follows that 
1-w=(1-u)|P/? 
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Since u # | (P ¥ 0) we get 


PP 
Pra 
2% 2y jPP=1 
Thus = = x= 
“VPP a4l 2? |PP4+l’ > |PPs 


We can write the above expression as 


PEP PHP | 
6) oe -4 


= 9X2 = 5X35 
1 |PP+1? [pps ? [PP +1 
Now we have to find P when the point P’ (P’ # N) is given. Setting u =x, and 


using (5) we get 
pe x, + ix, 
1-x, 

Let P, O be in C_.. Define the distance from P to Q, d (P, Q) to be the distance 
between the corresponding points P’, O' in R’. If P’ = (x,, x,, x,) and O' = (x’,, 
x',,x’,), then 

(7) d (e, Q) t= xy + (%= v4) a (i= oe a o 

Since P’ and QO’ are on S, it follows from (7) that 

[a Py OPH 22 ee ae es) 

Using (6) we find that 

2|P-Q| 


dP.) ay PP)asl|ORy™ 


Proceeding in a similar way we can obtain 


Gs)PRy?’ § C) 


Thus, the correspondence between points of S and C_, gives the spherical 
representation of the extended plane. 


EXERCISES 


1. The symmetric difference between two sets A and B, denoted by A A B, is defined by 
AAB = (A-—B)U(B-A). 
(i) Show that A satisfies associative law and commutative law. 
(ii) AN (BAC) =(ANB)A(AN ©). 
(iii) AAb=A, A AA=9. 
2. Letf:A—B; let S and 7 be subsets of A, and D and E be subsets of B, Prove the 
following; 
(i) f(f-' (D)) CD, and give an example in which 
f (f'(D)) 4D. 


(P,Q € C) 


d (P, ©) = 


16 


Se (Ger seca. 


10. 


11. 


12. 


13. 
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(ii) f (S)—f(T) cf (S— T), and give an example in which 
F(S)-f(D) #f(S— 7). 

(iii) f(D) - f (E)=f'(D-B). 

Let X be any set. The mapping f defined on_X by 
J (x) =x for every x € X, 


is called the identity mapping on XY. We will denote this mapping by /,. Note that 
such a mapping keeps every element of X fixed. 


Let f': X > Y be one-to-one and onto, and let f be its inverse. Prove that 
fog 1, 
Explain how does /, differ from /,. 


Prove that there exists a one-to-one correspondence between the set of positive 
integers and the set of all positive rational numbers. 


Prove that the set of all real numbers between zero and one is not countable. 
Prove that the set of all rational numbers is countable. 

Prove that the set of all points whose coordinates are both rational is countable. 
If A and B are countable, then prove that A x B is countable. 


Express the following complex numbers in the form a + ib where a, b are real 
numbers 


(i) = = i (ii) i(2+3i)4 
1+i7 1l-i 
(iii) (1+ ni) (i+) (iv) ee 
oe a 
(2+i)(1 +22) 
Express the following complex numbers in polar form 
(i) 1+iv3 (ii) - 23 — 2i 
(iii) —4i i =1=i 
(v) 1-iV2 (vi) 242 + i2V2 
(vil) 23 (viii) —4 


(ix) ¥3/2 - =i 


fr= (3 + 47) (12 — 5i) 
1l+i 


I , compute 


|z|, Rez and Imz. 
Compute all the roots of the equation z’ = 1. If @ is one of the complex cube roots 
of unity show that the other is w’. Verify that 1 + @ + @? =0. 
Compute all roots and plot them in the complex plane: 
@ CI" Gi) C1+9"° 
(iii)? (iv) (— 167)!" 


SETS, FUNCTIONS AND CompLex NUMBERS 17 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24, 


(vy) (27H Wi) - 
(vii) 8° (viii) (- 1-1)” 
(x) 4,2 +ias2y" 
If a+ ib is a root of 


az"t+az""'+...+a,=0 where a, #0, 


n 


a,,4,,..., @,,a and b are real, prove that a — ib is also a root. 
If x, + iy, is one complex root of the equation z° = | show that 
4 4) _ 

4x, (yy — x) = 1. 
If z is a complex number such that z z = 1, compute 


J}l+zP?+]1—z/?. 


If w= 2,22, show that 


Z+2Z) | 
AT tw] +| 

2 2 
If z,, z, are complex numbers, show that 


(a) |z,-z,P+|z,+zP=2|z,P+2|z); 
(6) || z,|-12 
Show that three points z,, z,, z, in the complex plane are collinear iff there exist real 
numbers a, 6, c not all zero, such that a + b +c =O and az, + bz, + cz,=0. 


Iz,1+1Z,1=| 


5 | Sea zel 


Show that triangles whose vertices are the points z,, z,,z, and z,, z., Z,, respectively, 
are similar iff 


Zz Z4 1 
Z, Zs 1/=0 
Zz; Z 1 


Show that if the points z,, z,, z, are the vertices of an equilateral triangle, then 


2 2 2 
Z| + Z5 + 23 


= 2,2, + 2,2, + Z,2,. 
Is the converse true ? 
If z,, Z,, Z,,Z,are the position vectors of the vertices for quadrilateral ABCD, show 
that ABCD is a parallelogram iff 
Z,—-2,+2,—2,=0. 

Show that the locus of z defined by the equation | z—w, | =|z—w,]| is the perpendicular 
bisector of the line AB, where A and B are the points in the complex plane which 
represent the complex numbers w, and w, respectively. Deduce that 

arg cd i Se 

Wi Wo 


Ifz,,z,, Z, and z, are four distinct points of the complex plane, show that they lie on 


a circle or a straight line iff 
(23 — 21) (24 — 22) 
(23 — 29) (Z4 — 21) 


is real. 
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25. Describe geometrically the set of points z satisfying the following conditions. 


(a) |z-i|=2 (b) |z+2i|+|z-2i|=6 
(c) |z-3|-|z+3|=4 (2) z(2 +2)=3 

(e) |z+3i|<1 (f) Rez20 

(g) Imz20 (h) Rez+Imz =0 

(i) Imz’=4 (7) |Rez|+|Imz]|=1. 


26. Determine the locus of the points z which satisfy 


zZ—a 
—— | =7/2. 
un 2 T 


MeTRIC SPACES 


PRM DEFINITION | 


A metric space is a pair (X, d) where X is a set and d is a mapping from X x X into 
R which satisfies the following conditions: 


(i) d(x, y) 20; 

(ii) d(x, y) = 0 iffx =y; 
(iii) d(x,y)=d(y, x); 
(iv) d(x, z)<d(x,y)+ d(y, 2) 

forx,y,z €X. 
Examples: (a) Let X= R or C and define d by 
A(z, 4) =| 2-2 |. 
(b) Let X= R" and define d by 


Fs 1/2 
den yeleyle] 3 oro] 


where x= (45 X2; seg My) and 


yam (1525 wey Vn) > Xis Vi € R, i= 1, 2, coer) nN. 
(c) Let X be a non-empty set and define d by 


ainy={ 


This metric space is called a discrete metric space. 
Open Ball: Let (X, d) be a metric space. If a ¢ X and r > 0, then the set 
{xx € X, d(x, a) <r}, 
denoted by B, (a), is called the open ball with centre a and radius r. 


Oifx=y; 
lifx#y. 


The open ball B, (a) on R is the bounded open interval (a —r, a + r) with 
mid-point a and total length 27. The open ball B, (a) on C is the set 
{z€C:|z-a|<r}. 
19 
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Figure 2.] illustrates an open ball in the complex plane C. The open ball on C 
is also called the open disc. 


Fig. 2.1 


Open Sets: Let (X, d) be a metric space. A set G <_X is open if for each 
x € Gthere is anv > 0 such that B, (x) CG. 

Examples: (a) The set G = {z € C:a<Rez<b} is open. 

(b) The set S= {z € C: Rez <0} U {0} is not open. 

Note that the empty set » and the full space X are open sets. Observe that in 
any metric space (X, d), each open ball is an open set. 

Closed Sets: Let (X, d) be a metric space. The set G —X is said to be closed 
if the complement X — G is open. 

We need the following characterization of open sets in terms of open balls. 


Lemma 2.1 

Let (X, d) be ametric space. A subset E of X is open if and only if it is aunion 
of open balls. 

Proof: Suppose that E is the union of a collection F of open balls. If F' is 
empty, then F is also empty and hence it is open. Suppose that F' is non-empty. E is 
also non-empty. Let x € E. Since F is the union of the open balls in F, x € B, (x9) 
which is contained in F. Since each open ball is an open set, there exist an open ball 
B, (x) < B, (xy). Hence, 

B, (x) CE, and so, E is open. 
To prove the converse, assume that F is open. Since F is open, each of its 


points is the centre of an open ball contained in F. Hence E is the union of all the 
open balls contained in E. 


Theorem 2.1. Let (X, d) be a metric space. Then 
(i) the sets X and @ are open; 
(ii) the union of any number of open sets in X is open; 


(iii) the intersection of a finite number of open sets in X is open. 
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Proof: (i) Since every open ball centred on each of its points is contained in 
X, hence X is open. 


is clearly open, since the requirement of the definition of open set is 
automatically satisfied. 


To prove (i7), let {H, : i € I}, where / is any index set, be a class of open sets 
in X. Let H= U H,. If {H;} is empty, then H is empty and hence H is open. 


Assume that {H;} is non-empty. Since each H, is a union, of open balls, H is 
the union of all the open balls. Hence, by Lemma 2.1, H is open. 


To prove (iii), let {G,:i=1, 2, ...,} bea finite number of open sets in_X. Let 
G= 1 G,. If {G} is empty, then G becomes the whole space X and hence G is 
iel 


open. 
Assume that G is non-empty. Let x € G. Since x is in each G,, and each G; is 
open. Thus for each i there is a positive real number 7; such that 
Bye, 
Set r= min {7,, /, ..., 7,} and note that 


n n 
B.(x) Cc A G,. Hence a G, is open. 
i=l i= 


Theorem 2.2. Let (X, d) be a metric space. Then 

(i) the sets X and 6 are closed; 

(ii) the intersection of any number of closed sets in X is closed; 
(iii) the union of a finite number of closed sets in X is closed. 


Proof: (i) The result follows from Theorem 2.1(Z) and the fact that X° = 9, 
o° =X, where “c” stands for the complement. To prove (ii), let {F,:i € /} be aclass 
of closed sets. Then by De Morgan’s law and Theorem 2.1 we see that 


€ 
(n F| = U F*¥ is open. 
iel iel 
Thus a F; is closed. 
1E 


The proof of (ii7) is similar to that of (zi). 

Note that a set which is not closed is not necessarily open, and vice-versa. 

Interior: Let (X, d) be a metric space and S a subset of X. A point x € S is 
called an interior point of S if there exist an open ball B, (x) such that B, (x) c S. 
The interior of S, denoted by S°, is the set of all its interior points. 

Observe that S° cS. It is easy to verify that S is open iff S = S°. 

Closure: Let (X, d) be a metric space and S a subset of X. A point x € X is 
called a closure point of S if every open ball centred on x contains at least one point 
of S. In other words, a point x € X is a closure point of S if 
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BLx) AS 6 for all r > 0. 
The closure of S, denoted by S,, is the set of all its closure points. 


Observe that Sc §. 
Closed Ball: Let (X, d) be a metric space. Let a € X and let r > 0. Then the 
set {x e X : d(x, a) <r} is called the closed ball with centre a and radius r. 


It can be easily proved that in a metric space (X, d), each closed ball is a 
closed set. 

For, let d(x, a) >r, and let r, = d(x, a) —r>0. Ifd (y, x) <1, then d (a, y) 
> d(a,x)—d(y, x) > d(a, x) —r, =d(a, x) —[d(a, x) —r] =r. This shows the S“ is open, 
and thus, S is closed. 


In general, it is not true that in every metric space the closure of every open 
ball of radius r is the closed ball of radius r. 
Here is an example. Let (X, d) be a discrete metric space (i.e., d(x, y) = 1 if 
x #y, d(x, x) =0). Then 
B, (a) = {x € X: d(x, a) < 1} = {a}; 
{xe X: d(x, a)< 1} =X; 


B,(a) = {a}. 

Limit Point: Let (X, d) be a metric space and S a subset of X. A point x « X 
is called a limit point (an accumulation point) of S if each open ball B(x) contains 
at least one point of S different from x. In other words, a point x € X is a limit point 
of Sif 

B(x) O(S— {x}) # 6 for each r > 0. 

It is clear that every limit point of a set must be a closure point of that set. 

The set of all limit points of S is called the derived set of S, and is denoted by S’. 

Note that § = $US". Also, note that S is closed iff it contains all its limit 
points. 

1 1 
Examples: (a) Let X = R and S= { se 3° a3 
0 is a—the only limit point of S. 
(6) Let X= Cand $= [0, 1) vu {i}. 
The set of all points of [0, 1] is a limit point of S but 7 is not. 


Boundary: Let (X, d) be a metric space and S'a subset of X. A point x € X is 
called a boundary point of S if every open ball B, (x) intersects both S and S*. In 
other words, a point x € X is a boundary point of Sif 


B.xXAS#€o and B(x) aS #0 
for allr > 0. 


The boundary of S, denoted by 45S, is the set of all its boundary points. 
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Note that dS = 58°. 

We list below some useful properties which can be easily verified. 
Properties: Let (X, d) be a metric space and S a subset of X. Then 
(iy S=xX=(X-S), 5 =X=(= Sy, 88 = F = 5": 

(ii) S° is the largest open set contained in S; 


(iii) S is the smallest closed set that contains S. 


92] CONVERGENCE, COMPLETENESS | 
Let (X, d) be a metric space. Let {x,,} be a sequence in XY. The sequence {x,,} is said 
to be convergent to x in X if for every ¢ > 0 there is an integer 1) such that 
d(x,,x)<¢ for n= no. 
In symbols, we write 
lim x, =x. 
Note that a sequence in a metric space can have at most one limit. 


The following theorem characterizes the closure points of a set in terms of 
sequences. 


Theorem 2.3. Let (X, d) be a metric space and S a subset of X. Then a point 
x € Xisa point of § iff there exists a sequence {x,; of S such that lim x, = x. 


In particular, if x is a limit point of S, then there exists a sequence of distinct 
points of S that converges to x. 


= = 1 

Proof: Assume that x € S . For each n choose x, € S such that d(x,, x) < Fe 
It follows that x, € S and limit x, =x. 

Conversely, assume that there exists a sequence {x,} of S such that lim x, =x. 

Then for each r there exists 1) such that d (x,, x) <r for n > no. Thus, 

B(x) AS#0 for each r> 0. Hence x € Ss, 

Now for the particular case, assume that x is a limit point of S. Then choose 
x, € S such that x, # x and d(x, x,) < 1. Having chosen x, € (S— {x}) such that 
d (x, x,) < 1, choose x, € S such that x, # x and d (x, x,) < 1/2. In this way, having 
chosen x), x,, ...,x, € (S— {x}), choose x,., € S— {x} such that 


A(x, + I> x) <min (—. A(X, »} 
n+l 


Then {x,,} is a sequence of S where x, # x,, (1 # m) and lim x, =x. 
Dense Set: Let (X, d) be a metric space and S'a subset of X. The set Sis called 
dense in Xif § =X. 


It follows from Theorem 2.3 that a set Sis dense in_X iff for every x € X there 
exists a sequence {x,} of S such that lim x, =x. 
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Example: The set O of rational numbers is dense in R. 

Cauchy Sequence: Let {x,} be a sequence in_X. We say that {x,,} is a Cauchy 
sequence if for every ¢ > 0 there is an integer 7, such that 

d (X»»5X,) <8 for m,n = no. 

Note that a convergent sequence in X is a Cauchy sequence in X but the 
converse is not true. As an example, consider X = (0, ©) with d (x, y) =|x-—y |, and 
define the sequence by x, = 1/n. Then the sequence {x,,} is a Cauchy sequence in XY 
that does not converge in X. 

A metric space (X, d) is said to be complete if every Cauchy sequence in X 
converges in X. The simple examples of complete metric spaces are: 

(a) R or C with the usual metric d (x, y) =| x-—y |; 

(6) R" with the metric 


; 1/2 
d(x,y)=|x-y|= s (x; 2 ; 


Observe that the set O of rational numbers is not complete. 
Theorem 2.4. Let (X, d) be a complete metric space and let S a subset of X. 
Then S is closed iff S is a complete metric space with metric d. 


Proof: Assume that S'is closed. Let {y,} be a Cauchy sequence in S. Then 
{y,,} 1s a Cauchy sequence in X. Since X is complete, {y,,} converges in_X to a point 
x in X. But since Sis closed, x € S. This shows that (S, d) is a complete metric space. 

Conversely, assume that (S, d) is acomplete metric space. If there is a sequence 
{y,} of S such that line y, =x in_X, then {y,} is a Cauchy sequence in_X. It is clear 
that {y,} is a Cauchy sequence in S, and since S is complete, it must converge to a 
unique point in S. This point must be x. Thus, x € S, and S is therefore closed. 


Diameter: Let (X, d) be a metric space and S a subset of X. The diameter of 
S, denoted by diam S, is defined as 


diam S= sup {d (x,y): x,y € S}. 
The set S is called bounded if diam S < + 0, 


Theorem 2.5 (Cantor). Let (X, d) be a complete metric space and let {F',} be 
a sequence of closed, non-empty subsets of X such that F,,> F., ,, for each n. Further, 
let 


lim (diam F,,) = 0 


Then A F, is a single point. 


n=1 
co 
Proof: Let x,,x, € © F,. Then x,, x, € F,, for each n. Hence 
n=1 


d (x,,X>) < diam (F’,) for each n. 
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Thus, d(x), x) = 0 implies x, = x). 


This shows that 4 F, cannot contain more than one point. 
n=1 


It remains to prove that ~ F' is non-empty. For each n, choose x, € F,. 
n=1 


Since lim (diam F’,) = 0, then for ¢ > 0, there is m) such that diam ( a )<e. Now if 
m,n n, then F, c fF, Fc F., and this implies that x,, and x, are in Fo 
0 0 


Therefore, d (x,,, x,) <¢ for m,n > ny) which shows that {x,,} is a Cauchy sequence 
in_X. Since X is complete, it follows that there is a point x € X such that lim x, =x. 


e F,, for 


m 


The proof will be complete if we show that x € > F,. Since x 


m=n, it follows that x € F for each n. But by assumption, each F’, is closed, hence 


i F.. Thus, x € F,, for each n, and therefore, 


This important theorem is due to G. Cantor. Before we conclude this section, 
we shall define “nowhere dense” set. 

Let (X, d) be a metric space and S a subset of X. The set S is said to be 
nowhere dense if its closure has an empty interior. In other words, the set S is 
nowhere dense if (§)° = 9. 

A classical example of nowhere dense subset of the real line is the Cantor 
Set. We shall not describe it and readers may consult Rudin [13], Principles of 
Mathematical Analysis, or Bartle, [3]. The Elements of Real Analysis. 


YE) CONTINUOUS FUNCTIONS | 
Let (X%}, d,) and (X,, d,) be metric spaces. The function f: X, > _X, is said to be 
continuous at a < X, if for each € > 0 there exists 6 > 0 such that 

d, (f (x), fa)) < ¢ whenever d, (x, a) <6. 

Note that 5 depends on ¢€ as well as on a. 

The function f: X, > X;, is said to be continuous if it is continuous at each 
point of X;. 

The following theorem characterizes continuous functions in terms of open 
sets. 

Theorem 2.6. Let (X,, d,) and (X,, d,) be metric spaces and let f: X, > X, 
be a function. Then fis continuous iff f (G) is open in X, whenever G is open in X). 


Proof: Let f be continuous. If f! (G) is empty, then the proof is trivial. 
Assume that it is non-empty. Let x e f-'(G). Then f(x) € G. Since G is open, there 
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exists some r> 0 such that B,.(f(x)) c G. Now by the continuity of f, there exists an 
open ball B;(x) such that (Bs(x)) c B, (f (x)), and since B(f(x)) C G, it follows that 
B;(x) cf! (G). Hence, f~' (G) is open. Conversely, assume that f~' (G) is an open 
subset of X, whenever G is an open subset of X,. Let ¢ > 0. Consider the open 
set G = B, (f (x)). Since x € f ! (G), there exists some 6 > 0 such that B(x) c fo! 
(G). Thus f(B; (x)) c B, (f(x). Hence fis continuous at x. This proves the theorem. 

Uniform Continuity: Let (X,, d,) and (X,, d,) be metric spaces and let 
f:X, > X, bea function. We say that fis uniformly continuous if for every ¢ > 0 
there exists 6 > 0 (depending only on g) such that 

d, (f(x), (f(%)) <€ whenever d; (x, x,) <6. 

Note that every uniformly continuous function is continuous but the converse 
is not true. As an example, let XY, =(0, 1) and_X,= R both with d (x, y) =|x—y |. Then 
f (x) = 1/x is continuous but not uniformly continuous. 


ZH ComPACTNESS | 


Let (X, d) be a metric space. A collection {G;} of open subsets of X is said to be an 
open cover of X if X c U G,. Let S be a subset of X. The set S is said to be 
iel 


compact if every open cover of S has finite subcover. In other words, there is a 
finite number of sets G,, G,, ..., G, in the collection {G,} such that 


Note that the empty set and all finite sets are compact. 
The set S= {z € C: | z| <1} is not compact. 


A metric space (X, d) is said to be sequentially compact if every sequence 
in it has a convergent sub-sequence. 


The Heine-Borel theorem states that every closed and bounded set in R” is 
compact. We prove here the converse result. 


Theorem 2.7. Let E be a subset of R" . Then the following statements are 
equivalent. 

(i) E is compact. 

(ii) E is closed and bounded. 


Proof: As noted above, (ii) = (i). If we prove that (i) = (ii), this will establish 
the equivalence of the statements. 


Assume (7) holds. We shall prove first that E is bounded. For each k ¢€ J, let 
B, be the open ball defined by 


B, = {x € R': |x| <hk}. 
Clearly, Ec U B,. Since E is compact, Ec O B,. This shows that there 
kel i=l 


exists m € J such that E c B,, and hence £ is bounded. 


m? 
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Next we prove that F is closed. Suppose F is not closed. Then there is a limit 
point y of E such that y ¢ FE. Now forx € E and forr, =|x—y |/2, construct the open 
ball B, (x), with centre at x and radius r,. The collection of open balls { B, (x) :x € E} 


is an open covering of E. By compactness of £, there exists a finite subcover, say 
B, (x,), B,, %), ++» B,. (x,) such that 
Ec uy B,(x;). 
Letr=min {7,, 7, ...,7,}. Then it is easy to show that the open ball B,.(v”) has 
no points in common with any of the collection B, (x,). In fact, ifx € B,(y), then 


|x-y|<rsr, 


and |x-x%|=ly-x,+x-yl2ly—x%l—-le-y| 
=2r-|x-yl>r, 

so that x ¢ B, (x;,). Therefore, B, (vy) > E is empty. This contradicts that y is a limit 

point of E. Henec E is closed. 


Totally Bounded Set: Let (X, d) be a metric space and Ea subset of X. The 
set E is said to be totally bounded if for every 7 > 0 there exists a finite number of 
points x,, x5, ..., x, such that 


ECU B(x,). 
i=1 
Note that a compact metric space is totally bounded but the converse is not 
necessarily true. As an example, take E = (0, 1), X= R, with d (x, y) =|x-y]. 
Theorem 2.8. Let (X,, d,) and (X,, d,) be metric spaces. Let f : X, > X, be 


a continuous function, and let E be a compact subset of X;. Then f(E) is a compact 
subset of X>. 


Proof: Let f(E) c U G;be an open cover. ThenEc U f'(G). Since f is 
iel iel 


continuous, it follows from Theorem 2.6 that each of the sets f!(G;) is open. Since 
E is compact, there exist indices i,, i,, ..., i, such that 


fey (G,) UPMUG,) UV... Uf (G,). 
Thus f®Hcf (e a (G;, ) 


ait g(t (G, ))= VU G,, 
k=l k=1 
which shows that f(£) is compact. 


Theorem 2.9. Let (X,, d,) and (X,, d,) be metric spaces. Let f : X,; > X, be 
a continuous function, and let X, be compact. Then fis uniformly continuous. 


Proof: Let ¢ < 0. Since fis continuous, there exist 6, > 0 such that 
(1) d, (f (x), f(y)) < &/2 whenever d; (x, y) < 6,. 
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Let G, be the set defined by 
1 

G,= 1) eX, :d, (x, y) <38,| 

Let X, c U (G, ) be an open cover. Since X; is compact, there exist finite 
ie] as 
number of points x,, x>, ..., x, in_X, such that 
XC U G, 
k=1 ~* 

Let 6 =min {5,,/2,5,, Idx Oy IZ): 


Then 6 > 0. Note that 6 does not depend on x. 
Now if x and y are any two points in X; such that d\(x, y) <6, thenx € G, 


1 
for at least one G, . This shows that d,(x, x,,) < ae . Also, 
Ay Xs Y) Sy ms X) + di, y) 
< +65 6... 
2 m “mn 

It now follows from (1) that 

(2) dy (f(Y), AXn)) < €/2 whenever d (Xn, ¥) < 9x,,. 

Thus d, (f(x), SO) = d, (f(x), AX) ay d, (Js SW)) 

<e/2+ 6/2 =6, 

so that fis uniformly continuous. 


This completes the proof of the theorem. 

Let (X;, d,) and (X, , d,) be metric spaces. Let f: X, > X, be a function, and 
let E be a subset of X,. We call fan open mapping if f(£) is open whenever E is 
open. Similarly, we call fa closed mapping if f(£) is closed whenever F is closed. 

Theorem 2.10. Let (X,, d,) and (X,, d,) be metric spaces. Let f : X, > X, be 
a continuous function, and let X, be compact. Then f is a closed mapping. 


Proof. Let E be a closed subset of X,. We need to prove first that E is a 
compact subset of X;. 


Let {G,:i € [} be an open cover of EF. Then_X, = E* U Y G,| is an open 


cover of X;. By the compactness of X;, there exist indices ,, i, ..., 7, such that 
Ay = BNI(G, OG, WU Gy ), 
This shows that ECG, UG, U...UG,, 
and so, E is compact. 


By Theorem 2.8, the set f(£) is a compact subset of X,. Hence, f (£) is 
closed, and therefore, fis a closed mapping. This completes the proof of the theorem. 
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We say that two metric spaces (X,, d,) and (X,, d,) are homeomorphic if 
there exist a one-to-one and onto function f: X, > X, such that fand f~! are both 
continuous. 


Observe that in Theorem 2.10 if we assume further that fis one-to-one and 
onto, then fis a homeomorphism. 


BE CONNECTEDNESS | 


Definition: Let (X, d) be a metric space and S a subset of X. The set S is said to be 
disconnected if there exist two disjoint non-empty open subsets G and H of X such 
that G intersects S and H intersects S, and Sc GU H. In this case the pair G, His 
said to form a disconnection of S. 


A set S in a metric space X is said to be connected if it is not disconnected. 


Examples: (a) The set J of all positive integers is disconnected in R. 
3 3 
Let G= OTN and H= rERIx> > : 


It is immediately verified that the pair G, H form a disconnected of J. 
(b 


— 


The set E of all positive rational numbers is disconnected in R. 

Lét G=eR<4< V2 band =e Rig 7 1. 

The pair G, H form a disconnection of E. 

(c) Consider the sets G= {x € R:—1<xsu}, H= {x e R:u<x<2} where 

0 <u <1. Then G and AH split the interval [0, 1] into two disjoint 
non-empty subsets whose union is [0, 1]. But since G is not open it does 
not follows that [0, 1] is disconnected. We shall prove that [0, 1] is a 
connected set in R. 

Note that in order to show that a set is connected we need to show that no 
disconnection can exist. The following theorem establishes a simple characterization 
of connected sets in R. 

Theorem 2.11. 4 subset S of the real line R is connected if and only if S has 
the following property. 

IfaeS,b eS, anda<c<b,thencesS. 

Proof: The proof is by contradiction. Assume that a € S, b € S,a<c <b, but 
c € S. Let Gbe the set of allx <c and Hbe the set of all y > c, then by the definition 
of connectedness it follows that Sis not connected. Let a € S,b ¢ Sanda<b, and 
suppose that S is disconnected. Then there exist disjoint open sets G, H in R such 
thatae G,hEe H,SCGUH. 

Let c=sup (Go [a, 5)) 

Since b € Hand His open, therefore c <b. Ifc € G, then c <b; since G is 
open, there are points in GO [a, b] which exceed c, contrary to its definition. 
Hencec ¢ G. 
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Since a € G and Gis open, therefore a < c. If c € H, then since H is open 
there is a point c, < c such that the interval [c,, c] is contained in H - [a, 5]. 
Consequently, 

Ic, c] OG=9. 

This also contradicts the definition of c as sup (GF [a, b]). Hence c ¢ H. 
Since S< GU H, it follows that c ¢ S, which proves the theorem. 

Corollary: A subset S of R is connected if and only if S is an interval. In 
particular, R is connected. 


There is no such simple characterization of connected sets in the complex 
plane. 


Connectedness in R" 


Theorem 2.12. The space R" is connected. 

Proof: Assume that R” is disconnected. Then there exist two disjoint 
non-empty open sets 4, B such that R° A UB. Leta € Aandb € B. Define the line 
segment FE joining a and b by 

E= {a+t(b—a):te [0, l]}. 

Let G={teR:att(b—-a)€ A} 
and H={teR:at+t(b—-a)eB. 

It can be easily verified that G and H are disjoint non-empty open subsets of 
R and the pair G, H form a disconnection for [0, 1]. This contradicts that [0, 1] is 
connected. 


Corollary: The only subsets of R" which are both open and closed are the 
empty set o and the set R" itself. 

The next theorem characterizes connectedness in R’. 

Definition: Let x and y be two points in R”. A polygonal curve in R" froma 
point x to a point y is an ordered set of a finite number of line segments {L,, L,, ..., L,,} 
such that (a) x is the beginning point of L,, (b) y is the end point of L,, and (c) the 
end point of Z; is the beginning point of L,, ,. 

This definition is illustrated in Fig. 2.II. 


n? 


Fig. 2.11 


Theorem 2.13. Let E be an open set in R". Then E is connected iff any pair of 
points x, y in E can be joined by a polygonal curve which lies entirely in E. 
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Proof: Assume that E is disconnected. Then there exist two open sets A and B 
which form a disconnection for FE. Letx ¢ AM Eandy e BOE. Let x and y be 
joined by a polygonal curve (L,, L,, ..., Z,,) which lies entirely in E. 

Let i € J be the smallest number such that the end point x,_, of L; belongs to 
Ac E and the end point x; belongs to B > E. Define 

G={teEeR:x,_,+t%,—-x,_)) eA NE} 
and H={teR:x,_,+tx,-x%,_,) € BOF}. 

Then it can be easily verified that G and H are disjoint non-empty open 
subsets of R and the pair G, H form a disconnection for [0, 1]. This contradicts the 
fact that [0, 1] is connected. Thus, if E is disconnected, then any two points in £ 
cannot be joined by a polygonal curve lying entirely in E. 

Conversely, assume that E is connected open set in R”. Letx € E. Let Sbe the 
set of all those points of E which can be joined to x by a polygonal curve lying 
entirely in E. Let Tbe the set of all those points of E which cannot be joined to x by 
a polygonal curve lying entirely in EF. Clearly, S T= 6. The set S is non-empty 
since it contains the point x. We now prove that S is open in R”. Let y € S. Since EF 
is open there exist some positive number r such that | z—y|<r, and so, z € E. Itnow 
follows from the definition of S that if a segment from y to z is added to a polygonal 
curve from y to x, then z € S. This shows that S is open in R”. Similarly, we can 
prove that Tis open in R’. 

If 7 is not empty, then the pair S, 7 form a disconnection of E and this 
contradicts that £ is connected. Therefore, 7 = $ and every point of E' can be joined 
to x by a polygonal curve which lies entirely in E. This completes the proof of the 
theorem. 

Examples: (a) Consider the set 

G= {xy y) € R?:0<y<x’*,x40} U {(0, 0)}. 

The set Gis connected in R’, but it is not true that any two points in G can be 
joined by a polygonal curve lying entirely in G. 

(b) Consider the set 


H= {ou eR*:y=sin(+}x20] U {O0,y):-l<y<l}. 
x 


The set H is connected in R?, but it is not true that every pair of points in H 
can be joined by a polygonal curve lying entirely in H. 
Theorem 2.14. Let (X,, d,) and (X,, d,) be metric spaces: Let f : X, > X, be 
a continuous function. If X, is connected, then f (x,) is a connected subset of X>. 
Proof: Assume that f (x,) is not connected. Then there exist disjoint 
non-empty open sets A and B in_X,, both of which intersect f(X,) and 
f(X%) CAVB. 
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Since f is continuous, it follows from Theorem 2.6 that f~! (A) and 7 (B) are 
open in X,. It is immediately verified that f' (A) and f (B) are disjoint and 
non-empty and 

fA) Ut (B)=%. 

This shows that X, is disconnected, which is a contradiction. 

Note that if E —X, is connected and fis continuous, then it is not necessarily 
true that f~' (Z) is connected in X;. But if we take disjoint segments in the complex 
plane C and project them on the real axis, then the projection is connected. The 
following figure illustrates this fact. 


Fig. 2.111 


Convex Set: Let S be a subset of R”. The set S is said to be convex if 
Ax + (1—A)y € S whenever x € S,y € S,and0<A<1. 
Example: Open and closed balls in R” are convex sets. 
Region: Let S be a subset of the complex plane C. If Sis open and connected, 
then S is called a region. 
Examples: (a) An open convex set is a region. 
(b) An open disc, an open ellipse, an open triangle and an open square are 
convex regions. 
(c) We say that an open set S c Cis starlike if there exists a point z, € S 
such that for any z € S the segment [z), z] belongs to S. The point zy is 
referred to as the centre of the star. 


Convex region Non-convex region 


Fig. 2.IV Fig. 2.V 


It is immediately verified that an open starlike set is connected, and so, is a 
region. 
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We illustrate these examples in the following figure. 


Starlike region 


Fig. 2.VI 


EXERCISES 


1. 


11. 


12. 


Let (X, d) be a metric space. Prove that every open ball is open set and every closed 
ball is a closed set. 

Prove that a set E < X is open iff X— E is closed. 

Let (X, d) be a metric space and Y c X. Suppose that E < X is open. Prove that 
EO Y is open in (Y, d). Conversely, show that if £, c Yis open in (Y, d), there is an 
open set E ( X such that EF, =EOY. 


Let (X, d) be a metric space. Prove that ( X, 4) is also a metric space. 
1+ 


Let (X, d) be a metric space. Prove that any two distinct points of X can be separated 
by open balls in the following sense: if x and y are distinct points in X, then there 
exists a disjoint pair of open balls each of which is centred on one of the points. 
Find the interior of each of the following subsets of the real line; the set of all 
integers; the set of all rationals; the set of all irrationals (0, 1); [0, 1]; [0, 1) U {1, 2}. 
Find also the interior of each of the following subsets of the complex plane: {z:|z|<1}; 
{z:|z|<| 1}; {z: 1(2) =0}; {z: R (©) is rational}. 

Show that a subset of a metric space is bounded iff it is non-empty and is contained 
is some closed ball. 

Find the boundary of each of the following subsets of the real line: the integers; the 
rationals; [0, 1]; (0, 1). Find also the boundary of each of the following subsets of 
the complex plane: {z:|z|<1}; {z:|z|<|1}5 {2:[@> 0}. 

Prove that a Cauchy sequence is convergent iff it has a convergent subsequence. 
Give three examples of metric spaces which are not complete. 

Let X and Y be metric spaces and let fbe a mapping of X into Y. If fis a constant 
mapping, prove that fis continuous. Use this to show that a continuous mapping 
need not have the property that the image of every open set is open. 

Let X and Y be metric spaces and fa mapping of X into Y. Show that fis continuous 
iff f' (F) is closed in X whenever F is closed in Yifff(B) C f(B) for every subset 
Bot X. 
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18. 
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Examine the uniform continuity of the following functions on the open unit interval 
(0, 1) 
1 


(i) ' (ii) sin x 
=X 
(iif) sin (=) (iv) x!” 
xX 
(v) 3 


Examine also which are uniformly continuous in the open interval (0, + 0). 


Let (X, d,) and (Y, d,) be metric spaces. Suppose that f : X > Y is uniformly 
continuous. Show that if {x,} is a Cauchy sequence in X, then {f(x,)} is a Cauchy 
sequence in Y. Does the result hold good if we only assume that fis continuous. 


Suppose that (Y, d,) is a complete metric space and suppose that f: (Z, d,) > (Y, d,) 
is uniformly continuous, where Z is dense in (X, d,). By using exercise 14 show that 
there is uniformly continuous function g : X > Y with g (x) =/(x) for every x € Z. 


Let E be a compact subset of the metric space (X, d) and let x € X. Define the 
distance dist. (x, F) = inf {d (x, vy): y € E}. Show that ifx ¢ E, then dist. (x, E) > 0. 
Let F and F' be two compact subsets of the metric space (X, d). Define the distance 
dist. (E, F) by dist. (E, F) = inf {d(x, y): x € E,y € F}. Show that if EF = 6, then 
dist. (E, F) > 0. 

Prove that the union of a finite number of compact sets is compact. 

Let (X, d) be a metric space and let E c X. Prove that if E is connected, then its 
closure E is also connected. 

Let X be a vector space. A real valued function || - || defined on X is called a norm 
if it satisfies the following properties: 

(i) ||x || 20 for each x € X, and || x || = 0 iffx =0; 

(ii) || ax || =| ||| x || for allx e Xanda ¢ R; 
(iii) ||x+y||<|lx|| +I] yl] forall x, y eX. 

Property (iii) is called the triangle inequality. 

Note that the absolute value function yields a norm for R or C. 

A vector space together with a norm for X is called a normed space. 

On a normed space X a metric is defined by 

d(x, y)=||x-yIll. 

(a) Verify that d (x, vy) is indeed a metric on X. 

(5) Show that | || x ||—|Iy ll] <llx—yl. 

(c) Show that the vector space R” with the norm 


V2 
a) 

Il x || = FE: X; ) 
1 


for each x = (x,, x5, ..., X,) € Ris a normed space. 
de **29 bas , | 


(d) Let B(X) be the vector space of all bounded real valued functions defined on 
a non-empty set X. Define a norm on &(X) by 
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If ||. = sup {| flx) |: x € X} 
for each fe B(X). This norm is referred to as the sup norm. 
Prove that the vector space @(X) with the sup norm is a normed space. 


(e) Let Xbea vector space. We say that two norms || - ||; and || - ||, on X are equivalent 
if there exist constants K > 0 and M> 0 such that 


K|x|h<llx lbs Mx |h 
for every x € X. 
Let v=(x,y) eR 
Define the following norms on R? by 
@ Ilvh=lxl+ly 
(i) ||vILb=G? +)" 
(iii) || v||..= max {|x|,|y |}; 
2 af 1/2 
(iv) || v || = (+25) > 
Il vl ZR 

where a and b are two fixed positive numbers. 
Prove that the above norms are all equivalent. 
Illustrate geometrically the closed unit ball for each norm described above. 


ELEMENTARY PROPERTIES 
OF ANALYTIC FUNCTIONS 


IES) LIMITS AND CONTINUITY | 


Let Q be an open subset of the complex plane C. Let f be a function on Q. Let A be 
a complex constant. We say that 
lim f@)=A 
if the following condition is satisfied. 
Given ¢ > 0 there exists a number 6 > 0 such that if z € O and | z—z,) | <6, 
then 
[f@)-A|<e. 
Note that this definition of a limit implies that z may approach z, from any 
direction in the complex plane C. For example, let us take 
2 
X+ 
f@ —| Ce 
x" +y 
It can be easily seen that 
tim [im #(@) == Hm tim) 
But along the path y = mx, we have 
(1+ m) 
1+ m? 


lim f(z) = 


The limiting value here depends on m and hence 
lim f(z) does not exist. 
z—>0 


Let f be a function on Q. Let z) € O. We say that fis continuous at z, if 
lim (@)=@) 
If fis continuous at every point of Q, we say that fis continuous on Q. 
Examples: (i) The function f(z) =z, z € C is continuous on C. 
(ii) The functions Re z and Im z are continuous on C. 
36 
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1 
(iii) The function f (z) = . is coutinuous on C— {0}. 


|z|,z#0 
1,z=0 


The sum and product of two continuous functions are continuous; the quotient 


(iv) The function f(z) = is not continuous at the origin. 


jf/g is continuous at z, provided g(Z)) # 0. 
Ifr> 0 and z, is a complex number. We denote 
D(@,,r)= {z:|z-2,|<r}. 
D (z,,r) is called the open circular disc + with centre at z, and radius r. The 
closure of D (z,, 7) 1s 
D ,, r)= {27 |z=2z,| <r}. 
We also denote 
D' (Zr) = {2:0 <|z-z,|<r} 


which is called the punctured dise with centre at z, and radius r. 


IE¥3) ComPLEX DIFFERENTIABILITY | 


Let Q be an open set in the complex plane C. Suppose f is a function on Q. The 
function fis said to be differentiable at a point z, of Q if 
z)-f(z 
ay tim LO= fea) 
Z>Zo Zz Zo 
exists. The derivative is denoted by f”( zy). Note that the limit is independent of the 
path along which z —» z, in the complex plane. 


Writing z — Z) = / in the above definition, we get the equivalent form 


ante ft +- fl) 


h->0 


=f" (2). 


It is important to note that / is a complex number. Replacing 2, by z in (1’) 
we have 


(1”) jim = f' (2). 


Denote h by Az. Then (1’’) takes the form 


f(zZth)- f@ 
h 


ci tim SE* 292 LO) = f" (2). 


Suppose w = f(z). We sometimes define 


Aw =f(z+Az)— f(z) 


+ The open circular disc is also called a neighbourhood of the point z,. 
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and write the derivative as 
aw tim AW 
dz Az>0 Az . 
By the definition of a limit, (1) means that f” (z,) exists if to every ¢ > 0 there 
corresponds a 6 > 0 such that 


f (2) — fo) 


Z—Z 


— f'(Z)| <8 


for all z ED! (Zp, 5). 

Analytic Functions: A function fis said to be analytic at a point Zo, if it is 
differentiable throughout some s — neighbourhood of z,. A function/is analytic in 
a region if it is analytic at every point of the region. 

Observe that a function which is differentiable at a point, need not necessarily 
be analytic at that point. Example (v) below illustrates this fact. 

Examples (i) If n is a positive integer, then f(z) =z” is differentiable in the 
entire complex plane. 

(ii) f (Zz) = Re z and f(z) = Im z are not differentiable. 


1 
(iii) f(z) = 5 is differentiable in C— {0}. 
(iv) f(z) = Z 1s not differentiable. 
(v) f(z) =|z |? 1s differentiable only at z = 0. 


Theorem 1. /f f: OQ — Cis differentiable at a point Z) in Q, thenf is continuous 
at Zp. 


|Z —Zo| 


=f" (2) 0=0. 


Hence fis continuous at Zp. 


Proof: lim |f(@)-f(@) |= in Lens oll im [224 


Let fand g be functions defined on the open set Q. Suppose that fand g are 
differentiable at z. Then 


(i) the sum f+ g is differentiable at z and 
(f+ 9) @=f' @+s' 
(ii) the product fg is differentiable at z, and 
(fg) @=f' @s@t+f@eg' 
(iii) the quotient f/g is differentiable at z provided g (z) # 0, and 
Joy (2) = EOF O- fs’ 
wer (gy 


The proof is left to the reader which is well known in real analysis. 
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Chain Rule. Let fand g be differentiable on Q, and ©, respectively and let 
f(Q,) CQ). Then g o f is differentiable on Q, and 
(gof! Z@=s' F@)S' ©). 
Proof: \n order to prove the chain rule we need the following relations. Let f 
be differentiable on Q, z €Q, and h # 0. Consider 


fet+h-f@ _ 


1 @, h)= h f' ©). 
Then fEth)-f@=Af' @ thn © h) 
and lim 1 (z,h) = 0. 


Conversely, suppose that 
SETH R=S@t+tAL@t+AlGh) 


where lim €(z, h) = 0. 


Then fis differentiable at z with 


A @=f' @. 
We apply the above relations to a proof of the chain rule. 
Let D(z,r) CQ, and|h| <r. 


Then, since fis differentiable, we have 
k=f(th)-f@, 
where k=hf' (z)+hn, h) 
and lim y (z, h) =0. 
Hence g (f(z + A))=g2 (F(Z) +4) 
= g (F(Z) + kg! (F(Z) + KC (Az), &), 
where lim € (fiz), k) = 0. 


Substituting for & its expression in terms of h, we have 
nZ@Ag FO)+F@tn@AyCoF¢@, 4) 
= & (2, A) (say). 
Then 
gsfZth)=gF@)+he FO) @Qt+tAse A). 


It can be easily seen that 


lim & |, h)=0. 
Therefore 
lim g(f (z + h)) =o(7 (z)) =~ (f(2)) f' (z) 


h>0 h 


Le. (gof! @=2' F@)S' ©. 
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[ERM THE CAUCHY-RIEMANN EQUATIONS | 
Any complex-valued function may be decomposed into its real part, Re f(z) =u (x, y) 
and its imaginary part, Im f(z) = v (x, y) such that 
f (2) =u (x, y) + iv @, y). 

Here uw and v are real valued functions of the two real variables x and y. 

We shall now derive a simple basic criterion for analyticity of a complex 
valued function. 

Let f: Q > C be analytic. 


By definition, 
btn, Si PEPER T 
(Df" @)= fim == 
(2) 
= {u (x + Ax, y+ Ay) +iv(x 4+ Ax, y+ Ay)} — u(x, y) +iv (x, y)} 
ee Ax +i Ay 


If Ay=0, we obtain 


f'@= lim [Boas ee ee) 
Ax > 0 Ax 
os Hate, Ri ee 
Ax > 0 Ax Ax 
_ ou , 
@) ex Yan 


On the other hand, if Ax = 0, we get from (2) 


f'(= lim ee 


Ay>0 


iAy 


— [eGss spice) i here nse) 
iAy iAy 


aq e247, 


Thus 


(5) = — and — = : 
ox Oy oy Ox 


These basic relations are called Cauchy-Riemann equations. 
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Suppose that u and v have continuous second partial derivatives. 
Differentiating the C— R equations again we get 
au a’v Oru av 
y= and —, : 
Ox" = Ox Oy oy Oy Ox 


Hence, 
Ou Ou 
(6) Ae ae 
Ox” = oy 
Any function satisfying (6) is said to be harmonic. We shall discuss harmonic 
functions in Chapter 10. 


=0. 


Let Q be a region in the plane and let uv and v be functions defined on Q with 
continuous partial derivatives. Suppose also that u and v satisfy the C— R equations. 


If f(@) =u, y) + iv (x,y), 
then fcan be shown to be analytic in Q. 

To see this, let z=x + iy € O and let B, (z) CQ. 

If Az = Ax + iAy € B, (0), then 

u (x + Ax, y + Ay) —u (x, y) 

(7) =[u (xt Ax, y + Ay) —u @, y + Ay)] + [u &, y + Ay) —u @, y)]. 

By the mean value theorem for the derivative of a function of one variable, 
we have 


(8) be ine ere ella 


u(x, y+ Ay)—u(x, y)=u, (x, y+ Ay,) Ay 
where | Ax, |< |Ax| and | Ay,| <| Ay |. 
Denote 
(Ax, Ay) = [u (x + Ax, y + Ay) — u (x, y)] — [, & ) Ax + u, (x, y) Ay]. 
Now from (8) we obtain 
(Ax, Ay) Ax 
Ax +iAy Ax +iAy 


[u, (x + Ax, y + Ay)—u, (% y)] 


A 
4 Vv 
Ax + iAy 
But | Av | <| Ax + iAy|, | Ay|<| Ax +i Ay], | Ax,|<| Ax], | Ay, | <| Ay | and 
the fact that wu, and w, are continuous gives that 


[u, (x, y + Ay) — u,@, y)] 


(9) lim pee) 
Hence 
u (x + Ax, y + Ay) —u (x, y) = u, (x, y) Ax + u, (x, y) Ay + (Ax, Ay) 
where ¢ satisfies (9). 
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Similarly 
v(x t+ Ax, y + Ay)—v @ y) =v, @ y) Ax + v, (x, y) Ay + w (Ax, Ay) 
where y satisfies 


_ W(Ar, Ay) _ 
(10) fin, SEE =o 
Since u (x, y) and v (x, y) satisfy the C— R equations, it can be easily verified 
that 
f (z+ Ax+idy)— f(z) Se (Ax, Ay) + w (Ax, Ay) 
Ax + iAy 2M ry Ax + iAy 


By (9) and (10), we see that fis differentiable and 
f' (2) =u, & y) + iv, @ ¥). 

Since wu, and v, are continuous, f’ is continuous and thus f is analytic. 

We summarise these results in the following theorem. 

Theorem 2. Let u (x, y) and v (x, y) be real valued functions defined on a 
region Q and suppose that u (x, y) and v (x, y) have continuous partial derivatives. 
Then 

f: Q-> C defined by 
f@) =u (x, y) + iv (% y) 
is analytic iff u and v satisfy the C — R equations. 


[FEZ EXPONENTIAL FUNCTION | 


The exponential function e’ is of basic importance in complex analysis. In fact, it 
serves as a basis for defining all other elementary transcendental functions. In 
calculus we have seen that the real exponential function e* (also written exp x) has 
the properties 


d 
4 ey=e 
dx 
and er ae" ep, 


While defining e’ we will preserve as many of the familiar properties of the 
real exponential function e*. We wish that 


(a) e’ shall be single-valued and analytic; 
d 
b) — (e’) =e; 
(b) Fs (e*) 
(c) e? = e* when Imz=0. 


Let 
(1) e=urtiv. 
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In order that e? should satisfy condition (6), we have 


Ou .Ov ; 
I—_ =utl. 


—+ 
Ox Ox 
Hence 
Ou 

12) — =u. 
(12) aot 

13) ov _ 
( a v. 
Now (12) will be satisfied if 
(14) u=e* oy) 


where 6 (y) is any function of y. Furthermore, since e’ is to be analytic, u and v must 
satisfy the C — R equations. 


Hence 
(15) - Os v. 
oy 
Differentiating this with respect to y; we obtain 
dtu __ ov 
dy’ oy 
Oru Ou 
i.e. epee 
oy’ Ox 
Using (12), this becomes 
eu 
a i 
which, on substituting u = e* o(v) from (14), reduces to 
eo") =- 240) 
i.e. 6" (vy) =— 6 0). 
This is a simple linear differential equation whose solution is 
d(vy)=A cosy+Bsiny. 
Hence, from (14), 
u=e'do(y)=e (Acosy+Bsiny) 
and from (15), ea etd siny + Bcos y). 


Therefore, from (11) 
e=utiv=e[(Acosy+Bsiny)+i(A siny—B cos y)| 
This reduces to e* when y = 0, as required by condition (c). 
Hence e* = e* (A -iB) 
which holds iff A=l1andB=0. 
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Thus we arrive at the definition that if there is a function of z satisfying the 
conditions (a), (b) and (c), then it must be 

(16) e =e"*”=e*(cosy+isiny). 

Note that 

| e? |= e* and arg e’ = y. 

The possibility of writing any complex number in exponential form is now 
apparent. 

Applying (16) with x = 0 and y = 9, we have 

(17) e® = cos 8 +i sin 0. 

0, ,-i0 0-10 


Th cielo tale waeee mz 
US COS 2 9 2i 


A function fis periodic with period c if f(z + c) =/f(z) for allz ¢ C.Ifcisa 
period of e? then 
e =e *°=e’ e* implies that e° = 1. 
Since 1 =| e° | =e, Re (c) =0. 


Thus c = 10 for some 0 in R. 


But 1 = e° = e® =cos 8 + i sin 0 gives that the periods of e’ are the integral 
multiples of 277. Thus, if we divide the plane into infinitely many horizontal strips 
by the lines z = 27k, k being any integer, the exponential function behaves the same 
in each of these strips. This property of periodicity is one which is not present in the 
real exponential function. 


ke 4 |TRIGONOMETRIC AND HYPERBOLIC FUNCTIONS | 


On the basis of equation (17) we extend the definitions of cos z and sin z 


ee ; 
cos z= a ee), 


: 1. 
sin z = —(e”’-e”). 
2i ( ) 
From these definitions one can establish the familiar formulas: 
cos* z+ sin? z= 1. 


cos (Zz, + Z,) = COS Z, COS Z, F SiN Z, Sin Zp. 


sin (z, +z,) = sin z, cos z, + cos Z, Sin Z). 


a (cos z) =— sin z. 


— (sin z) =cos z. 


dz 
Expanding cos z in exponentials, we have 
ei +iy) + ei & +iy) 
cos z= 
2 
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_e” (cosx +isin x) +e’ (cos x —isin x) 
2 


= Ce -. ae =e 
= cos x 5 isin x 


Using the usual definitions of the hyperbolic functions of real variables, we 
get 

(18) cos z = cos (x + iy) =cos x cosh y —i sin x sinh y. 

Similarly 

(19) sin z= sin (x + iy) =sin x cosh y+i cos x sinh y. 

In particular, taking x = 0 in (18) and (19), we obtain 

(20) cos iy = cosh y; 

(21) sin iy =i sinh y. 

The remaining trigonometric functions of z are defined in terms of cos z 
and sin z by means of the usual identities. 

We define the hyperbolic functions of z by 


(22) cosh z = <4 


e-e 


(23) sinh z= 


By expanding the exponentials and simplifying we get 
(24) cosh z = cosh x cos y + i sinh x sin y; 

(25) sinh z = sinh x cos y + i cosh x sin y. 

Setting x = 0, we obtain 

(26) cosh iy = cos y; 

(27) sinh iy =7 sin y. 


x3) LOGARITHM | 

Let Q be a region of C. We define a branch of the logarithm in Q to be a continuous 
function f: Q > C such that 

(28) exp (f(z)) =z for allz € Q. 

Setting z = re® and w = f(z) =u + iv in (28), we have 

e“=r,ie.u=Inrandv=60. 

Thus w=utiv=lnr+i. 

(29) w=In|z|+iargz. 

If we let 0, be the principal argument of z, (29) can be written 

(30) Inz=In|z|+i(0, + 2mm), (n=0,+ 1,42, ...). 

This shows that the logarithmic function is infinitely many valued. For any 
particular value of a unique branch of the function is determined, and the logarithm 
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becomes effectively single valued. If 7 = 0, the resulting branch of the logarithm 
function is the principal value. 

At all points except the points on the non-positive real-axis, each branch of 
In z is continuous and analytic. In fact, from the definition 


1 
In z=In|z|+ jag => In (x+y?) + ita t=, 
z 


One can verify that the C — R equations are satisfied everywhere except at 
the origin. 


1 
Also, u= 3 In (x? + y’?) and v= tan! 
x 
are continuous except on the non-positive real axis. 
Hence 
Bis z= on +i a 
dz Ox Ox 
ad aye 
x+y x? +y? 
an Bid 
ZZ 2 


We now define the general power of a complex number z= r (cos 0 +7 sin 0) 
by (31) z*= e*!"*, (a complex, z # 0). 
Since In z is infinitely many valued, it follows that z* is also infinitely many 
valued. We can write equation (31) as 
z*=exp {a [In| z|+i(0+2nn)]} 
=exp {a (In| z |)e’*® eo" 


where @ is the principal value of the arg z. 


INVERSE TRIGONOMETRIC AND HYPERBOLIC FUNCTIONS jf 


The function w = sin“'z is defined as the function which satisfies the relation 
sin w =z. 
Similarly, we can define cos'z, tan'z, cot'z, sec'z, cosec!z, sinh'!z, 
cosh! z, tanh! z, coth!z, sech"'z, and cosech'! z. 
Note that the inverse trigonometric and hyperbolic functions can be expressed 
in terms of natural logarithms. We derive the following formula: 


(32) sin? z=—i In (iz+ 1-2’) 


Let w = sin'z. Then 


iw —iw 
; e 
z=sinw= 
2i 
Hence, e _ ize” —1=0 
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Solving this equation as a quadratic in e’”, we obtain 


ei — iz + iH _ 2 


Taking logarithms and solving for w, we have 


w=-iln (iz+.Jl—2z?). 


We now simply write the other formulas 


(33) costz =-ilIn(z+ ,/z? -1) 


(34) tan! z= A In 


(35) cosh! z=In (z+ .f/z* -1) 
(36) sinh z = In (z + ,/z? +1) 


(37) tanh! z = : In : 


EXERCISES 


1. Let fbe the function defined by 


oni 
J z noo\lz’ 4] ] 
Show that the limit exists for | z | # 1. Is it possible to define f(z) when | z| = 1 in such 


a way to make fcontinuous? 
2. Let f be the function defined by 


n 


f(@ = lim 


n>o]+z" 


For what values of z the limit exists? 
3. For what values of z are each of the following functions continuous? 


() f@= -+ : 


2 +1 


(ii) f@) = ty’) + ixy 


z° +3iz—-2 oe 
(iii) f@ = 7 a 
i, Z=-1 
gy 3 : 
(iv) f= |? ee 
4. Show that the function 
fay= 
x—ly 


is not continuous at the origin. 
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10. 


12. 


13. 


14. 


15. 


16. 
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Show that the following functions are not differentiable 


@Of@=1|2| (ii) f (2) = Imz (iii) f(@) = 2. 
Use the Cauchy-Riemann equations and examine which of the following functions 
are differentiable 


@) f@a=r+y (it) f(2) = 


(iii) f(z) =e (cos x +i sin x). 


At which points do the C—R conditions hold in each case? 


1 
xX +1y 


Prove that the function 
xy? ety 
f@= ty ey 
0, z=0 


satisfies the C— R equations at the origin but does not have a derivative. 


z#0 


Show that the C— R equations in polar coordinates are given by 
Ou Ov Ou ov 
r—=—,—=-r 
cr 0b Od or 


where 


L@=L(r, O) = u(r, 0) + iv (r, >). 
If f(z) and g (w) are analytic functions, prove that g (f(z) is analytic. 


Prove that an analytic function cannot have a constant absolute value without reducing 
to a constant. 


Let G be a region and define G, = {z: Z € G}. If f: G > Cis analytic, prove that 
f,: G, > C defined by f(z) = f(z) is analytic. 


If f(z) is an analytic function, prove that 


@ > Ta : 
(i) Fano +1—If@I] =f OF 
Ox oy 
a He, 
Gi) |aa +z7 | IS@P=41f' OP. 
Ox” Oy 
Show that the following functions are harmonic and find a corresponding analytic 
function f(z) = u (x, y) + iv (x, y). 
(i) u=argz (ii) u=e* cosy (iii) u=x°-y”. 


If uw and v are harmonic in a region Q, prove that 


Ou Ov ee Ou | ov : iene 
By ox ax Oy is analytic in Q. 


Prove that a harmonic function satisfies the differential equation 

Ou _ 

Oz OZ 
Let O be a region which is a symmetric with respect to the real axis; that is, when 
z €Q. Also Z e€ Q. Show that if fis analytic on Q, =Q NX {z: Imz> 0}, then the 


function ¢ with values (z) = f (z) is analytic on Q,=Q A {z: Imz<0}. 
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17. 


18. 


19. 


20. 


Let U (x, y) = x/(x* + y’), (x, v) € R’~ {(0, 0)}. By using the C— R equations, find a 
function V (x, y) such that ifu (z) =u (x + iv) = U(x, y) and v(z)=v(x+iy)=V (a, y), 
the function f= u + iv is analytic on C ~ {0}. 

Prove that there cannot exist a function analytic on an open set E c C with real part 
x—2y*. 


Find the principal value of the following functions 


(@) (+i! (ii) (1 -iy -* 
(iii) tani (iv) In(—3 + 4) 
(v) 2). 


Show that there is no branch of the logarithm defined on G= C ~ {0}. 


LINE INTEGRAL AND 
CAUCHY 'S THEOREM 


(EM DEFINITIONS | 


Let [a, b] be a closed interval. A set of points P = {t), t,, t,, ..., ¢,} satisfying a = t, 
<t,<..<t,_,<t,= bis called a partition of [a, 5]. The interval [t,_,, t,]is called the 
kth sub-interval of P so that 


2 (t, —4_1) =b-a. 
Let Qc Cbea region. Let [a, b] be some interval. A path in Q is defined to 
be a continuous function 
y:[a, b] > ©. 
We call (a) the initial point, and y(5) the terminal point. 
We cally a differentiable path if y'(u) exists for each u € [a, b] andy’ : [a, 


b|—> Cis continuous. y is said to be piecewise differentiable if there is a partition 
of [a, b] such that y is differentiable on each sub-interval 
[t,_,¢], 1 <i<n. 
Note that a function y : [a, b] > C has a derivative y'(u) for each u ¢€ [a, b] 
implies that 


h)- 
lim y(ut ; yu) =e) 


exists for a <u <b and the right and left limits exist for 


u=aandu=b. 
Note also that in the definition of differentiable path the continuity of y' is 
included. Many authors call this “continuously differentiable” path. 
Lety: [a,b] > C. Let P= {t, t, 6, ..., t,} be a partition of [a, b]. Write 
Ay, = V(t) — W(t 1). k = 1, 2, ...5 7. 
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If there is constant M > 0 such that 
n 
vey, P)= > [Ay | <M 


for all partitions of [a, b], then y is said to be of bounded variation of [a, 5]. 
By total variation of y, denoted by V(y), we mean 
V(y) =sup {v(y, P): P is a partition of [a, b]}. Note that 
Viy)<M<o, 
A partition O of [a, b] is called a refinement of P if O > P. 


We state one useful formula regarding the variation of g when g’ is continuous 
on [a, b]. 


b 
(1) Me)=J lett ae. 


Properties 


(i) y is of bounded variation iff Re y and Im y are of bounded variation. 
(ii) If is real valued and non-decreasing, then y is of bounded variation and 
Vy) = yb) - Ya). 
(iii) Let y : [a, b] > C be of bounded variation. If P and Q are partitions of 
[a, b] and Pc Q, then 
v(y, P) < vy, Q). 
We leave it to the reader to verify the validity of these properties. 


(ZEA RIEMANN-STIELTJES INTEGRAL | 


In order to define the integral of a function along a path in C we need the notion of 
Riemann-Stieltjes integral. For detailed discussion on Riemann-Stieltjes integral 
we refer to books on Real Analysis by Rudin, Apostol and Bartle. 
Let f g: [a, b]  C be bounded functions. Corresponding to every partition 
P= {x9,X,, «5 X,} Of [a, b] we choose points up, u,, ..., U,_, Such that 
x, SU, SX,44,k =0, 1,2, ...,n-1. 
Introduce 


n-1 


S(P7,8)= 2, F(y) [g(%; +1) -2(x)] 


and consider the behaviour of S(P, f, g) when the norm of P is small. 
We say that fis Riemann-Stieltjes integrable with respect to g provided that 
there exists a number A € C such that for each positive n there exists a positive 6 
such that 
IS(P,f,.g)-Al<n 
when || P || <6. [(11.11) is defined in Exercise 20 of Chapter 2]. 
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This is true for all P and all admissible choices of u,. It is clear that there is 
atmost one such A. In case such A exists, we call A the Riemann-Stieltjes integral of 
f with respect to g and denote it by 


J fedex) or J fag. 


We have already defined a path as a continuous function y : [a, b] > C. The 
set {y(t): a<t<b} is called the trace of y where y : [a, b]  Cisa path. Denote the 
trace of y by {vy}. Note that the set {y} is compact. Denote the length of y by L(y). 


A path is said to be rectifiable if L(y) <+ 0. Ify is piecewise differentiable, 
then y is rectifiable and 


b 
Le) = J ly" dt 

The following fact will be useful while defining the line-integral. 

Let y: [a, b] > Cbe a rectifiable path with {y} CQ c Cand let f: A> C 


be continuous function. Then fo y (composite function) is also continuous on [a, 5]. 
ee ~LINE-INTEGRAL | 


Let y : [a, b] > C be rectifiable. Let f be defined and continuous on the trace of y. 
Then the line-integral of falong y is defined by the expression 


b b 
J fo) arvO= J (Forar. 
Denote this integral by 
J f(2) dz =| fdz. 
Y Y 
Example |: Let y : [0, 21] > C be given by 
y (8) =e% 
1 
and define f(z) =— forz #0. 
2 
We have to evaluate the integral of fover the circle {y} i.e. 
1 
J “dz (0< 0<2n). 
ee 
By definition, this integral is equal to 
2x 1. 0 = 2n = . 
I, wo ie” d0= il. dO = 2ni. 


Exercise: Let y : [a, b] > C be a rectifiable curve. Define the reverse or 
opposite curve to be 
—y:[a,b]>C 
such that 
—y()=y(a+b-0d). 
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Let f be continuous on {vy}. Show that 
@f fe-[ fr. 
Gi) |] tS] IF lael< Vo) sup If@ 1:2 € 31 


We shall prove one important theorem for the line-integral which is analogous 
to the Fundamental Theorem of Calculus. We will need the concept of modulus 
of continuity. 


IZZB MopuLus OF CONTINUITY | 


Let (X, d,) and (Y, d,) be metric spaces. Recall that f is uniformly continuous provided 
that for each positive ¢ there exists a positive 6 such that 
d, (f(x), f)) <€ 

when d, (x, y) < 6. 

Consider the set 

(2) {dy (F(x), f)) : di (5 ¥) S 8} 
where 6 = 0. 

When this set is bounded, denote its supremum by w,(6). The function w, 
assigning to each such 6 the value w,(8) is called the modulus of continuity of f 


The expression (2) on the notion of uniform continuity is given by dela Vallée 
Poussin. 


Note that fis uniformly continuous iff the domain of w,does not reduce to 0 
and w, is continuous at 0 (X # 9). 


Theorem 1. Let f: Q— C where Q is a region in C and fis continuous on Q. 
Lety: [a, b] > Q be rectifiable. Suppose that g is a primitive of f. Then 


G) J fd =glrO)]- sha] 
(g is a primitive of f when g' =f). 
Proof: Case I. Suppose y' is continuous on [a, 5]. Then 
J f dz= [ (goy)’ dt 
and hence (3) holds. 
If the domain of y is [0, 1], then replace y by y [a+ (6—a)t],0<t< 1. 
Case II. Suppose Q is an open disk and y is taken arbitrary. Let 
Q=D,(c) = {z:|z-c| <r}. 
Since {y} is compact we have 
ly¥-c|sp<r,0<t<l 


for some p,0<p< 1. 
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Let P bea partition of [0, 1] and {t), 4, ..., ¢,} its associated sequence. Define 
I: [a, b] > Cby 


tei —t t—t 
T(t) = y(t) —— + (4...) — 
k+l * beat — by 
t.<t<t,.,,k=0,1,..,m—-1. 
m-1 
Now J. fae MrG 1 Gd - 1H) 


M1 pte yy 
= f°" [for-(forye ar. 
But [ is a polygon so, from case I 
J. £2 = et) sfrO)) 


Therefore 


(4)| tsly)]— sly} - = fly G VG) — 14)$ | 
<we[w,(l| P DIZ [y] 
where F'= f| sy (c) and w, and w, are the modulus of continuity of the functions. 


Thus (3) follows from (4) and the theorem is proved for I restricted to each 
[tes tev] 

Case III. The general case 

Consider Q # C. Since {y} is compact, we have 

min {| y(-—w|:0 <t<l,we C-Q}>0. 
Denote the above expression by p. Let n € N (the set of natural numbers) be so 
large that 
w,(2-") < pL. 
Then 
LYO-YQI< wa Ststs 


k 
k=0,...,2”— 1, where t, = — 


Hence, the integral of falong y[t,, t,..,] is 
gly¥t+d]- gly@)] 
and summing we obtain (3). This completes the proof of the theorem. 
Acurve I’: [a, b] > Cis said to be closed if y(a) = y(b). The following result 
is an immediate consequence of Theorem 1. 
Theorem 2. Let Q be open in C and let y be rectifiable in Q. Let f : Q— C be 
continuous with a primitive g : Q— C. If y is closed curve then 


J fo. 
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Example: Let f(z) = z", where n is an integer # — 1. Then for any closed path 
y, we have 


J z” dz=0. 


Ifn is negative, the result holds good for any closed path not passing through 


n+l 


the origin. This is true because z” has the primitive i 
n+ 


We know from the Fundamental Theorem of calculus that each continuous 
function has a primitive. But this is not true for functions of a complex variable. For 
example, let 

f@=q|zPaxr ty. 

If g is a primitive of fthen g is analytic. Write g = € + in. Then 

wt+y=gi(xtiy) 

By C—R equations 


0g _ on = x2+ 2 
Ox Oy 
06 _ 
d =-—1=09, 
an By es 


o 


But oy = 0 implies that E(x, vy) = w(x) for some differentiable function yw. 
ye 


as 


Thus x7 + y?= a w'(x), which is a contradiction. This shows that f(z) =| z |? does 
x 


not have a primitive. 


ZN LOcAL PRIMITIVE | 


We would like to define a primitive for fon some open disc centred at z). Before 
finding a primitive locally we prove Cauchy’s theorem for a rectangle. The proof 
is due to E. Goursat. We denote by 7 the rectangle and by 57 the boundary of the 
rectangle (the path describing the boundary of the rectangle will be taken 
counterclockwise). Note that Tis meant as the set of points inside and on the boundary 
of the rectangle, so Tis not a region. In the following theorem we consider a function 
f which is analytic on a region which contains 7. 

Theorem 3 (Cauchy-Goursat). Let T be a rectangle, and let f be analytic on 
T. Then 


gad 


Proof: Join the mid-points of the sides of the rectangle T to obtain four 
rectangles 7,, 7,, T;, 7, as shown in Fig. 4.1. 
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Fig. 4.1 
4 

ain Lota ar Ps 
4 

Hence 7 7 <2 is Par 


It follows that there is one rectangle, say 7, among 7), T,, T, and T, such 


ea fey le r| 


Next, join the mid-points of the sides of the rectangle 7 to obtain four 
rectangles as shown in Fig. 4.II. 


that 


We denote one of the four rectangles thus obtained by 7” and have the similar 
inequality. 


sr) 


Jot 


By repeating this process, we obtain a sequence of rectangles 
TY D5 TOD T?)> T® ... such that 


eee f J f 


1 
eee 
Hence Sars 2 a" le f| 
Let L,, be the length of 7”. Then 


1 
SS 
4 
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It follows by induction that 


where Ly is the length of 57. 
Note that the diameter of 7” tends to 0 as n > o. It follows from Cantor’s 


oc 
theorem that the intersection ()] T consists of a single point z,. Since f is complex 


n=1 
differentiable at z), there is a disk D,(z)) such that for all z € D, (z)) we have 
I (2) =f Zo) + fo)  — 20) + (Z — 20) 1 &; Zo) 
where jim n(Z, Z)) = 0. 
It follows that 7” is contained in D(z,) for sufficiently large n and we have 


?) ar”) f(z) dz = le f (Zo) dz + f'(Zo) Fon (z— 29) dz 


+ Jy 20) M0 20) ce 


The first two integrals on the right side of (5) are zero. 


Hence = = fer (Zz — 2.) NZ, Zo) dz 
and we obtain the inequality 
1 
| Sor £15 [Sone 1 =| Spm © —20) 20) a 


1 
< qr Lo diam (7) sup | 1 (Z, Zo) | 


where the sup is taken for all z € 7. Thus 


(| J, f 
The right side of (6) tends to 0 as n > oo. Hence 
oT f = 


and this completes the proof of the theorem. 


< L, diam (7) sup | n(z, Zo) |. 


We now find a primitive locally. 
Theorem 4. Let fbe continuous on D,,(Z)). Let 


8T F=0 
for each T < D, (Z). Define 
Fe)= |" F 
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where z, is an arbitrary point in the disc D, (Z)) and the integral is taken along the 
sides of a rectangle T whose opposite vertices are Zz, and z,. Then F is analytic on 
D,(Zy) and 


F'(z) =f(). 
Proof: We have 
z+h 
Feth)-F@)=[ "fea. 
The integral between z, and z, + A is taken as shown in Fig. 4. III. 


z,+h 


Zo — ——_ 


Fig. 4.111 


Since fis continuous at z,, there is a function (z) such that 


AZ) = fz) + 0) 


where lim o(z) =0. 
zt+h zth 
Then F(z, +4) — F(z, = J f(z) dz + J o(z) dz. 


1 


= nfs) + f°" bed 


Dividing both sides by h we have 
F@,+h)=f£E,) 1 f? 
7) —————— = +— 
(7) : flat] 
The length of the path from z, to z,+ / is bounded by | 4, |+| A, |. 


Hence 


1 pata 1 
pd, SE |S | +1 he D sup 46) 


Note that the sup is taken for z on the path of integration. The expression on 
the right side of (8) tends to 0 as z > z). 


pede. 


(8) 


Hence 


a F(z, +h)- F(z,) 


h>0 h 
This proves the theorem. 


=f (z,). 


It now follows from the above discussion that if fhas a primitive on a disc 
D,(Zo), then the integral of falong any path between z, and z in D,(z,) is independent 
of the path. Thus according to Theorem 2 in the previous section we find. 
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Theorem 5. /ffis analytic on a disc D, then f has a primitive on D, and the 
integral of f along any closed path in D is 0. 


IR) CAUCHY’S THEOREM (HOMOTOPY FORM) | 


We first give the general definition of homotopy. 

Definition: Let QO be an open set. Let yo, y, be two closed paths in Q. Assume 
that they are defined on the same interval [0, 1]. We say that y) is homotopic to y, 
in QO if there exists a continuous function 

w: [0, 1] x [0, 1] > Q 
such that 

 W49)=nOv% D=rOOsts); 

(ii) w(0, uw) = wd, vu) (O0<u< 1). 

Thus, if we define 

¥,: [0, 1] > Q by 

WWD = w (tw) 
then each y, is a closed curve and they form a continuous family of curves which 
start at y, and go to y,. 

We now give another definition of homotopy which is less general than the 
definition given above. We say that the curve y is piecewise smooth if y(t) possesses 
a continuous derivative y'(t) everywhere except at a finite number of points of [0, 1] 
and y(t) =x'(t) + "(4 #0 for all ,0 <t< 1. 

Definition: Let y)= w(t, 0) and y,= w(z, 1) belong to the family of piecewise 
smooth closed curves in a region Q. We say that y, is homotopic to y, in Q if there 
exists a continuous function y = w(t, u) such that 

(7) w has continuous partial derivatives 


— #0, aU # 0, except at a finite number of points. 
Ot Ou 

(ii) w maps the square 

P={t,u):0<t<1,0<u< 1} intoQ. 

This definition will be used. 

If y) is homotopic to y, with respect to , and y, is a point, then y, is homotopic 
to a point with respect to Q. 

Note that ify, and y, are homotopic in a region © then they are homotopic in 
any region Q, containing ©. 

Remark: Suppose that two piecewise smooth, closed curves y, and y, and a 
region Q are given. In order to exhibit the homotopy between y, and y, we have to 
find a family of piecewise smooth, closed curves w(t, u) such that 
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(i) Yo and y, belong to this family where y,(4) = w(t, 0) and y,(4) = w(t, 1). 

(ii) y : ? > Cis continuous with w/’) c © such that w(t, u) piecewise 
smooth closed curve for every u and y(t, u) is piecewise smooth closed 
curve for every ¢. 

From an intuitive standpoint the notion of homotopy is simple. This means 
that we can transform y, into y, by continuous deformations given by w(t, u). Note 
that during the process of deformation w(t, u), 0 < u < 1, does not leave QO. We 
illustrate this notion in Fig. 4.IV. 


Fig. 4.1V 


In Fig. 4.IV, yo and y, are homotopic in Q but y, and y, are not homotopic in 
Q. y,is homotopic to a point in Q. 

Examples: (i) Let yp (t) = +(cos 2nt + i sin 2nf), 0 <t< 1 and y,() = cos 2nt 
+i sin 2nt, 0 <t< 1 be two circles. Then y, and y, are homotopic in any region Q 


containing the closed disc D(0, 1). 


l+u . 
Take w(t, u) = 5 (cos 2mt + i sin 2712). 
Then w(t, 0) = yo() 
and wi, D=1n0. 
Since | w(t, vu) | < 1 forO <u < 1, it follows that 
w(t, u) < D(O, 1) <Q. 
Also w(0, uw) = w1, wu). 


So the curves y, and y, are homotopic in containing D(0, 1). 
(ii) Let Q be a convex set, and let yo, y, be two piecewise smooth closed 
curves in Q. Then y, and y, are homotopic in Q. 
Define 
wt u) = uy) + 1 -w)yi. 
It can be checked that y = w(t, wu) is continuous and each curve w(t, wu) is a 
closed curve. Also, 


vt 0) = 1) 


LINE INTEGRAL AND CaucHy’s THEOREM 61 


and wt, 1) = y(0). 

In order to simplify the proof of the homotopy form of Cauchy’s theorem, 
we introduce the notion of “near-together”. Let O be an open set. Let y) and y, be 
defined on the same interval [0, 1]. We say that y, and y, are near-together if there is 
a partition 

O=u,Su,Su,s..<u,=1 
and for each j = 0, 1, 2, ..., 2 — 1 there exists a disc D, c Q such that the images of 
each segment under the mappings of y, and y, are contained in D,. In other words 
Yo( Lu, Uj + De D; 
and yi(Lui, Uj +1]) cD, 

Lemma: Let y,) and y, be two piecewise smooth closed curves in the open set 

Q. Let yo, y, be defined on the same interval [0, 1]. Assume that they are near- 


together. Then 
ee 


Proof: Choose a partition 
O=u)<u,s...<u,=1 
and for eachj =0, 1, 2, ...,2—1, choose discs D,c Q. Let F,be a primitive of fon D,. 
Let 
Z=Yo(uj) and w,=y,(u)). 
Then 
n-l 
J f7], £2 ZG) -B@) - BOy 0) — Hoy 


n—-1 


= % [Fi (2)41) — Fw; +) — EY) — Fw) 


) J f-J f=FrsGe) —Fy-s0v,) ~ (Fo Go) Fol). 


Since yy and y, are closed, we have zy = z,, and wy = w,. Let there be some disc 
D which contains z) and wy. The primitives F,,, and F, differ by a constant on 
DQ. Hence the right-side of (9) is equal to 0. This proves the lemma. 


Theorem 6 (Cauchy’s Theorem). Let Q be an open set. Let y, and y, be two 
piecewise smooth closed curves in Q, and assume that they are homotopic in Q. Let 


f be analytic on Q. Then 
" ff) f. 


In particular, if '¥) is homotopic to a point in Q, then 


I, f =0. 


62 THE ELEMENTS OF ComPLex ANALYSIS 


Proof: Let w : [0, 1] x [0, 1] > Q be the homotopy. Since y is continuous 
and /? is compact, y is uniformly continuous and w(/’) is a compact subset of Q. By 
uniform continuity we can find partitions 


O=u,Su,s...<u,=1 
O=t,<t,<...<¢,=1 
of these intervals, such that if 
Si, = small square [u,, u;.,] < [4 t+], then the image w(S,,) is contained in a 
disc D,, which is itself contained in Q. 
Let w, be the continuous curve defined by 
wid = w(t u,), & = 0, 1, ..., m. 
Then the continuous curves y,, W;, .; are near-together. By Lemma we have 


Nat ag 


Since Wo = ¥) and y,, = 7;, we conclude that 


Lf), 4 


This proves the theorem. 

Definition: We say that an open set is star shaped if there is a point z, in 
Q such that for each z in QO the line segment [Zp, z] lies entirely in Q. 

Note also that each star shaped set is connected. 

We now define simply connected set. 


Definition: We say that an open set Q is simply connected if it is connected 
and every closed path in Q is homotopic to a point. 


We are now in a position to construct primitives for a wider class of open 
sets. 


‘waa GLOBAL PRIMITIVES | 


Theorem 7. Let Q be a simply connected open set. Let f be analytic on Q. Define 


F@)= f° £6) a 
where z is any point in Q and Z, is a fixed point in Q. Then 
(i) F(z) is independent of the path in Q from z, to z. 
(ii) F'(2) =f@. 
Proof: Since Q is open and connected there always exist a path from z, to 


any other point of Q. Let y) and y, be two paths in Q from z, to a point z in Q. Let 
—y, be the opposite (reverse) path of y, from z to z). Then 


Y= {Yo —Y;} is a closed path. 
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1.é. 


Hence, by Theorem 6 
vale eee 
a a 


This proves (i). 
In order to prove (ii) we need to prove the differentiability of F at a point z,. 


Let z, €e O and p > 0 be such that D (z,, p) © ©. Ifz is in D(z,, p), then we may 
choose a path z, to z by passing through z,. Hence 


(10) Fe)=Fe)+ Jf. 
It follows from Theorem 4 that the integral in the right side of (10) defines a 


local primitive for fin a neighbourhood of z,;. Hence 


F'@=f 


Examples (i) Every star shaped region is simply connected. 
(ii) LetQ=C-— {0e®:0<O0< oo}. 


Then Q is simply connected. 


(iii) The domain of the principal branch of the logarithm is simply connected. 


EXERCISES 


1. 


Let y(t) =exp {(—1+7)t-'} for0<t< 1 and y(0) =0. Prove that y is a rectifiable path 
and find V(vy). Sketch the trace of y. 


Define y : [0, 1] ~ Cby 


1 
t+itsn-, t+0 

yA) = t 
0, t=0 


Prove that y is a path but is not rectifiable. Sketch this path. 
Let y, and y, be the two polygons [1, ‘] and [1, 1 +7, i]. Express y, and y, as paths and 


evaluate J Ff (2) dz and J f(z) dz where f(z) =| 2 /’. 
N1 Y2 


Show that the function f(z) = Z does not have a primitive on E = {z:Imz+# 0}. 
Let y be a path in C with terminal point z, and initial point z). Let a # 0 and b be 


complex numbers. Find J ge ae 
Y 


Let y be any closed path in C. Show that J exp (-z*) dz=0. 
Y 
Let f be continuous on a region G. Show that if for any two points a € G, b € G, the 
integral J / (2) dz is independent of the path y joining ato b, then | f(z) dz =0 for 
Y Yo 


every closed path y, in G. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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Find the integral J sin z dz from the origin to the point 1 +7, taken along the parabola 
7 
yH=x’, 
Let f be analytic in a region that contains y. Show that J f® f' dz is purely 
7 


imaginary. (The continuity of f’(z) is taken for granted). 
Let fbe analytic and satisfies the inequality | f(z) — 1 | < 1 ina region Q. Show that 
f'@) 
y f@) 
granted). 


dz = 0 for every closed curve y in Q. (The continuity of f’(z) is taken for 


Let P(z) be a polynomial and let C, be the circle | z— a | =r. Evaluate J © dz. 
1 


d: 
Let y be the closed polygon [1 —i, 1 +7, -1-i, 1 — i]. Find J = 
y Zz 
Let y(4) = 2e" for —- a < t < 1. Evaluate J (2? -1)7 de. 
7 


l+i 
Evaluate J (2? + z) dz. By choosing two different paths of integration show that 
0 


the results are the same. 


[era < 9/5, 


(Hint: Take as the path of integration the line z=i+ (2 —i) ¢, 0 <t< 1 and determine 
max | (z + 1)? | on this line. 


Show that 


2+i 2 

Evaluate J (x° + iy) dz along 
1 

(7) the line y=x- 1 

(ii) the line y = (x— 1). 


c i" Z + 
mp 2 


where y (0) = 2 | cos 20 | e®, 0< 0 <2n. 


Ge”, 0<@<2n 
4n—0, 2n<0<4n 


dz 


Compute | here (0) = 
ompute : Pay ee) | 


Z 


Show that 


i Ge = iy” )dz £2.5 
Y 


where 
(i) y is the interval [— 7, 7] on the y-axis. 


: ve ae T 7 
(ii) y is semi-circle z= cos @ +7 sin o, — > <o< x 


J dz 
y z+) 


where y is the circle y(@) = 2(cos p+ isin @),0<@ <2n. 


Show that 


<4n/3 
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21. Let y be any closed path with graph not containing zero. Find 


sin z 
x dz. 
Y Zz 


22. Let {y,} be the sequence of arcs, 


1 2 
y,(t) =| 1 + : + it,0<t<1,n=1,2,..., and 
n+l n+l 


f@a2r+z+1. 
Find 


nao 


lim if f(z) dz. 
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APPLICATION OF 
CAUCHY 'S THEOREM 


There are several versions of Cauchy’s theorem. In this chapter, we first state the 
homological version of Cauchy’s theorem and postpone the proof to a later chapter 
(see Appendix II). By using Cauchy’s theorem we derive Cauchy’s formula. In fact, 
Cauchy’s formula will be quite sufficient for many applications. By paths we mean 
rectifiable curves. Circles are assumed oriented counterclockwise unless otherwise 
specified. 


[EG THE WINDING NUMBER | 


Let y be a closed path in C and let a ¢ {y}. Then the index (the winding number) 
of y with respect to a denoted by n(y, a), indicates how many times y winds around 
a, and in which sense. It follows that n(y, a) is a positive integer if y winds 
counterclockwise around o and a negative integer if y winds clockwise around 
a, n(y, 0) = 0 if a is outside y. 


Example 
OL sa 
Example | 
ny, a) = 1 nly, a)=— 1 ny, a) =2 
n(y, ,) = 0 ny, o,) = 0 nly, &,)=1 


aly, 6) =0 
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Lemma 1 
Ify :[0, 1] C is a closed rectifiable path anda ¢ {y}, then 
1 


2ni 4y z-O 


is an integer. 


Proof: Define 


F :[0, 1] > Cby 
fw 
FO= J. aa 
H F(0) = 0, and F(1) = | — 
ence, (0) = 0, and F(1) = amr 
Also, F()= 8 (0<t<1). 


We now compute the derivative of the function 
d 
ae a) ~ 8) 
=e y'()- FO e* (y()-9)) 


=e ly 1O (ya) 3) 


y@)-a 
= 0. 
Hence, there is a constant function 4 such that 
e Oy) — a) =A, 


so y(t)- a=Ae™, 
Since y is a closed path, we have 
7O)=7U) 
and AfM=y(1)-a=7(0)-a= Ae, 
Since y(0) — a #0, we conclude that A # 0, so that 
ef) = eF(), 


Hence, there is an integer k such that 
F(1) = F(O) + 2nik. 
But F(0) = 0, so F(1) = 277k and the lemma is proved. 
We now define the index (the winding number) of y. 
Definition: Let y be a closed path in C. Then fora ¢ {y} 
1 dz 
my, Omi 1Z—-Q 
is called the index (the winding number) of y with respect to the point a. 


The following properties of the index can be easily checked. 
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Properties 
(a) Let y, and y, be closed paths having the same initial points, then 

(i) n(y,, 0) =—n(-y,, @) for every a ¢ {y,}5 

(ii) nly, + Yy &) = ACY, &) + ny «) for every 

a ty $V ty}. 
(b) Let y, and y, be homotopic closed paths in C— {a}. Then 
n(y,, &) = n(y,, a) for every a € {y,} U {y,}. 

Lemma 2 
Let y be a path. Then for a ¢ {y,}, the function 


dz 
a | 
1Z-@ 
is a continuous function of a. 


Proof: Let z, ¢ {y}. We need to prove that 


1 1 
if = Je 
v\zZ-Q@ ZZ, 


tends to zero as a approaches z,. Consider the function 


i—>|a-y@|. 
This function is continuous and not zero. Hence, it has a minimum. Let 6 be 
the minimum distance between the path and the point z,, i.e. 


6= min| Zz) — (I. 


1 1 


Z-Q Z-Zy 


C= zy 
(Z—a)(Z—2p) 


Since | a — y(t) | 2 6/2 if a is sufficiently close to z,, we find that 


Now 


—_ < : | —Zp |. 
(Z>0) (2=2,) | O72 
Hence 
1 1 1 
1 = dz|< —z,|L(y). 
() J [ | : 5/2 | 79 |E(y) 


The right side of (1) tends to zero as a — z, and thus the lemma is proved. 
Lemma 3 
Let y be a closed path. Let S be a connected set not intersecting y. Then the 
function is constant for o in S. If Sis unbounded, then this constant is zero. 
dz 


YZ—-Q 


OCF 
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Proof: We know from Lemma | that the integral is the winding number, and 
is therefore an integer. If a function takes its values in the integers and is continuous, 
it follows from Lemma 2 that it is constant on any curve. This implies that it is 
constant on a connected set. 


If S is not bounded, then for o arbitrarily large, the integrand has arbitrarily 
small absolute value, that is 


1 
ie=al is arbitrarily small. 


An estimate of the integral shows that this constant must be zero. 


[EP STATEMENT OF CAUCHY’S THEOREM | 


Before stating Cauchy’s theorem in a broader set up we need some new definitions. 
Definition: Let O be an open set. A closed path y in Q is homologous to 0 in Q if 


are 


In other words, n(y, ©) = 0 for every a ¢ Q. 


for every point a not inQ. 


Let y,, y, be closed paths in Q. y, and y, are said to be homologous in Q if 
n(y,, 2) =n(y,, a) for every a ¢ Q. 
The following results can be verified easily. 
(i) Let y, and y, be closed paths in Q. If y, and y, are homotopic, then they are 
homologous. 
(ii) Let y, and y, be closed paths in Q. If y, and y, are near-together, then they are 
homologous. 


Definition: Lety,, y,, ..., y, be curves and let m,,m,,m,, ...,m, be integers. A 
sum of the form 


y= 2, mY; 
i=l 


is called a chain. 
We say that y is a chain in Q if each y, is in Q. A chain is said to be closed if 
it is a finite sum of closed paths. We define 


[foam F 
Y i=1 Yi 
where y is a chain. 


If y is a closed chain where each y, is a closed path, then the index of y with 
respect to a point a is defined as 
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1 dz 
ny, a) a eee ee 
2ni -y z-—Q 


where o is not on the chain. 

We denote 

(i) ¥, ~Y, ifn(y,, &) =n(y,, a) for every a ¢ . 

(ii) y, ~ 0, ifn(y,, &) = 0 for every a ¢ Q. 

Cauchy’s Theorem: Let be an open set. Let y be a closed chain in Q and 
let y ~ 0 in Q. Then 


J J =0 for every analytic function in Q. 
Y 


Corollary: Let y, and y, be closed chains in Q and let y, ~ y, in Q. Then 
J, f 7 I, f 


[EE SOME CONSEQUENCES OF CAUCHY’S THEOREM | 


We now derive two important consequences of Cauchy’s theorem. 

Theorem 1. Let y be a closed chain in an open set Q such that y ~ 0 in Q. 
Let f be analytic on Q except at a finite number of points §,, §,, ..,§,. Lety, (i = 1, 
2, ...,n) be the boundary of the closed disc D,(&,) contained in Q. Assume that 


D, OD, = 9 ifiF#j. 


Let m,= ny; 5) 
and OF = tea cea Gor 
Then y~ Um;y; inQ* 
i=l 

and = Yan . 

J, f i=l | I, f 
Proof: Let 

o=y— 2D m,7; 
i=1 


and let a ¢ ©. Then 
n(o, a) =n(y, &) — ey mn (Y, &) 


=0. 
Ifa =, for some k, then by Lemma 3 
lifi=k 
AY» &)) = . ifixk. 
Hence 
n(o, €,) = ny, &,) —m, = 0. 
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This proves that o ~ 0 in O*. 
By Cauchy’s theorem we conclude that 


J f ~ > mi Fa 


We illustrate the theorem in Fig. 5.1. 


© 


Fig. 5.1 
YoY 2-7; 
and [ -f=-[. cn-2] Ca-] cn. 


Theorem | will be applied in many cases when Q is a disc and y is a circle 
in Q. For example, let €,, €,, &, .... § be points inside the circle, as shown in Fig. 
5.1. Then 


Lre2 4 


where y, is small circle around €. 


Fig. 5.1l 


Theorem 2 (Cauchy’s Integral Formula). Let y be a closed chain in an 
open set Q such that y ~ 0 in Q. Let f be analytic on Q. Then for every z, in Q and 
not on Y, 


ae wie dz=n(), 2) J (Z,)- 


ZT *¥ Z=Z, 
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Proof: Consider the auxiliary function g defined by 


oe) = LOSE) 


Note that z, is fixed and z is variable. Since f(z) — f(z,) and z — z, are both 
differentiable in Q, the quotient 


g(z) = 
is differentiable except at z = z,. By continuity we define 


Ll) He) pay) 


= 
Then g is continuous on Q and is bounded in a neighbourhood of z,. Let C. 
be the circle of radius r centred at z,. By Theorem 1 we have 


(2) J fo fon Tey) i= [ e@az=nty,20) J, gz) dz. 


Z—Zo 


S(2)— fEo) 


Z—Zo 


eZ) = ~~ 


Since g is Saad in the neighbourhood of z, and since the length C, tends 
to zero as r — 0, we find that the right side of (2) approaches 0 in absolute value as 
r — 0. The left side of (2) is independent of 7 and is therefore equal to 0. Hence 

(Z 7 = iz 
[ SP ae=[ AY ae = 10,2.) 2nif @) 
Y Z—Zo YZ- 


Thus the theorem is proved. 


FEZ) APPLICATION OF CAUCHY’S INTEGRAL FORMULA | 


In the preceding section, we derived Cauchy’s integral formula in a broader set up. 
In this section, we shall apply the formula. In fact, for many applications the simpler 
form of Cauchy’s formula will be used. We restate the theorem. We denote the 
centre of the disc by a, its radius p > 0 and assume that fis analytic in a larger disc 
centred at a. 

Theorem 3. Let fbe analytic on the disc D(a). Let C, be the circle | z— | 
=p <r Then for any point z,in D(a) we have 


G) fley==— [ae 
CO Z-Zy 

Applying Theorem 3, it will be shown that an analytic function possesses 
derivatives of all orders. This is a very remarkable result. 

Theorem 4. Let fbe analytic in a region Q. Then f'(z), f” (2), .. f"(@), ... all 
exist in Q and are analytic. 

Proof: Let a be a point of Q. Then it will be proved that f has all derivatives 
at a. 
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Let C, be a sufficiently small circle with centre a. It follows from (3) that for 
any point z, inside C, we have 


l f(@) 

4 7 dz, 

OF) 2ni “C z—Zy 

Differentiating (4) n times with respect to z,, we have 


fifteen, t(2) 
Of)" 2 |, Gay 


The validity of (5) will now be established. Choose h sufficiently small so 
that z, + / is in the interior of the disc bounded by C,. Using (4) we obtain 


fo +h)- fl) _ 1 1 l l 
h “tthe as 
eo fz) 
2mi YC (Z—2Z) —h)(z—-Z) 
a2 LO ass 
2m *G (2=zZ,) 


where 


a fle) 
Ini 4G (z—z,) (2-2) =) 
Since z, is inside C,, min | z—z,| forz on C, is positive. Denote this minimum 
by 26. It now follows that if| 4 | < 6 then for z on C,, 
[s—ey— | 222, |= || 6, 


Since fis uniformly continuous on C,, there exists some constant M such 


that 
|f(2 | <M for zon C.. 
Let p be the radius of C,. 
Then jr p< tl us 20 
2n (485°)5 
_ [Al Mp 
45° 


Letting | h | > 0 we get | J| > 0. 

This proves the existence of f’ and establishes (5) for n = 1. 

Note that the existence of f’ was assured by our assumption that f is analytic. 
However, repeating the above argument, starting with (5) with n= 1, establishes the 
existence of f” and proves (5) for n = 2. Thus f’ has a derivative f” and so f" is 
analytic. This proves that if fis analytic then /’ is also analytic. Applying this to f’ 
instead of to fwe prove that f” is analytic. More generally, we find that the analyticity 
of f” implies that of f”*'. Hence, by induction, it follows that an analytic function 
has derivatives of all orders which are analytic. We have 
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(n) 
Ly PO, 
2ni “Cr Z—Zpy 


f'G) = 


Integrating by parts n times we obtain (5). 

We now establish an important inequality which is called Cauchy’s 
inequality. 

Theorem 5 (Cauchy’ Estimate). /n Theorem 4 assume that there exists a 
positive constant M such that | f(z)| < M on D(a). Then 


Mn! 
(6) |f"(@) |< on 
Proof: In (5), let C, be a circle of radius p with centre at z, = a. Then 


na) || ZL S@# 
FOF lee am 


1! M 
<- | | dz | 
on on C 


n'iM 
p” 
Since this holds for all p <r and letting p > r we have 
Mn! 
[f” (a) | < nm °* 


r 
From Cauchy’s estimate we will prove an important theorem which is known 
as Liouville’s theorem. Before starting the theorem we need the definition of entire 


function. 
Definition: A function fis called entire if it is analytic on the whole of C. 


Theorem 6 (Liouville’s Theorem). 4 bounded entire function is constant. 
Proof: By hypothesis there is a constant M such that | f(z) | < M. By (6), with 
n=l, 


M 
If'(a) |< = for arbitrary r. 


Hence, f'(a)=0. 
Since o is arbitrary, f'(z) = 0. 
Also, fe)-f0)= | £'O a. 
It now follows that 
F(z) =f(0) which proves the theorem. 
We are now in a position to appreciate Liouville’s theorem in the following 


application. 
Theorem 7 (Fundamental Theorem of Algebra). Let f(z) be a non-constant 


polynomial. Then there is a complex number z, with 


f@,) = 0. 
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Proof: Let 
f(2)=a,+a,2+...+a2" where a #0. Suppose that f(z) # 0 for all z. Let 
a2) =f)’. 


This function is analytic on the whole of C. Write 
I@-az C pei is = +22) 
Z 2 Zz 


where b,, b,, b,, ..., b, are appropriate constants. Observe that | f(z) | is large when 


|z| is large. Hence | g(z) | > 0 as | z | > o. It now follows that there is a number 
r > 0 such that | g(z) | < 1 if|z|>~r. But g is continuous on D(0, r), so there is a 
constant M such that | g(z) | <M for |z|< M. Hence gis a bounded entire function 
and by Liouville’s theorem g must be constant. It follows that f must be constant 
which contradicts our assumption. Hence, the theorem is proved. 

Example: Let f be entire function. Suppose that there are constants A and m 
such that 

|f() | <|z|" for |z| >A. 
Then f is a polynomial of degree at most m. 
We verify the validity of this example. Write m < k, 
f(z) -(@) +z + az +...4+ a,_z*"') 
(z) = k 
Zz 

Observe that (z) is analytic everywhere. Now we have 


a a ay 
| o(z)| <1+)—2% ++. 4 
Zz zZ 


<B 
Z 


for some constant B when | z | = A. When | z | < A, | 0(z) | is bounded. Applying 
Liouville’s theorem we find that o(z) is a constant. This shows that f is a polynomial 
of degree at most m. 


In Theorem 4, we have proved that an analytic function has derivatives of all 
orders which are analytic and is represented by the formula (5). Using this result we 
prove a classical result which is known as Morera’s theorem. 


Theorem 8 (Morera’s Theorem). Let f be continuous in a region Q and let 
J J = 0 for all closed curves y in Q. Then fis analytic in Q. 
Proof: Let f be analytic in Q. Define 
Fe= J" fae 


where z is any point in Q and z, is a fixed point in Q. 


The hypothesis implies, as we have already seen in section 4.7, that f(z) is 
the derivative of an analytic function F(z). It follows from Theorem 4 (section 5.4) 
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that the derivative of an analytic function is itself analytic, that is, fis analytic in Q. 


This proves Morera’s Theorem. 


EXERCISES 


1. 


~ 


Zz —Z 


e 
Compute J a 
¥. Z 


where y is one of the curves depicted below. 


I 


Compute J 


I 


Exercise | 


(- ~ *) dz 
¥ Zz 


where y is the unit circle y(t) = cist, 0 <¢<2n. 


Using Cauchy’s formula for f(z), determine the value of 


J P(z) a 
7 


(z-c)' 


where y is the circle y(~) = c + r(cos m + i sin ~), and P(z) is a polynomial and k a 


positive integer. 


Compute J 
Y z+l1 


24324 


a 


where y is given by y(t)=a+t+r(cost +isin#),0<t<2n,r>OandaeC. 


Determine the value of i 
a 


(i) C, is the circle | z+ 
(ii) C; is the circle | z+ 
(iii) C, is the ellipse x? 


Determine the value of 


(i) C, is the circle | z| 
(ii) C, is the circle | z+ 


(iii) C, is the circle | z 4 


327 +7241 
a a in the following cases: 


tH 1|=1. 

Fil =1. 

+ 2y°=8. 
z+4 


>+————~ dz in the following cases: 
Zz +2745 


=i, 
Pl=is2 
F1+i]=2. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


Zz 


Compute ) 


7 dz where C, is the circle | z—1|=3. 
«(z+1) 


zt+l 
—3_, - @, where 
¢Z —LZ 


(i) C, is the circle |z|=1. 
(ii) C, is the circle | z—2—i|=2. 


Determine the value of 


2z-i 
Compute J = 
yz —2z4+5 
in the positive sense around the contour y of a simply connected domain. Examine 


all possibilities that can arise in this case. 


Suppose that fis analytic on D(0, 1) and suppose | f(z) | < 1 for |z|< 1. Prove that 
|f'(0)| <1. 


Compute | (| dz 
y\z—-l1 


where y(f) = 1 + e”, 0 < ¢ < 27 and nis any positive integer. 
Suppose that fis analytic on the closed unit disk D. Determine the value of the 
integral 


J, [re + ty) dy dx. 
Suppose that f is analytic on an open set G. Suppose that z, € G and f'(z,) #0. 


Prove that 


dz where C , is a small circle centred at Zy 


2ni | 1 
f'Zo)  “G F(Z)- fo) 


1 
Suppose that f is analytic on D(0, 1) and | f(z) | < ———~ for | z| < 1. Determine 


(lz) 
the best estimate of | /”(0)]. 
Prove that 
1 R+z _ 
Qni y, (R-z)z 7 
where y, has the equation z = re”, 0 < ® < 27. Deduce that 
22 
; i —— dO =1,0<r<R, 
2n 40 R° +r° —2rRcos 8 
Prove that 


1 Qn R id 
RE); Re a0) =0 


2ni Jo 2 
Re? = | e? 
r 


where C, is the circle defined by z = Re” and z, = re® for r< R. 


Suppose that fis analytic in the entire (finite) plane and suppose that f(z) is not a 
constant. Let R and M be any real numbers (no matter how large). Prove that 


| f(z) |>M for |z|>R. 
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19. 


20. 
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Suppose that f(z) is a polynomial of degree n > 0 and let M be any arbitrary positive 
real number (no matter how large). Prove that | f(z) | > M for|z|>R. 


We recall the Weierstrass’ theorem for a real interval [a, b]. The theorem states that 
a continuous function can be uniformly approximated by polynomials. 


It is true that every continuous function on the closed unit disk be uniformly 
approximated by polynomials? Examine this. 


Recall the definition of the sup norm, i.e. 


Il fl = sup | f() | 
zeE 


where E is any set. We say that {f} is a Cauchy sequence (for the sup norm), if 
given , there exists N such that if m, n = N, then 


IF, fn I< &- 
Let S be the closure of a bounded open set in C. Let f, g be continuous functions on 
S. Define their scalar product 


(£a=] | sO s@ o ax 


and define the associated L,-norm by 


ih={f [Jor aah 


Prove that || /||, does define a norm. 
We define 


I= J [J s@ lay ae. 


Prove that f— || /||, is a norm on the space of continuous functions on S. This is 

called L,-norm. 

(i) Suppose that fis analytic on D(0, r) and let 0 <r, <r. Prove that there exists 
constants c,, c, > 0 such that 


If llse, I Fl, Se IF, 
where || || is the sup-norm on the closed disk of radius r, and L,, L, norms also 
refer to the closed disk of radius r.. 
(ii) Suppose that {/} is a sequence of analytic functions on an open set G, and let 
if} be L,-Cauchy. Prove that {f} converges uniformly on compact subsets 
of G. 


POWER SERIES 


In this chapter, we give an outline of the basic properties of a power series. We first 
recall some elementary facts on infinite series in C. 


[GRE INFINITE SERIES IN C [| 


Consider the infinite series 


ioe) 
(1) 2 Zn et ue Se See 


n= 
where the z are arbitrary complex numbers. 


Associated with this series is the sequence of its partial sums 


(2) S272. 0 ne PE TE 


1 n-1 n 


We say that the series 2% z, converges tozif lim s, exists and is equal to z. 


n=0 n>o 


ine} 
In other words, the series X z, converges to z if for every & > 0 there is an integer 
n=0 


i such that 


n 
> Z,—-2Z 


< whenever n =n, 
k=0 


If this is the case, we say that z is the sum of the infinite series, that is, 
Zo > Zh. 
k=0 


ie) foe) 
Ifz= >} z, andw= > w, are two convergent series, with partial sums 


n=0 n=-0 
n n 
s= DL 2%andt= > wy, 
n n 
k=0 k=0 


then the sum converges and 
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We say that the series }* z, converges absolutely if > |z, | converges. 
n=0 n=0 


Theorem 1. /f > z, converges absolutely, then >° z, converges. 
n=0 n=0 


Proof: Let ¢ > 0 and put 
Si, = a Zi . 
k=0 


By assumption, >’ |z, | is convergent. Hence, there is an integer n, such that 
n=0 


oa} 


» |4,1<e 


n=No 
Thus ifm >n2n,, 


m m 


SS, |=| 2 2p |S 2 12%! 


k=n+l1 k=n+l1 


< y IZ. |<e. 


k=no 


That is, {s } is a Cauchy-sequence and so there is a complex number z 


lim 5 =z 
noo ” 
foe) 
Hence 2.3% 
n=0 


If aseries does not converge, we say that it diverges or is divergent. 


Theorem 2. Let } z, and > w, be two absolutely convergent series. Let 


n=0 n=0 
n 
C,— 2 7 Wik Z,W,, Z,W,-1 1 Z, We 
ioe) 
Then > c, is absolutely convergent and 


n=0 


» Ea-(E)(En) 
n=0 n=0 n=0 
Proof: We have already seen this theorem during a real analysis course. 


Put A= > 2,,B = 2 We, C = > Cr 
k 


n n n 
a= Elal.B= Sleby= d lel. 
k=0 k=0 


n ke0 
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It can be easily checked that y, is a monotonically increasing and bounded 
sequence. 


Also, 


(4) | A, B,, — Co | s O,,, B., - a, B, |. 


It follows from Cauchy-criterion that for sufficiently large n, the right-side 
of (4) is <e. 


Hence 


lim A, B, = lim C,. 
n—>o 2 2n 2n 


no 
That is, Peale v}= 2 Ces 
n=0 n=0 n=0 


We now recall the definitions of limit inferior and limit superior of a sequence 
of real numbers. Let {a,} be a sequence of real numbers. We define 


lim infa,=lima,= lim [inf {a,,a,,,,...}]. 


lim sup a = lim a 
n n 


n> oo 


= lim [sup {a,, Gia 


im wal 


Note that lim a, and lim a, always exist although they may be 4 


cr OO, 
We assume that the reader is familiar with the root and the ratio tests for 


convergence of infinite series whose terms are real. Here we state the ratio test and 
the root test for series of complex terms. 


Theorem 3 (Ratio Test). Let >’ z, be a series of non-zero complex terms. 
k=0 
Let 


VA 
: : +1 
X= lim inf} — 
n>o Z. 
Zz 
2 +1 
and A= lim sup|— 
n>o Zz 
n 
Then 


(i) the series >) z, converges absolutely if A <1; 
k=0 


(ii) the series >) z, diverges if > 1; and 
k=0 


(iii) the test gives no information if K<1<A. 
Theorem 4 (Root Test). Let >) z, be a series of complex terms. Let 


k=0 
r= lim sup 2/|z,, |. 
nao 
Then 


(i) the series > z, converges absolutely ifr < 1; 
k=0 
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(ii) the series >) z, diverges if r>1; and 
k=0 


(iii) the test gives no information if r= 1. 


| 6.2 | SERIES OF FUNCTIONS AND UNIFORM CONVERGENCE | 
Let E be a set, and fa bounded function on E. Define 


IF Il = sup | f(2)]. 


zeEk 
Let {f},n=0, 1, 2, 3, ..., be a sequence of functions on E. We say that {f} 
converges uniformly on £ to a function fif the following property is satisfied. 


For every ¢ > 0 there exists an integer n, such that ifn =n, , then 


Il ft, F il<e. 


We say that {f } is a Cauchy-sequence for the sup norm, if for every ¢ > 0, 
there exists an integer 7, such that m, n 2 n,, then 


I f-f, II<e. 
Note that for each z € E, the inequality 
|f,O-f, OISIA-f, || holds. 
Hence, for each z € FE, the sequence of complex numbers 
(f, (2)} converges. 
Theorem 5. Let {f} be a sequence on E which is Cauchy-sequence. Then 
tf} converges uniformly on E. 


Proof: Suppose that for each z € E, 
lim f (z) =flz). 
Let ¢ > 0 be given. Then there exists an integer 1, such that ifm, n > n,, then 
lf, Of, @ |<, for all z € £. 


Let z € E and let n > n,. Choose m = n, sufficiently large (depending on z) 
such that 


| f@)—f, 2) |<. 


Then f@-F@l<|f@O-f, Olt, O-f@ | 
Se7'||7,=7, 
<2e. 


This is true for every n 2 n, and every z € £, which completes the proof. 
We say that the series 3 f,(z) converges uniformly on E£ if the sequence 
k=0 
{s,} of partial sums defined by 
Ss, (z) =] (2) FAC) Te ane ol f (z) 


converges uniformly. 
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We say that the series }* f,(z) converges absolutely if 
k=0 


i | f,(z)| converges. 
k=0 


Theorem 6 (Weierstrass-M-test). Let {f } be a sequence of functions defined 
on E. Let M_ be a sequence of non-negative real numbers such that 


If || <M, for all n. 


Then > f, converges uniformly if > M,, converges. 


n=0 n=0 


Proof. Letm <n. Let 


n 


n 
Then ls,-s, lls xX AIS D MG. 
+1 k=m+1 


Since }° M, converges, it follows from Theorem 5 that 
n=0 
> f, converges uniformly. 
n=0 


Theorem 7. Let E be a set of complex numbers, and let {f } be a sequence of 
continuous functions on E. Suppose that {f } converges uniformly to f on E. 
Then fis continuous on E. 
Proof: The proof is similar to as in the case of the set of real numbers. 
Let z, ¢ E. Choose n sufficiently large such that 
(5) llf, -f Il<e. 
Since {f} is continuous at z,, we can choose 6 such that whenever 
| z—z, | <6 we have 
(6) If, @)-F,@)|<e 
for sufficiently large n as chosen above. 
Thus 
(1) If@-fe) |S FO-F, OIF, O-F,@) +1 £,G)-FE,) | 
The first and third terms on the right side of (7) are bounded by 
Ilf-F.II<e. 
The second term on the right side on (7) is < € by (6). 
Hence 
| Az) —fz,) | < 38, and the theorem is proved. 
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[GEM POWER SERIES | 


A power series about a is an infinite series of the form 
ioe) 
n 
_ = 2, 
(8) 2 a2 a) =a,+a,(z-a)+a,(z-a) +... 
where a and a,, @,, d,, ..., are complex numbers. 


If a = 0, we obtain as a particular case a power series 


co 
(9) X a, 2" =a, Pa BPO 2 Fes 
n=0 


Example (i) One of the simplest example of a power series is the geometric 
series 


foe) 

n 
2 = 14747434... 
n=0 


Suppose that a power series (8) is given, we would like to consider all the 
points z in the complex plane for which the series converges. The following three 
possibilities arise: 

(i) The series converges only at z= a; 

(ii) The series converges in the entire complex plane; and 


(iii) There exists an open disc D (a ; r) such that the series converges inside 
the disc and diverges outside the disc. 


The circle | z—a| =r is called the circle of convergence, and its radius r is 
called the radius of convergence of the series (8). The radius of convergence of the 
power series (8) may be determined from the coefficients of the series. In fact, we 
have the following theorem: 


Theorem 8. With each power series (8) we can associate a real number 


1 
(10) r= oo | (0<r<o), 


called the radius of convergence, which has the following properties: 


(i) The series converges absolutely in the open disc D (a, r); 
(ii) The series diverges outside the closed disc D (a, r); and 


(iii) The series converges uniformly in every closed disc D (a, p) where p > r. 
In other words, the series converges uniformly on every compact set E < D 


(a, r). 


1 
Proof: Let r= var OSFS&). 
lim sup | a,, | 


We want to show that 7 is the radius of convergence. If 7 = 0 then no matter 
how small we choose p =| z—a|, the expression | a, |!” p > k” for an infinite number 
of terms (4 an arbitrary constant). Choosing k> 1, we find the sequence | a, | |z—a |’ 
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does not converge to 0 as n + . Hence the series (8) diverges for | z—a | #0 and 
converges to a, for z = a. 
Ifr> 0, i.e. if lim sup | a, |'" = 1/r, then for any p, 0 < p <r, choose p,, 0 <p 
<p, <r such that 
i) Ia, petty) 
Po\Po 7° 


for sufficiently large n. 
If follows from (11) that 


la, jo'=1a104( 2] (2) | 
Po Po 


Thus the series (8) converges absolutely inside the disc D (a, 7). 
Ifr =o, ze. lim sup | a, |” =0, then however large we choose p =|z—a|, we 
have 
lim | a, |" p=0. 
In other words, | a, | p"< ©” for sufficiently large n and 0 < ¢ < 1. Comparing 
the series (8) with the series )\ «”, we conclude that the series (8) converges 
n=0 
absolutely for all z. 
(ii) Let|z—a|=p>r. Then for an infinite number of terms of the series, we 
have 


1 
hi — 
| a, [a> 


i.e., (4 |lz=eF=|a.|p'> 
Hence, the series (8) diverges. 
(iii) Using Weierstrass /-Test, we find that the series (8) converges uniformly 
on every closed disc D (a, p) where p <r. Since Ec D (a, p) with p <r, 
the series (8) converges on any compact set F< D (a, r). 
When r=, the series (8) converges uniformly on any compact subset EF of 
the complex-plane C. 
Let © be a region and let the open disc D (a, r) CQ. We say that a function 
f defined in © is representable by power series in Q if to every disc D (a, r) CO 
there corresponds a series (8) which converges to f(z) for all z € D (a, r). 
The geometric series in Example (7) represents the function 


Fj for|z| <1. 
l-z 


Examples: (ii) We define the series 
2 3 
Z 2 Z = 
=]+54+—4+—+4+..= ' 
OT or Bi a 
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It can be easily seen that the radius of convergence of this series is r = 00 and 
defines a continuous function for all values of z. 


3 5 
(iii) The series sinz=z a 
3! =S5! 
2n+1 
co Zz 
= 1)" 
>» ( ) (2n a 1) ! 
zz 
and a ar 
me zn 
= ] n 
2, ) (2n)! 


converges at every complex number and the convergence is uniform on each compact 
subset of C. 

These examples give extensions to the exp, sine and cosine functions for the 
complex numbers. 


ice) 


(iv) The series niz”=1474+274+62+... 
n=0 
converges only at z = 0. 
ead Zz 2 
(v) The series yy —=z2+—4+—+4... 
n=1 2 3 


converges for | z | < 1, the series diverges for | z| > 1. 
Atz=1, the series diverges and at z=— 1, the series converges. This example 
shows that a series may converge or diverge on the circle of convergence. 


2 3 
LiZel 1 (zl ij 2=1 

(vi) The series 1 + — 5 a s 5 re : Pads 
2 \zt+l) 3 \z+1 4°\z+l1 


converges for Re (z) = 0 and diverges for Re (z) < 0. 


Using the ratio test, we have 


fri® a n 
f(z) | (n+1y 


It follows that the series converges absolutely for those values of z for which 


2 z—-l 


zt+l 


ee <1. Thus the series converges absolutely in the region defined by 


z+l 
|z—-1]<|z+1]. 
In other words, the series converges absolutely for values of z which lie in 
the right half of the z-plane. 
The series diverges in the region defined by 
|z—1|>|z+1} 


i.e., for values of z which lie in the left half of the z-plane. 
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The test fails for values of z which lie on the perpendicular bisector of the 
line joining z= | andz=-— 1. 


1 1 
Note that when = 1, the corresponding series 1 + —~ +=, +... 
2 3 


Z+ 


converges. Hence, the series converges for Re (z) = 0 and diverges for Re (z) < 0. 
(vii) The series 


2 : 3 4 4 
Zz 1 Z 2 Z 3 Z 
+ 5) + 3 + 7 “nai 
z+l 2° \z+l 3°\z+l1 4° \z+1 


converges for Re (z) > — + and diverges for Re (z) < — +. Using the root test, we 


have 


Z 


Z@I-(1--) 


It follows that the series converges absolutely for values of z which lie in the 


l+z 


1 
region Re (z) > — 5 The series diverges for values of z which lie in the region 


1 
Re (z) <——. 
e (z) 5 


The test fails for values of z for which 


Note that when = 


= |, the corresponding series 
z+l1 


diverges. 
(viii) Theseries l+z+27+..4+2"+... 


converges uniformly to for 0 <|z|<p< 1, but not for|z|< 1. 


We have seen in Example (i) that this series converges absolutely to i : 
—Z 


for|z|<1. 


Observe that the remainder 


1-z l-z 1-z 
becomes arbitrary large for real z =x < | and sufficiently close to 1. Thus for given 
é > 0 we cannot find a n, which is independent of z and such that | R_ (z) |< ¢ for all 
n> 1, Hence, the series is not uniformly convergent in the region | z |< 1. 
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Note that in the region0 <|z|<p<1, 


= n = n = 
Iz"l= Dlzh< Xp’. 
n=0 n=0 n=0 


It follows from Weierstrass /-test that the series is uniformly convergent in 
the region 0 <|z|<p<l. 


EXERCISES 


1. Find the radius of convergence for each of the following series: 


() Snr” Gi) 
n=1 n=1 

(ii) 2%" (iv) ¥ Cogn)? 2" 
n= n=1 

(v) 3 Qn gn (vi) 3 n- Zn 
n=1 n=1 

(vii) 3 La (it) > (nl) 
n=1 n" n=1 (3n)! 

(ix) . zm” (x) - dal a8 
n=0 n=1 n 

(xi) 3 2(2->) (xii) 3 n” 22", 
n=0 2 n=0 


2. Prove that the radius of convergence of the power series 


3 (=Iy" pnln+1) 
n=1 


n 


is 1, and examine the convergence for z= 1, z=— 1, andz =i. 
00 
n . 
3. Suppose that f(z) = 2. 4,2” have radius of convergence r > 0. Prove that the 
n=0 


following series have the same radius of convergence. 
. bd ae foe) 2 
@ DY na, z” Gi) > n’a, 2" 
n=1 n=1 


20 0 
(iii) )) n“a, z” for any positive integera (iv) Y na, "1. 
n=l n=1 


ioe) 
4. Prove that ifr is the radius of convergence of the series >> a, 2", then the radius of 
n=0 


ioe) 
i 2 i 
convergence of the series }* a; z” is 7°. 
n=0 
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5. 


9: 


10. 


11. 


12. 


00 ee) 


Suppose that >’ @, isa convergent series of complex numbers. Prove that )° a, 2” 
n=0 n=0 


is uniformly convergent on the domain of z such that 
m—-A<arg(z—l)<at+a 
and |z—1|<6 where 0<A< 7/2 and0<6<2cosi. 
Suppose that a, is a decreasing sequence of positive numbers approaching zero. 


ive) 
Prove that }° a, z” is uniformly convergent on the domain of z such that | z | < 1 


n=l 
and |z—1|26 where 6>0. 
Find the region of convergence and the sum of each of the following series: 
@) 1+@-)+@-iP +--+... 
(i) zd-z) +7 (1-z)+2(1-2Z)+... 


2 3 
lz+l 1/fz+1 1 {z+l 
iii + + ee 
22-1 (4) (24) 
‘ 1 1 1 
(iv) + + 
Az+i) 2(z4+i)? 23(24+i)° 
Determine the region of convergence of each of the following: 
| Re() | 1 (Re@) in 
2 zt+l 3? \z41 ~ 
1 Im(z)_ 1 (Im(z)) 
5) + 5) ales 
2° z+l 3 z+1 
a hz? (4-27) (4-2? : 
Gi) ta 
Prove that the series 
z1—-z)+2(1-z)+2(1-z)+... 


converges uniformly for | z| <p <1 but not for|z|< 1. 


(i) 1+ 


(ii) 1+ 


ah ieee 


Find the region of convergence and the sum of the series 
Zz Z Zz 
+ oh ee 
(0.z+)(z+l) (2+)Qz4+1) (24+1)B3z+1) 
Show that the series does not converge uniformly for |z|>p> 1. 


Find the region of convergence and the sum of the series 
1 1 1 
+ + 
z(z+l) (¢@+)(4+2) (¢+2)(+4+3) 
Find also the region of uniform convergence of the series. 


Prove that the Riemann zeta function C defined by 


C@)= ne 


converges for Re (z) > 1 and converges uniformly for Re (z) = 1 + ¢ where ¢ > 0 is 
arbitrary small. 
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POWER SERIES REPRESENTATION OF ANALYTIC FUNCTIONS ff 
Power series are basic in complex analysis. The following theorem illustrates this 
fact. 


Theorem 1. Let Q be a region. If f is represented by the power series in Q 
then f is analytic in Q. Moreover, if 


(1) f@= » a, (z— a)" 


jor z € D (a), then for these z, 
2) f'@= X na, (z-a)", 
n=1 
Proof. By the root-test we can show that the radius of convergence of both 
series in (1) and (2) are the same. 


Without loss of generality, we can take a = 0 and let g (z) be the sum of the 
series in (2). Fix w € D(a) and choose p so that | w|<p <r. Ifz# w, then 


3) LO=f0) _ ayy = ¥ fee mat 
Z—W 1 


Z—-W 


If = 1, the expression in brackets in (3) is 0 and if > 2, we have the series 
n—-1 

(4) @-w) > kwh t 2h Ft, 
k=1 


The sum in (4) in absolute value is less than 


(5) A prt forlzl <p, 

Thus 

(6) LE) ION 5s <|z-w > rae. 
Z—W =? 


n 


90 
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Since p <7, the series in (6) converges. Thus the left side of (6) tends to 0 as 
z — w. This shows that f' (w) = g (w) and the proof is complete. 


Since f' satisfies the same hypothesis as f'does, the theorem can be applied 
tof’. It follows that f has derivatives of all orders, that each derivative is representable 
by power series in Q. Thus we obtain 


(7) f©@= s RH= lich =hY la e=a)* 
n=k 


if (1) holds. 
Hence (1) implies that 
(8). 21a. =7" (@) (a =0,.1, 2,4), 


1’ TAYLOR SERIES | 


In Theorem 1, we have seen that power series with non-zero radius of convergence 
represent analytic functions. We shall now see that every analytic function can be 
developed in a convergent Taylor series. 


Theorem 2. Let f be analytic in Q. Then f can be represented by a power 
series 


f= D a @-ay 


about each point a € Q. 


Proof. Let a € Q and let D (a; r) be the greatest open disk contained in Q. 
Since Q is open, r is positive. Now choose p and p, such that 0 < p < p, <r and 
denote by y the boundary of D (a ; p,), i.e. 


y¥(Q)=atp,cost,0<t< 2n. 


By Cauchy’s formula, we have for each z € D (a; p) 


1 5 £6) 
9 =—| “dé. 
O) #2) 2mi “y E-z $ 
Now ! = ! = : . : 
GS-2 (6-wW-G-w) Gow {74 
&-w 
where |E-w|=p,|z-w|<pand|2—™ |< p/p,. 
—w 
i 2 
TMC oo eg eg | | g., 
ie E-w —w 
—w 


2 
and : = : igo al Pisveile 
E-z —w &-w —w 
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The geometric series in brackets converges uniformly with respect to € ony 


andz e¢€ D (a; ). Since f(&) is continuous function on the compact set y, f(&) is 
bounded on y. Therefore 


(0) £8218. £O_ 
S-Z $-w (S—w) 
converges uniformly and we can integrate the right side of (10) term by term and 
obtain 


LS), 


_l 7 fo 
LO oa eg 
2 jf gig l 8, 
Ti -y €-w 2mi -y (6-w) 
Setting a,- 5 i z Z wal dé (n=0,1,2,...) 


we findthat f(z) =a,+a,(z-a)t+a,(z-a) +... 
Using (8) and noting that 


a I | f(§) 
Qni +y (E—w)"*! 


d= f (a) 
n! 
we obtain 


1 
1) f@= 2 — f™@E-a)" 
n=0 Nl. 


(Z (z-a)’ (z—a)" 
! 


Ora PO s, Ota = FO hs 
The right side of (11) is the Taylor series representation of f about a. This 


series converges uniformly in D (a; p), p <r. The reader can verify that this series 
representation of f(z) is unique. 


Ym ZEROS OF ANALYTIC FUNCTION | 


Let S bea set of points. Let a € S. We say that a is isolated point of S if there exists 
a disk D (a ; r) (r > 0) such that D (a ; r) does not contain any point of S other than 
a. We say that S is discrete if every point of S is isolated. 


Let f be analytic near a and let >’ a, (z—a)" be its Taylor series 
representation about a. We say that a is a zero of f if f(a) =0. If f(a) = f' (a= 
. =f") (a) =0 and f™ (a) #0, then we have a, =a, =a,=...=a,_,=0and we 
say that a is a zero of order 1 of f. A zero of order one is called a simple zero. 
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If a is zero of order m, then fmay be represented as 


f@= y a, (z=) 


oO 
= (z- oy ¥ a, (z —a)y"™ 
n=m 


=(z—a)” 3 Gnsm (Z-a)". 
0 


Denote h(z) by h(z)= DX Gna m (Z2-)". 
n=0 


I 26 
m! 


Then h(a)=a,= 


Now A is analytic and therefore continuous. Since /(a) # 0, A(z) is different 
from zero near a. The factor (z— a)" = 0 only for z = a. Thus f(z) # 0 near a. We thus 
obtain that the zeros of finite order of an analytic function are isolated. We now 
state a result and the proof is left to the reader. 

Theorem 3. Let fbe analytic of Q and let 

f@=f' @Me=...f"? @=...= 9. 

Then f (z) = 0 in Q. 

Example: Define the functions sin z and cos z by 


8 
sinz=zZ ——+4—-... 
3! 5! 
2 54 
and cos z= |]——4—-... 
2! 4! 
The function sin z has simple zeros at z = 0, + a, + 27, ... . The function 


1 —cos z has second order zeros at z= 0, +27,+4n, .... 


(23 LAURENT SERIES | 


Buy a Laurent series, we mean a series of the form 
lee) 


(12) f@= X a,(z-a)". 


Let E be the set of complex numbers. We say that the series (12) converges 
absolutely (uniformly) on F if the two series 


(13) hO= ¥ a,(e~a" 


and 


(14) £(@= y a_,/(z-a)" 
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converges absolutely (uniformly) on £. In that case, we write 


I@=h@ +f, ©. 
Let 0 <r, <r, < . We define the annulus, say 
annulus £ = ann (a ;r 


Gh) = {2s = |2=a4|SFjs 


Notice that ann (a ; 0, r,) is a punctured disk. 
In the following theorem, we consider the Laurent series 


f= > a, Zz” and the annulus G defined by 


ann (037.7) = 27,3 |e(2 75 
Theorem 4. Let fbe analytic in the annulus G as above. Then fis representable 
by Laurent series 


fo=- Y a,2" 


n=-0 
which converges absolutely and uniformly ons,<| z|<s,wherer,<s,<s, <r, 
Let y, and y, be the circles of radius s, and s, respectively. Then the coefficients a, 
are given by the formula 


1 d 

05 gaa |, LOE ian 
1 dé 

(16) 4.= Sal Berita <0. 


Moreover, the series representation is unique. 
Proof. By definition, fis analytic in the annulus 
p= 65 |2(S 07s, 
It follows from Lemma 3 of Chapter 5 that the chain y, —y, is homologous to 
0. Cauchy’s integral formula implies that 


1 (&)d 1 ( 
f@-—j| PS-+j Se 
2mievr E-Z 2nien E-Z 
= f,(2) +f,@). 
Since f, is analytic in the disk D (0, r,), it has a power series expansion about 
0. By Theorem 2, we find that 


f {Z)= Dy Z ; 
n=0 
where the coefficients a, are given by (15). 


Write g-2=-2(1-4}, 


Zz 


I, 7 : : 
Then | &/z | < + < 1, so the geometric series converges and we obtain 
S| 
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a : — 1+84(8) +. 
z (l-&/z) z Zz \2 


We can then integrate the series term by term and the desired result follows 
if we handle them as in the case of the derivation of Cauchy’s integral formula. 


If the function f is analytic in the annulus ann (a ; 7 
expansion. 


»1,), then f has a Laurent 


Sa, (z-a)" 


n=—-@ 


(17) f@) 


¥ a,(z—a)"+ ¥ a,Mz—a)", 
0 n=1 


n= 
The uniqueness of the Laurent series can be verified easily. 


The Laurent series is a generalization of the Taylor series. We call 


> (z-a)" the Taylorpartand } a_,,/(z—a)" the principal part of the Laurent 
= 1 


n=0 n= 


series. Ia =a, =u. =< ... = 0, then the principal part vanishes, and the 


—n 


Laurent series reduces to a Taylor series. 


Example: We want to find the Laurent series for the function 
1 
y= 
f@)=— 
1 1 


1-22 (z-1)(z+ 1) 


| | 12( z-1¥ 
aarp 5 2 
(18) aS iin 


n=0 gut 


This series converges for | z—1 | <2. 


with centre z = 1. 


Similarly, _! = ! = | Sy (_ 2_\" 
z+1 (z-1)+2 7-1,%, \ r=4) 
co (- 2)" 
19 = . 
( ) 2 (z _ iy? +1 
This series converges for | z— 1 | > 2. 
Thus, from (18) we obtain 
1 Pe (2 iP ai 
f@= @-1y"! 


~@-DE+tD 4 2 
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ote Z a Zz eee 
z-l 4 8 16 


This series converges in0<|z—1 |<2. 


Similarly, from (19) we obtain 
] _ 00 (- 2)" 
i&)== (z-)eE+t+) 2 Gai 
>t = = : pte 
(zZ-ly (-ly (-Db 
This series converges for | z— 1 |> 2. 


(& ISOLATED SINGULARITIES | 


Let f be analytic in the annulus ann (a; 0, r,), that is, in the punctured disk D’ (a ; r,). 
In this case, it may be possible to define f(a) in such a way that fis analytic in the 
entire disk D (a ; r,). In fact, we have the following theorem. 

Theorem 5. Letf be analytic in the punctured disk D' (a; r,). If fis bounded 
in a neighbourhood of a, then we can define f (a) in a unique way such that the 
function is also analytic at a. 

Proof: Suppose that f(z) is bounded in a certain neighbourhood of a. Let y be 
the circle |z—a|=p and let| f(z) | < M inside and on the boundary of y. 


Write a, -[ IS), (1=0,41,42,..). 
2ni -y (§-a)" 
We see that the Cauchy’s inequalities 
als 
is true for negative n, i.e. 
la |<Mop". 


Taking p arbitrary small, we find that a_, is 0 for n= 1, 2, 3, ... . Hence, the 
Laurent series reduces to a Taylor series, and if we define f(a) = a,, f is analytic in 
the entire disk D (a ; r,) (The uniqueness follows from continuity). In this case, we 
say that a is aremovable singularity of f 

If f is unbounded near a, then at least one of the coefficients a_, of the 
principal part of the Laurent series must be different from zero. It may happen that 
the principal part of the Laurent series (17) has only a finite number of terms, 


a_ n 


fe)=  ai(2—a)" + ¥ 


n=1 (z a)" 
and a_, # 0. Then fis said to have a pole of order m (or multiplicity m) at a. 
In this case, the function (z— a)” f(z) is analytic in a neighbourhood of a, and 
is given by the Taylor series 
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=a)" 7 Gyaa e  merr a tae Bay re a=a) 

If the principal part of the Laurent series has an infinite number of terms, 
then a is called an essential singularity. 

Example |: The function 

= 1 3 
hs 2 
2z-2)y  (z-2) 

has a simple pole at z = 0 and pole of fifth order at z = 2. 


Theorem 6. /ff is analytic and has a pole atz =a, then | f(z) | ©asz—> a 
in any manner. 


Proof: Suppose f has a pole of order m at z = a. Write 


foe) 


f(z)=(e-a)™ | > a,(z-ay"*" +b, + By aa nth(e-a""} 
n=0 


=@-a)" v2) 
where y is analytic in| z—a|<rand yw (a)=b, #0. 
of 


= 0, 


Hence, lim |f(Z) |= lim 


ete 


(A:m LIMIT POINTS OF ZEROS AND POLES | 


Observe that the limit point of the sequence of zeros of a non-zero function, analytic 
in a region Q, cannot be an interior point of ©. If it is an interior point of Q, then 
either f(z) = 0, or else it cannot be analytic at the limit point. It follows that the limit 
point of the sequence of zeros of a non-zero analytic function is a singularity of 
f(z). It is an isolated singularity. If an isolated singularity is neither a pole nor a 
removable singularity, it is called an essential singularity. 


Consider the function f(z) = sin - It has zeros at z= = (A=41, +2,...). 
Zz ™ 


The limit point of these zeros is the point z = 0. Hence, z = 0 is an isolated essential 
singularity of f(z). 

Lotz. Bisse .. be a set of points having a limit point z, in a region Q. Let 
f be iealytio’ in re ey for poles at z,, z,, ... . Then z, is also a singularity of f(z). 
The reason is that fis unbounded in the neighbourhood of z,. But z, is not isolated 
because it is the limit point of poles. Hence, f (z) has a non-isolated essential 
singularity at z,. 


Example 2: Consider the function f(z) = . This function vanishes for 


cos 1/z 


1 
— =+ (2k + 1) 2/2, (k = 0, 1, 2, ... ). In other words, this function vanishes for 
Zz 
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2 2 
z=+t k=0, 1,2, ...). Hence, has poles atz=+ k=0, 1, 
Ok+bn | ) ol (2k+1x | 


1 
2, ...). The point z = 0 is the limit point of these poles. Hence, ——— has a 
cos > 


Zz 


non-isolated essential singularity at z = 0. 


1 
f() 
zero of order m at z = a, and conversely. The behaviour of a function f near an 
essential singularity is given by the following theorem. 


It can be easily checked that if f(z) has a pole of order m, then has a 


Theorem 7. Let fbe analytic in the punctured disk D' (a ; r,), and let a be an 
essential singularity of f Then the image of an arbitrarily small disk D (a ; &) is 
everywhere dense in the complex plane. In other words, the values of fon D (a ; &) 
come arbitrarily close to any complex number. 

Proof: Suppose the theorem is false. There exists a complex number c and a 
positive number p such that | f(z)—c | > p for allz¢ D' (z; €). Consider the function 


Pe | 
g(z) oe 


g is analytic and bounded in D' (a; ¢). Hence ais aremovable singularity of g, and 
g possesses an analytic extension for the entire disk D (a ; ¢). It, then, follows that 


D has a pole at a, which means that f(z) — c has a pole, contradicting the hypothesis 
g(z 
that f(z) has an essential singularity. This completes the proof. 


Picard has proved that, in an arbitrarily small neighbourhood of an essential 
singularity, fnot only comes arbitrarily close to every complex number, but takes 
on every complex value except possibly one. For instance, the function e!” omits 
the value 0, so it is necessary to allow for this one omission. The proof of Picard’s 
Theorem is beyond the scope of this book. 


(@@ MEROMORPHIC FUNCTIONS | 


We say that fis meromorphic in the region Q if the only singularities of f in Q are 
poles. 


eS -_ : 
Examples: (i) — is meromorphic in the entire plane. 
Zz 


(ii) A rational function is meromorphic in the entire plane. 


(iii) The function — is meromorphic in the entire plane. The only 
sin Zz 


singularities are simple poles at z= kr, (k=0,+1, +2, ...). 
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Riemann Sphere: In complex analysis, we will be concerned with functions 
that become infinite as the variable approaches a given point. To discuss this situation 
we introduce the extended-plane C=C U {00}. Let f be a function defined on C_. 


Let t= : and define 
Za 


od =f (*) for t # 0, 00. 


We say that f has a removable singularity, a pole, or an essential singularity 
at infinity if @ has, respectively, a removable singularity, a pole, or an essential 
singularity at z= 0. Iff has a pole at o then the order of the pole is the order of the 
pole of g atz=0. 

We say that f is meromorphic on C_, if fis meromorphic on C and is also 
meromorphic at infinity. We say that fis analytic on C, if fis analytic on C and is 
also analytic at infinity. 


Examples: (i) The function e’ has an essential singularity at infinity. 
(ii) The polynomial P(z)= >) 42 * hasa pole of order n at infinity. 
k=0 


(iii) The rational function P (z)/Q(z) has a pole of order p — q at infinity if the 
degree p of P (z) 1s greater than the degree qg of O (z). The rational functions 
are meromorphic on the Riemann sphere S. 
Example: Find the Laurent series for the function e!” in 0 <|z |<. Using 
this expansion show that for n = 0, 1, 2, 3, ... 
Z in exp (cos 9) cos (sin 8 — n0) d0 = = 
T™ 0 n! 
Note that 1/z is analytic for | z | > 0 and has a removable singularity at oo. It 
follows that e'” has removable singularity at co. Hence 
1 
T ? AF ea kic® 


The coefficient of z‘ in this series is given by 


1 
e!?=|+—4 Ao: 
Zz 


_ 1/z _-k-1 
a,= el? z dz 


where y is any circle | z|=r> 0. 
Take r = 1 and z= e”. Then 
e'” = exp (cos 0 —i sin 9) = exp (cos 8) - exp (— i sin 0). 
The integral becomes 


, =|" exp (cos ) exp (— i (sin @ + kO)) dO, 
ko 2n Jn 
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Since the integrand is an odd function, it follows that 
1 F 
a= —| exp (cos 8) cos (sin 8 + k0) d0. 
2m ¢-7 


Note that the coefficient a, can be read off by inspection and setting k =—n 
we find that 
1 


= [ exp (cos 9) cos (sin 8 — nO) dO = —. 
Tt +0 n! 


EXERCISES 


1. Expand the following functions in a Taylor series about the point z= 1: 
1 ig 
@® f@= (ii) f (2) = log z. 


z+2 
oe 3z+1) 
2. Find two distinct Laurent expansions for f(z) = — i around z= 1. Examine the 
Zz 


convergence of each series. 
3. Give two different Laurent expansions for 


f@= 


z°*(z-i) 
around z = i. Examine the convergence of each series. 
4. Give the Laurent expansion of f (z) = : in each of the following 
z(z-l)(z-2) 
annuli 
(7) ann (0, 0, 1), (ii) ann (0, 1, 2), (iii) ann (0, 2, 0). 


5. Show that the coefficients in the Laurent expansion of f(z) = sin c + () in powers 
Zz 
of z are given by the formula 
1 2 : 
a= —| cos n@ sin (2 cos 9) d0. 
"  2n 40 
6. Determine the zeros of the following functions and their order 


(i) e&-1, (ii) sin? z, (iii) sin 2, (iv) Sinz. 
Zz 
7. Prove that f(z) = tan z is analytic is C except for simple poles at z = 1/2 + nn, for 
each integer n. Determine the singular part of fat each of these poles. 
8. Suppose that f/: G— C is analytic except for poles. Show that the poles of fcannot 
have a limit point in G. 
9. Expand in a Laurent series the following functions: 
i 22 


(i) f(@) = —q— about the origin. 
Z 
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10. 


11. 


12. 
13. 


14. 
15. 


16. 


(ii) f= —— about z= 0 andz= 1. 
Zz 


(z-1) 
oe” 
(iii) f(z) = @-) about z = 1. 
és (G2 seenttieoness 


sin z+ Z COS Zz 
Show that the singularities in each of the following functions is a pole. Find the 
location and order of each pole 
(i) (&-1)%, (ii) z? exp (z°)/2, (iii) 2°/(z+ 1)’ (z—2). 
Determine the singularities in each of the following functions. Find the singular part 
if it is a pole. Define /(0) if it is a removable singularity so that fis analytic at z= 0. 


log (z +1) 4“ el _ 4 
i) » (ii) we-) (iii) i 
. 2] 1 
(iv) 2” sin — (v) zcos -. 
Z Zz 


Show that an entire function has a removable singularity at infinity iffit is a constant. 
Show that an entire function has a pole at infinity of order m iff it is a polynomial of 
degree m. 

Show that the image of an entire function is dense in C. 

Isomorphism: Let (X,, d,) and (X,, d,) be metric spaces. Let f: X, — X, be a 
function. A one-to-one correspondence fis called a homeomorphism if fand f~' are 
both continuous. Let © be a region. Let, f be complex differentiable on Q. Let f be 
a homeomorphism Q — f (Q). It can be easily seen that f~' is also complex 
differentiable on f(Q). 

We call a complex differentiable homeomorphism an isomorphism. 

If fis an isomorphism Q —> f(Q), then Q is said to be isomorphic to f(Q). If f(Q) 
= Q), then the isomorphism fis called an automorphism of ©. 

Prove that the only analytic automorphism of C are the funcitons of the form f(z) 
= cz + d, where c, d are constants and c # 0. 

Let U and V be open sets. Suppose that f is meromorphic on U and suppose that 
: V— Uisan analytic isomorphism. Let 9 (z,) = w,, and let fhas order n at w,. Prove 
that fo @ has order n at z,. 

In other words, the order is invariant under analytic isomorphisms. 


Note that n is a positive or negative integer. 


RESIDUE THEOREM 
AND ITS APPLICATIONS 


[EZM DEFINITION | 


Let f has an isolated singularity at z = z, and let 


(1) f@= 2 a, (z—z,)" 
be its Laurent expansion. We call a_, the residue of fat z,, and write 
a, =Res (/,z,). 


Examples: (i) Res (e!”, 0) = 1. 


(ii) Res co (=) 0 = 0. 


We give below some methods for calculating the residue of a function at a 
pole. 
If f(z) has a simple pole at a point z = z,, then 


f@= 


a, 7 
Z—Zq : 2 4, (@-2,) 
where a_, #0. 
Res (/,2,.=¢, = lm @=2)7 ©): 
Example: Let 


f@= a (a real) 


The function has simple poles at z = ai and z = — ai. 


iz 


e 


y= lim (z-ai 
Res (f, ai) jim ( ae 


=e /2ai. 
Similarly, 
Res (f, — ai) =— e/2ai. 
102 
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In the case of a simple pole, another formula is obtained as follows: 
Iff(z) has a simple pole at z = z,, we write 
f= @/h@) 
where h has a simple zero at z, and g (z,) # 0. 


Res (f, Z,) = Res [2.2] 


II 
mv 
— 
N 
| 
N 
S 
wa 


_ i g(z) 7 
HM F@-h@) 1 20) =9) 


Z—Zo 


=e(2,) 1h @;)s 


Example: Let 
f@= 


The function has simple poles at z= 0 and z= 1. 


7-3z 
Res (f; 0) = a -1 ==), 
z=0 


7-3z 
2 


ZZ 


ye 7—3z aa 
Res (f, 1) = II _ : 
If f(z) has a pole of order m > | at a point z= z,, then 
(1) f@Q=— et tht Y a, @-2," 
(z-Zo) Z-Zy nae * 


Multiplying both sides of (1) by (z—z,)” we get 
2-2)"f@=s 

Peete (=e ba (222 Fee (ee os 

This shows that the residue of f(z) at z =z, is the coefficient of (z—z,)”~' in 
the Taylor expansion of 

g (2) =@-z)"f@). 
It follows from Taylor’s Theorem that 
7 even (2) 
“1 (m=1)! 

Hence, we have the following result: If f has a pole of order m at z = z, and 

put g(z) = (z—-z,)" f(@), then 


ay 


=a 
=n 


u 


(m—1) 
Res (f,2,) = we 
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Example: Let 
_ 22 
f@- Ga aG-p 


The function has a pole of order two at z= 1. 


8 
Res (f, 1) = tim © (@- If) = 55° 


Theorem 1. Let f has an isolated singularity at z =z,. Let y be a small circle 
(centred at z,) such that fis analytic on y and its interior, except the centre z,. Then 


1 
Res (f, z,)= 55 J f(z) dz. 


Proof : Since f(z) has an isolated singularity at z = z,, then we can represent 

it by its Laurent series 
20 © a, 
J@)= > a, (2—2Z,)" + a Gazy 

valid throughout the circle y except z = z, itself. This series converges uniformly 
and absolutely for z on the circle, we can integrate it term by term. The integral of 
(z—z,)" over the circle is equal to 0 for all values of n except n =— 1. In this case, the 
value of the integral is equal to 277 (cf. Example 1, § 4.3). This completes the proof. 


Inserting Theorem | in Theorem | of Chapter 5 we obtain the generalized 
Residue Theorem. 


Theorem 2 (Residue Theorem). Let Q be a region. Let y be a closed chain 
in Q such that y is homologous to 0 in Q. If fis analytic in Q except at a finite 
number of points Z,, Z,, -.- Z,, then 


fos m, Res (f, z,) 


where m= (7,2): 

Theorem 2 is very important and used quite often when Q is simply connected 
region. In applications, Q will be a disk, or inside of a rectangle, where the simply 
connectedness is obvious. 


FEZ2) APPLICATIONS OF THE RESIDUE THEOREM | 


This section is devoted to calculating certain integrals by means of Residue Theorem. 
(i) We consider integrals of the type 


(2) [= [rR (cos 0, sin 0) dO 


where R (cos 9, sin 8) is a real rational function of cos 0 and sin 0. Put z= e®,, (0< 
0 < 2r). Then 


RESIDUE THEOREM AND ITS APPLICATIONS 105 


cos 0 = a (e®+ e”) = i (z+4); 
2 2 z) 

sin 9 = a (e® —e*)= a [2 = 2) 
2i 2i Zz 


We find that the integrand becomes a rational function of z. Since d0 = dz/iz, 
the given integral takes the form 


d 
© i|,.79 


Example: 


21 dad 
={ > (0<p<)). 
0 1-—2pcos0+p 


Setting z = e”, we find 
I= { dz/iz 
\e|=1 1 1 > 
1-2p>(2+2)+p 


=f dz . 
| 


d=! i(1-pz)(z-p) 


1 1 
The singularities of ———————— are simple poles at z= — > | and 
P 


(l— pz)(z- p) 
z=p <1. The only singularity inside the unit circle is a simple pole at z =p <1. 


Res (f, p) = = (z—p)f() 


= lim i 
7>P i(1— pz) 
7 1 
—adepy 
Thus by Residue theorem 
2n dO nas ! 
I, 1-2pcos0+p’ oe i(1- p’) 
20 
=o pF O<p<i). 
(ii) Consider the integrals of the type 
4) I=] f@a 
_2@@. a 
where f(z) = h(@) is a rational function with no poles on the real axis. The degree 


of h(z) is at least two units higher than the degree of g(z). We consider the 
corresponding complex integral 
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| fow 
around a path y as shown in Fig. 8.1. 
¥. 
Y 
-r oO tr X 
Fig. 8.1 


The boundary y consists of the segment (— 7, 7) on the real axis and of the 
semi-circle s centred at the origin. If y is large enough, all the poles of f(z) in the 
upper half plane will lie inside y, and we have 


fod=f swat] fou 
J 
=2ni d Res(f, Zz) 


Imz; >0 


where z, j= 1, 2, ... are the poles of f(z). 
Let r > 00, then 


lim J faydr=f" fear. 


(Since / is a convergent integral, 


lim f f(x) de = lim f f(x) dx). 


a>o 
bow 


Since the degree of h (z) is at least two units higher than the degree of g (z), 
there exists a constant / such that 


M 
If@ <a 
for sufficiently large r and for all z € s. It follows that 
eee 
f@d|<ar a=, 
Hence 
lim | f@) dz =0 
and J f(x)dx=2ni DY Res(f, Zz). 
om Imz,>0 
pate i2|,-" 
xample: Ld Tana 
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The function f(z) = has four simple poles at the points 


1 
4 
1l+z 
z, = e/a = ema a = eu Z, = ela. 


The first-two poles lie in the upper half plane 


1 
Res (Gs, = | 


1 
— —p3ni/4 = — pri 4 
a¢ ae 
ae 1 
Similarly Res (f, z,) = ao s 
mi/4 —ni/4 

i) ax . —eé +e 
Thus =f. io = ani 4 ) 

™ 


a 
(iii) Consider integrals of the type 
(5) I= J ” F(x) e* dx 
where f is real valued on the real axis. The real and imaginary parts of this integral are 


ia f (x) cos dx and ia f (x) sin x dx 


respectively. 
We assume that fis analytic in the upper half plane except at z,,z,, ....2, which 


do not lie on the real axis. We also assume that lim f(z) = 0 in the upper half plane. 


Now take the rectangle y with vertices B, B + iC, A + iC, —A (Fig. 8.ID. 
Choose A, B and C sufficiently large to ensure that all the singular points z,, Z,, ..., Z 
lie inside the rectangle. Then 


it f (2) e8 dz=2ti 3 Res (f(z) e”, z). 


n 


-A+iC ie B+iC 


<< 


Fig. 8.11 
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It follows that 
B : n 
(6) J f(x)e*dx=2ni D Res (f(2) e*,z,) 
= | j=l 
a -A+iC 
-A 


_ a f(@ e dzt+ J ‘ f(@) e dz+ J f( ef dz. 


-A 
The three integrals in the right side of (6) converges to 0 as A, B > 
independently and C > o. 


For, 
B+iC ; 
i= I, f (2) e” dz. 
Put z = B + iy, then 
c ‘i F 
1=[, B+) eM iay. 
c 
Hence 1,|<M(B) | ev dys M(B). 


where M(B)= (max, [fB+y) |: 


Similarly =I f ANS £2) edz | <M (A) 
-A 
where M (A)= fener |f(—A + iy) |. 
B+iC : 
Let i= J I (2) e® dz. 
-A+iC 


Put z=x + iC, then 
HI=1[', fo+ CH 6 ax| 
B 
<M(C) is e© dx 
=M(C)e° (A+B). 
Since lim f(z) =0 in the upper half plane, we can choose A and B sufficiently 


large such that M (A) < ¢, M(B) < € and C sufficiently large such that 
M (C)e°(A+B)<e. 
It follows that | /,| + | Z,| + |Z, | <3e. Thus we have 
[ F (x) e* dx = 2ni y Res (f(z) e”, z). 
a ja 


Example: 
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In fact, i c x has only one pole in the upper half plane i.e. a simple pole at 
+Z 


Therefore 


00 e . 1 Tl 
J > dx = 2ni — =— 
-o I+x 2ie e 
and this gives the result. 
We have assumed that the function has no singularities on the real axis. If f 
has singular points on the real axis, say a simple pole at z = z,, then we modify the 


path y by replacing the interval [z, — ¢, z, + €] on the real axis by the semi-circle S_ 
(z,) as in the Fig. 8. III. 


Z,=% Zi Z,+¢ 
Fig. 8.111 


Note that iff(z) has a simple pole at z,, then f(z) e” has also a simple pole at 
z,. Let 


f@er=g@t 


where g (z) is the Taylor part. 
Then 


ay 
Z-Z 


J, f(2) e& dz= I g(z)dz+ \, = dz. 


Now | I, g(z)dz 


where M (s) = max {| g(z)|:z € S}}. 


Since g (z) is continuous at z,, it follows that 


<M (s) me 


lim g(z)dz=0 
e>0 5, 


a_y : 
and I, dz=a_, Mi. 


2 ZZ, 
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Hence, lim J f(@) e dz=a, vi. 
e>0 Js. = 


Thus, iim ([.* sepe" are [” sone" a) 
e>0\e-e Zz +& 
=2ni] Y Res(f(ze*,z,)+—!]. 
Imz, >0 2 
Example: 
«© sin x 
[= J dx. 
0 x 
sin 
Since as is an even function, we have 


1 pf sinx 1 2 ge 
ters a a= 5 im(f = as 


: 2 Te : 5 ‘ 2,8 
Consider the function —. This function has no singular points in the upper 
Zz 


half plane, therefore 


€ gsinx © sin x 
tim | J dx +f dx 
e>0 \ 0 xX & Xx 


1 
= Im (nia_,). 
e” 
a_,=Res [ = | =1. 
«© gin x dx 
Hence lim =n /2. 
e>0 ve 


- sin x : ‘ ' 
Note that J —— dx is a continuous function of ¢, hence 
& 
xX 


is ae ee 


0 x 
(iv) Consider the integrals of the type 


(7) I= { x f(x) dx (0<a<1) 


g (z) 
h(z) 
poles, none of which lies on the positive real axis x > 0. 

We assume that the degree of / (z) is greater than the degree of g (z) by at 
least two units. 


where f(z) = is a rational function analytic on C, except for a finite number of 


Suppose o is real positive number. We define z* = e*'°8 ? where the log is 
defined on the simply connected set equal to the plane from which the axis x = 0 has 
been deleted. 
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In order to evaluate the integral, we choose the closed path y as in Fig. 8.I'V. 
Then y consists of the segment [¢, r] and the circle S’ (0) (taken counterclockwise), 
the segment [7, ¢] and the circle S, (0) (taken clockwise). Letz,, z,, ...,z, be the poles 
of finside y. Then 


Je f(@) dz=2ni ¥ Res [z*f(@), 2). 


Y 


Y 
Fig. 8.1V 


We suppose that ¢ is sufficiently small and r sufficiently large so that all the 
singular points of fexcept the origin lie inside y. 


Now 
J 2 f (2) de = [ x* f(x) de+ J, 2 f (2) dz 
+ f xe erie f(x) dx — ia » BIOe. 
= 2ni > Res [2" f(2),z] 
or (1 — 22%) x f(x) dx 


(8) =2ni x Res (z* f(z), z,) - I, z* f(z) dz+ ie 45 Ze F(z) dz. 
As ¢—>0Oandr—o, we have 


lim [ x*fO)de= |" x“ f@) de. 
e>0 ve 0 


We estimate the last two integrals in (8) as r > o and > 0 respectively. 
Since 


d — 2 
. < 

|, oo) DLOE lS jw 2m 
2An 
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therefore, lim I, ey z* f(z) dz =0. 


rao 


Also, since 


A 
| 5 (0) Zi \2)az |= sia 2ne = 2Ane*, 


hence, lim 2° f(z) dz=0. 
) 


e>0 5, (0 


Thus, (1 — ee") 7 = 2ni y Res (z* f(z), z). 
7 


Q 


Oo XxX 
Example: [= [ res dx (0<a< 1). 


We have 


(1 - e*"*) [= 277 Res 2 -1 
z(1+z)’ 


== 2ai (= 1)* 
i= emer - —— 
*“_J e°"-e 
= a Ti — ] 
sin TO (eel) 


(v) Consider the integrals of the type 


[= [re log x dx 


where f(z) = g (z)/ A(z) is arational function, analytic on C except for finite number 
of poles, none of which lies on the positive real axis and the origin. 


We assume that the degree of / (z) is greater than the degree of g (z) by at 
least two units. 


Consider J Ff (2) log z dz, where y is the same closed curve as in Fig. 8.1. If 
Y 
Z15 Z «5 Z, are singular points of f(z) log’ z, we have (as > 0 andr > ~ ) 
[ f(x) log? x dx — } ” £(x) (log x + 2ni)? de 
0 0 
=2ni Y Res (f(z) log? z, z,) 
j=l 


i.e. Ani [se log x dx — 41? i Ft (x) dx 


=—2ni 3 Res (f(z) log? z, z). 
j=l 


If fis real-valued function on the real axis, we obtain 


[ fe) log x dx =— ; Re 3 Res (f(z) log? z, :) 
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and [£00 de= Sm y Res (f(z) log? z,z, >. 
0 20 j=l 


Example: 
© log x 


/= —= 
0 1+x? 


dx. 


The singularities of are i and —i, we have 


2 9,2 
and Res 8 s ) aa L 
l+z 8 
co | 
Thus = dx = 
o 1l+x 
2 dx 
and I fase =n/2. 
[ERM THE LOGARITHMIC RESIDUE | 


Definition: Let Q be an open set. Let f be meromorphic in Q and z, € Q . The 
logarithmic residue of fat z, is the residue of 
f'_d 


Fe Hoes) 


evaluated at z,. 


Suppose that fis analytic in Q and has a zero of order m at z,. So 
f (2) = (z—-z,)” g (z) where g (z,) #0. 


Hence 
if m if 
(0) i We. 
f 2-% &g 


and & is analytic in the neighbourhood of z,. Now suppose that fhas a pole of 
& 
order m at z, ; i.e. 


f(z) = (z-z,)” g (2) where g is analytic and g (z,) # 0. It follows that 


f' —m g' 
10 = 
- fA z-% 


Uy 


and again & is analytic in the neighbourhood of z,. 
& 
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Uy 


Now from (9) — Res f »Z) | = Res 2 29 | Res so Zo ls 
f Z—Zp g 


But Res (. | = 0 and therefore 
g& 


Res (4. =m. 


Similarly, from (10) we have 


Res (L.-.| =—m. 


We summarize the above discussion in the following theorem. 


Theorem 3. Let fbe meromorphic on Q with poles S,, S., ...,8,, and zeroes Z,, 
255 «5 Z. If y is a closed chain in Q homologous to zero in Q and not passing 


2? 
POURN. Ss Sys sig 83 24 0g 2, then 


m “1? 
—{ £-5 ¥ n(y,5;) 
—| —=) ay,z,)- > ny, 5;). 
Qmivy fo k=l : 1 ? 
In applications, y is taken as a circle or a rectangle, and the points s,,5,, ...,5,,, 


m 


n 


= 
Zi 25-00, 2, eingide y, 

Earlier we have defined “interior”. In the following definition, we redefine 
“interior” which will be used in the subsequent discussion. 

Definition: Let y be a closed path. We say that y has an interior if n (y, ©) = 
0 or | for every complex number o@ which does not lie on y. The set of points a such 
that n(y, a) = | is called the interior of y. 

Theorem 4. (Rouche’s Theorem). Let y be a closed path homologous to 0 
in Q. Assume that y has an interior. Let f and g be analytic in Q, and | f(z) — g (z) | 
<|f(2) | forzony. Then fand g have the same number of zeroes in the interior of y. 


Proof : It follows from the assumption that fand g have no zero on y. We 


have 
g(Z) 
—1|<1 forzony. 
f (2) 
This gives that the values of © are contained in the open disk centred at 1 
and radius 


1. Leth= z Then / 0 y is a closed path contained in that disk. Thus, since 


0 lies outside the disk, we have 
n(hoy, 0)=0. 
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If y is defined on [a, 5] then 


n(hoy,0)= | Lie 


hoy Z 
al) ee 
“J. Fey FOUR? 
i.e J = =0 


It now follows from Theorem 3 that fand g have the same number of zeros. 
This completes the proof of Rouche’s Theorem. 

Rouche’s theorem can be applied to give the proof of the Fundamental 
Theorem of Algebra. If p (z) =z" + a,2""'+...+a,, then 


n 


P() Si ee ut 
Zz Zz Zz 
and lim {22 =1. 
Zo FZ. 
So for sufficiently large number r we have 
Pe) | <1 (\z|=7) 
Zz 
i.e. |p@)-2" <|z|" (jz/=r). 


It follows from Rouches’ theorem that p (z) must have n zeros inside |z| =r. 
Example: Show that the equation 
e’ = az" has n roots inside the unit circle, if a> e. 
Write f(z) = az" and g (z) =— e’. Then 
f(@) +g (2) =az"—e. 
Suppose that y is a positively oriented closed curve in a region Q and we take 


y to bea circle |z| = 1. 


Then on y, 
|f@|=e 
a 
and le@|=|1+24+7 +... | 
lzf 
<14+|z|+——+... 
2! 


1 1 
Se a Se 
Z| 3! 


a 
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Since a > e, it follows that |g (z)|<| f(z)|. 

Applying Rouche’s theorem we find that f(z) + g (z) and f(z) have the same 
number of zeros inside |z| = 1. Since f(z) = az” has n zeros, all at the origin, it 
follows from the Fundamental Theorem of Algebra that e? = ez” has n roots inside 
|z| =]. 


EXERCISES 


1. Prove that 


(i) Res = ; o =0 (ii) Res (tan z, n/2) =— 
sin z 
a sin z : 1—cosz 1 
(iii) Res us eae. (iv) Res | —,—,0]=— 
Z Zz 2 
2. Compute the following integrals where C, is the unit circle (counterclockwise) 
dz 2 e 
i il dz 
© Lae 7 Cc, sinz 
(iii) de (iv) ae 
Cc, cos mz CG 2227-2 
z+4) 
(v) oe a 
CG z +5z° +62 
3. Evaluate the following integrals 
io) dx me x? 
i (ii) : dx 
” -o x° 41 ee +1 
2 
x dx 
(iv) 
0 (x? +1) 
4. Compute the following integrals 
cos x sin x 
(i) f i) 
o x4 ai - ie 
_ COSX | 
(iii) 
0 (x? +1)? 
5. Prove that 
2m 20 
(i) ) et ca fp (ii) J ea ge An (2 — 3) 
0 1+sin* 0 0 


lt+= Lege 
2, 
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(ii) i" d0 8r Gv) i do T 
lL aa lv 7 2 FD eE 
0 I 2 34/3 0 1l+sin?@ 2¥2 
1+—cos 0 
2 
d0 Tt . fF ado 1 
) 0 3+2cos0 5 7) 0a*+sin?O fia ¢2 
6. Show that 
n/2 d0 t(2a+1 
J ao i : J .(a>0) 
0 (a+sin° 0)” 4(a* +a) 
7. Prove that 
27 
f° ann 
0 (2-sin 6) 
8. Prove that 
2n dO 2na 
J T= aT? (0 <b <a) 
0 (a+bcos 0) (a~ —b*) 
9. Prove that 
. log x log (1+ x) “ + *) te _t log 2 
(i) BX ae =-n/4 (ii) eae —_— 
0 (1+x) 2 
5 2 aS ax 
(iii) ) MOE = 17/8 (iv) J — dx = — 
0 1l+x -o [+e sin at 
10. Compute 
27? 
e 
J 5 dz 
y 2 
where y is : (a) The square with vertices 1 + 7,-1+ i, i, l-i 


(b) The ellipse defined by 


11. Compute 


00 2m 
i) 5, ax forn>m20 


0 1l+x 
12. Prove that 
o dx (2n — 2)! 


13. Prove that 


ool el” 


J —— dx=neifa>0. 
0 x +] 


14. Prove that for any real number a > 0. 
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,0<a<l 
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15. 


16. 


17. 


18. 


19. 


20. 
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Prove that 
() is Cx 78 TED 55g) 


Ga) 2a} e" 


(ii) (See = (Ge) o<o<0 


G40 7G 20) a’ —b* \be’ ae" 


Prove that 


Prove that 


Prove that 


COS X m1 
x -x m/2 —n/2 
oe abe e =e 


Use the indicated contour: 


—-R+tai R + ai 


Prove that 
oe ae 


0 l+x x sin Ta 


(i) (0<a<]) 


x" dx 


(ii) =-—"___ (9<a<3). 


0 14x°> x : & 
3 sin = 


Show that 


2n d0 20 
————_@_ = —, , (0<a< ll). 
If 1l+a?-2acos@ 1-a’ ( ) 


CONFORMAL MappPiNG 


The main general theorem concerning conformal mapping is the Riemann 
Mapping Theorem: 

“If G is a simply connected region which is not the whole plane, then there 
exists an isomorphism of G with the open disk D (0)”. 

The proof of this theorem is postponed to a later chapter (see Appendix 1). In 
this chapter, we shall give specific examples, where the mapping can be exhibited 
concretely. We begin with a simple example. 

Consider the function defined by 

w=f(z)=2. 

Put z = re® and w = Re* 

Then R=r and o= 20. 

We find that circles r = const. are mapped onto circles R = const. and rays 0 
= 0, = const. onto rays @ = 20, = const. In particular, the positive real axis (0 = 0) in 
the z-plane is mapped onto the positive real axis in the w-plane, and the positive 
imaginary axis (0 = 7/2) in the z-plane is mapped onto the negative real axis in the 
w-plane. The angles at the origin are doubled under the mapping. The first quadrant 
0 <0 < 7/2 is mapped onto the entire upper half of the w-plane. 

Letz=x +iy and w=u+ iv. Thenu = x?—y’, v= 2xy. Hence, the hyperbolas 
x? —y? = c and 2xy = d are mapped by / into the straight lines u = c, v = d. One 
interesting fact is that for c and d not zero, these hyperbolas intersect at right angles, 
just as their images do. 

Now examine what happens to the lines x = c and y= d. Consider x = c where 
yis arbitrary. fmaps x = c into u=c?—y’ and v= 2cy. Eliminating y we get that x = c 
is mapped onto the parabola v’ = — 4c? (u—c’). Similarly, fmaps the line y = d onto 
the parabola v? = 4d?(u + d’). 

The above discussion sheds some light on the nature of f(z) =z’ and likewise, 
it is useful to study the mapping properties of other analytic functions. 


119 


120 THe ELEMENTS OF ComPLEx ANALYSIS 


Suppose y: [a, b] + Gisa differentiable path and that for some ¢, in (a, b), y’ 
(¢,) # 0. Then y has a tangent at the point y(¢,). The slope of the line is tan (arg y’ (¢,)). 
Ify, and y, are two paths with y (¢,) = y,(,) =z, (say) and y,' (t,) 0, y,' (¢,) £0, then 
define the angle between the paths y, and y, at z, to be arg y,’ (t,) — arg y,’ (t,). 

Suppose y is a path in Gand f: G— Cis analytic. Then o=/fo0y is also a path 
and o! (t) =f" (y ()) y' (.- 

Let z, = y (¢,) and suppose that y' (¢,) # 0 and f" (z,) #0, then o’ (¢,) 0 and 

arg o' (t,) = arg f” (z,) + arg y' (¢,), ie. 

(1) arg o' (t,)— arg y’ (¢,) = arg’ (Z,). 

Now let y, and y, be paths with y, (¢,) =, (¢,) =z, (say) and y,' (¢,) 0, 
y,' (t,) #0. Leto, =foy, ando,=foy,. Suppose also that the paths y, andy, are not 
tangent to each other at z,. In other words, suppose that y,' (,) # y,' (¢,). Equation (1) 
yields 

(2) arg y,' (t,) arg y,' (1,) = argo, (t,) — arg 0 (t)). 

Thus given any two paths through z,, f maps these paths onto two paths 
through w, =/(z,), and when f" (z,) #0, the angles between the curves are preserved 
both in magnitude and direction. We summarize the above discussion in the following 
theorem. 

Theorem 1. Let f: G— C be analytic. Then f preserves angles at each point 
z, of G where f" (z,) # 0. 


FEZ DEFINITION | 


Let f: G— C be such that it preserves angles and 


lim [P@)= fo) exists, 
229 |Z—Zp | 
then fis called a conformal map. If fis analytic and f"(z) # 0 for any z, then fis 
conformal. The converse of this statement is also true. 
Example 1: The mapping w = f(z) =z’ is conformal except at z= 0. Atz=0, 
the angles are doubled under the mapping, because each ray arg z= c = const. maps 
into a ray arg w = 2c = const. as in Fig. 9.1. 


Y 


x -4 = 4 +1 +2 +4 
Fig. 9.1. Mapping w = 2’. 


CoNFORMAL MAPPING 121 


Example 2: The mapping w = f(z) = e? is conformal throughout C. 

In order to discuss the other properties of this mapping put z = c + iy where 
c is fixed, then f(z) = re” for r = e°. That is, fmaps the line x = c onto the circle with 
centre at the origin and radius e*. Also, f maps the line y = d onto the infinite ray 
{re@:0<r<d}. 

We now find the image of the vertical line segment 

X=C,-M<VST 

under the mapping given by w = f(z) = e’. 

Note that every point on the given line segment has the form 

z=ctiy,(-at<y<n) 

hence, as y varies from — 1 to + 1, e” describes a complete circle, while | w | remains 
fixed at e°. In other words, as z varies on the given line segment, w describes a circle 
centred at w = 0 and having radius e¢ (see Fig. 9.1). 


ti 


Fig. 9.11 


Observe that ify were allowed to vary over a larger domain (but, always, on 
the same vertical line), then w would repeat its trace on the same circle, and if we 
took the entire vertical line x = c, then the circle | w | = e* would be repeated infinitely 
many times. 

We summarize as follows: 

If we take all the horizontal lines between y = — x (not included) and y= 2 
(inclusive), their images will be all the rays with angles of inclination ranging from 
— tm to x. The totality of all such rays cover all the points in the w-plane except 
w = 0. On the other hand, if we take all the vertical line segments, as in the above 
example, contained between the lines y=— 7 and y = 2, then their images will be all 
the circles, with positive radius centred at w = 0. The totality of all such circles will 
cover all the points in the w-plane except w = 0. 

From the preceding discussion we arrive at the following conclusion: 

Under the mapping w = f(z) = e’, the fundamental strip 

S:-mu<y<m,-w<x<+o, 
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is mapped onto the entire w-plane except its origin. Arguing similarly we can say 
that any horizontal strip 

S.:a<y<a+2n,—-0<x<-+ (o is any real number) 
is mapped onto the entire w-plane except its origin. 

Note that the function log z is the inverse of the function e’ and this means 

that log z maps the z-plane (minus its origin) onto the fundamental strip 
—-1T<v<snt,-—o<u<t+o 

of the w-plane. We shall arrive at the same conclusion as above by considering the 

logarithmic transformation directly. 

Consider 

w =log|z|+iargz,z#0 

Then 

u = log | z |, v= arg z. 

Now, as z varies over all non-zero values, | z | varies between 0 and + «, 
hence log | z | varies from — « to + «, and, therefore, — 00 < u < + oo, On the other 
hand, since, by definition, — a < arg z <1, we have—a<v< tr. The last two relations 
involving u and v represent the fundamental strip of the w-plane. 


[FEP9 LINEAR FRACTIONAL TRANSFORMATION | 


We shall now consider an important class of conformal mappings, starting with the 
simplest types of transformations in this class. 

The mapping 

(3) w=h(z)=z+b 
is called a translation. If w = A (z) = az with a # 0, then the mapping is called a 
dilation. If w = h (z) = e® . z, then the mapping is called a rotation. If w = h(z) = 
1/z, then it is called the inversion. 


A mapping of the form 
az+b 
4 = = 
(4) eee) czt+d 


is called a linear fractional transformation. If a, b, c and d also satisfy ad — bc # 0 
then the mapping is called a M6bius transformation. 


If h is a Mobius transformation then / (z) = satisfies 


-—czt+a 
h(h-'z) = hr" (hz) =z. 
If and g are both linear fractional transformations then it follows that ho g 
is also a linear fractional transformation. 
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Consider the MObius transformation 


az+b 
h(z) = : 
@) cz+d 
Then 
ad — bc 
h'(z) = ————.. 
@) (cz+d) 


This shows that the condition ad — bc # 0 implies that h'(z) # 0. Hence, the 
mapping / is conformal. 

It follows from (4) that to each z for which cz + d # 0 there corresponds 
precisely one complex number /(z). Suppose that c # 0. Then to each z = — d/c 
where cz + d# 0, there does not correspond a number /A(z). Thus we attach a point oo 
to the w-plane. We denote C_ = CU {00}. We consider h defined on C_, where h() 
= a/c and h(—d/c) = «. Note that when a= 0 = c or d=0 =c then ad— bc = 0, hence 
we cannot take a= 0 =c or d=0=c. Since h has an inverse it maps C_, onto C,,. 


Theorem 2. /fh is a Mobius transformation then h is the composition of 
transformations of the types (i) translation, (ii) dilation and (iii) inversion. (Of 
course, some of these may be missing.) 

Proof : We have 

az+b 
h(z) = ——., where ad — bc #0. 
czt+d 

Suppose that c = 0. Hence 


no-(e( 


a b 
If hz) = (4) Zh, (z)=z+ (4) , 
then hoh,=h, 
Suppose now that c # 0 and put 


_d I 
h, @=2+—,h,@=—, 


be — ad 
h, (2)= 5" 2, h(a) =2 4+“. 
c c 


Then h=h,oh,oh,oh.. 
The fixed points of the mapping (4) are obtained from the equation 
_aztb 
— eztd 
i.e. cz’ + (d—a)z—b=0. 


Hence, a M6bius transformation can have at most two fixed points unless 
h(z) =z for all z. 
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Now let h be a Mobius transformation and let a, b, c be distinct points in C, 
with € = h(a), n = A(5), ¢ = A(c). Suppose that g is another transformation with this 
property. Then g"' o h has fixed points a, b, c. Hence g' 0 h = / = the identity 
transformation. Thus a Mobius transformation is uniquely determined by its action 
on three given points in C_. 

Theorem 3. A Mobius transformation takes circles onto circles. 


Proof: It can be checked easily that the theorem holds for the transformation 
of the type w = az + b. We show that the theorem also holds for the transformation 


1 
of the type w = — 


= 
The family of circles is represented by the equations 
(5) azz+Pz+Bz+y=0 


where a and y are real. If a = 0, then (5) reduces to a straight line. By using the 


. 1 : 
transformation w = — we find that (5) is mapped onto 
Zz 


(6) a + Bw + Bw + yww =0. 
When y # 0, (6) represents a circle and when y = 0, (6) represents a straight 
line. Theorem 3 is then a consequence of Theorem 2. 


: : —1 
Example: Show that Mobius transformation w = ai maps the half-plane 
Z 


Re z> 0 onto the unit disc | w|< 1. 

We discuss this mapping in three gradual steps, each of which is accompanied 
by a drawing in Fig. 9.IJA. It is easy to see that the given map is obtained by 
successive application of the maps: 


1 
CHer ly ev 2H +1. 
Step I: Under the map € =z + 1, Rez> 0 is mapped onto the half-plane Re 


C€> 1; see Fig. 9IIA (a). 


1 
Step IT : Under the map n = e the half-plane Re € > 1 is mapped onto the 


interior of the circle 


1 1 
sla | => but with the upper and lower halves of the 


half-plane and of the circle interchanged, see Fig. 9 IIIA (5). 
Step IIT: Under the map w =—2n + 1, the interior of the circle found in step 


1| 1 
II will be rotated through — x radians onto the interior of the circle | q — 5 | “ae but 


CoNFORMAL MAPPING 125 


the rotation will interchange the positions of the upper and lower halves of the disc. 
Then the rotation will be followed by a stretching (by a factor of 2) onto the interior 
of the circle | n + 1 | = 1, and, lastly, a shift through the vector 1 will yield the disc 
|w|<l. 


Gaz (c) 
W=-26+1 


(a) (b) 
E=t 


Fig. 9.111 


FEE DEFINITION | 


Let z,, Z,, Z, be points in C_. We define 
M:C,—>C, by 


Z-Z Zy —Z 
Z-Z, Z,—Z4 
Ifz,, Z,,Z, are points in C 


Z-Z, . 
M(z)= , if z, = 00; 
— 24 


Zo —-Z4 . 
M(z)= — pila =o; 
— 24 


S25 2 
i ee : sil z, = 0, 
a 
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Observe that M is the only transformation where M(z,) = 1, M(z,) = 0, 
M(z,) =. 

Definition 

The cross-ratio of four points is defined by 
(2; — 2, (23 — 24) 
(2) =25)(2y = 24) 


Theorem 4. 4 Mobius transformation leaves a cross-ratio invariant. 


(25252, 2,)= 


1 
This can be verified first for w = az + b, and then for w= —. 
Zz 


Theorem 4 permits us to write down the M6bius transformation which maps 
the points z,, z,, z, into the points w,, w,, w, : 
W-W, Wy—-W3; Z-Z, 2-2; 
W-W, W,—W,; 2-25" 2) 25 
Example 3: Find the MO6bius transformation which maps the points z =— 1, 
0, 1 into the points w = 0, i, 3i, respectively. 
Setting up the appropriate cross-ratios, we have 
(w—0) (-—3i) (z+1) (0-)) 
(w-i) (0-3/) (@-0) C1-1) 
After a little calculation, we get 


w=-3i : 
z—3 


Ea) symmetry | 


We recall that the union C U {00} is the extended complex plane. Denote the extended 
complex plane by C_. 

Let bea circle through points z,, z,, z,. We say that the points z, z* in C_ are 
symmetric with respect to Tif 

(7) (2*,2,5 252) > (2 25524324) 

We explain below what it means for z and z* to be symmetric. 

Let I be a straight line. Choose z, = 00. Then (7) reduces to 


2. — 
Z*-2, Z-Z, 


22 —~ 43 4n — 23 
That is, 
[2° =z, |=|2=2,|. 
Hence, z and z* are equidistant from each point on the straight line I. 
ge =e. 


Z—Z, Z—Zy 


Also, Im =Im — Im 


2 — 23 2 — 23 2, — 23 
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Hence, z and z* lie in different half planes determined by I. 
Thus, the line segment [z, z*] is perpendicular to I as in Fig. 9.IV. 
Suppose that [ is a circle, i.e. 
l= {z:|z-al=r} O<r<o). 
Let I passes through the points z,, z,, z,. It follows from equation (7) that 
(2" 255253. 2) = (2, Zi Za 2) 


Since the Mobius transformations leave the cross-ratio invariant, we have 


* 


Fig. 9.1V 


(Z, Z5, 24, 24) =(Z—-O, Z) —A, Z3 —O, Z, —) 


2 2 2 
a ee r 
=|Z—Q, > > 
Zo Q 23 Qa Z4 Qa 


2 
r 


= -t5,-0,2,-0 


r 
=|—— +0232) 


Z-a 
r 
Hence, z*=—— +a 
Z-a 
i.e. (z* -—a)(z-@) =P’. 
From this we have 
se 2 
ZZ" —@ r 
> 0. 


z-a@ ~ |z—a| 
Thus z* lies on the ray {a + A(z— a) :0<A< a}. We illustrate this by a 
diagram (Fig. 9.V). 


Zz 


Fig. 9.V 
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Let L be the ray from o through z. Let P be the perpendicular line to L at z 
and let P intersects I at A. Draw a tangent at A. Then the point of intersection of this 
tangent with L is the point z*. 

Theorem 5 (The Principle of Symmetry). The Mobius transformations 
preserve the symmetry ; that is, ifa Mobius transformation M maps a circle C, onto 
the circle C,, the z and z* symmetric with respect to C, are mapped onto w and w* 
symmetric with respect to C,. 

Proof : It follows from Theorem 3 that the circles I’, passing though z and z* 
are mapped onto the circles I, passing through w and w*. Since the Mobius 
transformations are conformal, the result follows. 

Other Examples 

Example 4: Find the Mobius transformation which maps the upper half of 
the z-plane into the interior of the unit circle in the w-plane (Fig. 9. VI). 


z-plane w-plane 


Fig. 9.VI 


az+b 
Let w= 
czt+d 


be the required transformation. Since the unit circle in the w-plane is the image of 
the real axis in the z-plane, we have 


b 
z+— 
| a| a 
Pe Tae 7d 1. 
z+— 
c 
When [=| >, we get = 1 
c 


a , 
That is, — = e® and we have for all real values of z 
c 


alae 


This is possible iff the real axis in the z-plane is the perpendicular bisector of 
the line joining the points — e and — . 
a c 
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Thus — e and — 2 are conjugate complex numbers and we denote them by A 
c 


a 
and A. 

Hence we have 

az-A 

w=. = 

c z=—X 

(8) = 2k 

(a4 ay, 


We can easily check that the upper half of the z-plane is not mapped onto the 
outside of | w | = 1. The point z = 4 is mapped into the point w = 0, which is inside 
the unit circle | w | = 1. This completes the solution. 

As a special case, let e”® =— 1, and let A =i. Then 


(9) wa, 
z+i 
w-—w 
Now Im (w) = —— 
2i 
7 ae z-i_ Z+ti 
 Qtlz4i zi) 
That is, we have 
Z+Z 
10 I = —__—.. 
os Gee hig) 


The denominator of the right side of (10) is a positive number. Thus /(w) is 
positive iffz+ Z is positive. But z+ Z =2 Re (z). This shows that the transformation 
(9) maps the upper half of the z-plane onto the unit circle in the w-plane in such a 
way that the first quadrant of the z-plane (Re (z) > 0) is mapped onto the upper half 
of the circle (Im (w) > 0) and the second quadrant of the z-plane is mapped onto the 
lower half of the circle. 

The inverse transformation 


w-l 


(11) z=-i 
wtl 


maps the interior of the unit circle in the w-plane onto the upper half of the z-plane 
in such a way that the upper half of the circle is mapped onto the first quadrant of 
the z-plane. 

Example 5: Find a transformation which maps a sector of angle 7/4 onto the 
interior of the unit circle. 

In fact, we cannot get the result only by taking the MGbius transformation. 
The result follows if we take the composition of transformations, namely 
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4. 
Zz —t 


That is, a ae 
Z +1 


gives the desired result as illustrated in the Fig. 9.VI. 


a 
iii 
CT adiiiiiidd 
CT hdddiiiiiidd 
Gita 


0 
z-plane t-plane w-plane 
Fig. 9.VII 
FENG THE SCHWARZ-CHRISTOFFEL TRANSFORMATION | 
Consider a polygon [Fig. 9. VIII] in the w-plane having vertices at w,, w,, ..., w, and 
OL,, OL,, «.., &, the corresponding interior angles. Let the points w,, w,, .... w, map 


respectively into the points x,, x,, ..., x, on the real axis of z-plane (Fig. 9. VIII). 


0, Ae, i ae ae 
xX, X5 fe) 


Fig. 9.VIIl 


The transformation 


(12) w -K{ Gag) bay nee 


(where K is a complex constant) can be shown to map the interior of the polygon in 
the w-plane onto the upper half of the z-plane. The transformation can also be written 
as 

dw a,/n-1 a,/n-1 a, /m—1 

(13) i ee (2=%5) ae(2=%,) 

Any three of the points x,, x,, ..., x, can be chosen at will. If x, is chosen at 
infinity the last factor in (12) and (13) is not present. Note that infinite open polygons 
can be considered as limiting cases of closed polygons. The points w,, w,, ... are 
mapped onto the points x,, x,, ... on the real axis. It follows from (13) that 
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(14) arg (dw) = arg (dz) + arg (K) + (% = 7 arg (z—x,) 


+ (2 7 arg (z—2,) ae je 1 arg (z-x,). 
T Tt 


Suppose that as z in the z-plane moves along the real axis from the left toward 
x,, the point w in the w-plane moves along a side of the polygon toward w,. When z 
crosses from the left of x, to the right of x,, 8, = arg (z — x,) changes from r to 0 
while all other terms in (14) remain unchanged. Hence arg (dw) decreases by (a,/1 
— 1) arg (zg —x,) =a, —7. In other words, the direction through the point w, turns 
through the angle x — o,. Similarly, as z moves through x,, 0, = arg (z—x,) and 0, = 
arg (z —x,) change from 7 to 0 while other terms in (14) remain constant. Hence w, 
turns through the angle z — a, in the w-plane. By continuing the process, we see that 
as z moves along the real axis in the z-plane the point w moves along the sides of the 
polygon in the w-plane and vice-versa. 

It can be shown that the interior of the polygon is mapped onto the upper half 
plane by (13). For this purpose, it is sufficient to prove that the transformation maps 
the interior onto the unit circle. Suppose that the transformation w = f(z) maps the 
polygon P onto the unit circle | z | = 1 in the z-plane and that f(z) is analytic inside 
and on|z|= 1. Now we have to show that to each point a inside the polygon P there 
corresponds one and only one point z, such that f(z,) = a. 

By Cauchy’s integral formula 

1 dw 


oe =]. 
2ni’~P w-—a 
Since w—a=f(z) —a, we have 
1 ' 
to ges 
2ni “lzi=! f(z)-—a 


But f(z) — a is analytic inside | z | = 1. Hence, it follows from Theorem 3, § 
7.3 that there is only one zero of f(z) — a inside | z | = 1. In other words, f(z,) = a. 
Observe that in order to get the required result we have used the known fact that the 
unit circle can be mapped onto the upper half plane. 


FEXS3 THE TRANSFORMATIONS w = sin z AND w= cos z | 


Consider the interval of the real axis described by 
—-W2<x<7/2,y=0 
Consider the mapping w = sin z. From the decomposition we have 
w = sin x cosh y +7 sinh y cos x 
Then 
(15) u = sin x cosh y and v=cos x sinh y 
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If y = 0, then cosh y = | and sinh y = 0. It follows that for any point on the 
given interval, the last equations become 
u=sinx and v=0 
Now, as x varies between — 11/2 and 1/2, sin x and therefore u varies between 
— 1 and+ 1. Hence, under the mapping w = sin z, the given interval maps onto the 
interval 
—1<u<1,v=0, in the w-plane. 
We now show that the imaginary axis x = 0 is mapped onto the imaginary 
axis u = 0, under the mapping w = sin z. 
We have from (15) 
u = sin x cosh y, v= cos x sinh y 
When x = 0, u = 0 and v= sinh y. Then, as y varies from — © to + oo on the 
imaginary axis, sinh y and hence v varies from — 0 to + 00, while uw remains fixed at 
0. This shows that the axis x = 0 is mapped onto the axis u = 0. 


We now consider the transformation w = cos z. Using the decomposition 
cos z= cos x cosh y —7 sin x sinh y 
We can consider several special cases as considered for sin z. 
But cos z= sin (z+ 71/2) 
Hence, we can translate what we know about sin z into mapping properties 
of cos z. In other words, w = cos z can be expressed as the composite mappings: 
C=z4+n/2,w=sinG 
We illustrate this process in the following example. 
Consider the interval 
T:-n<x<0,y=0. 
Under the mapping € =z + 1/2, Jis mapped onto the interval 
J:—n/2<R (€)< 7/2, Im (C) =0 
Then, using the result of the above example, we see that, under the mapping 
w = sin C, J is mapped onto 
K:-1l<u<l,v=0 
Hence, under the mapping w = cos z, the interval / is mapped onto the 
interval K. 


‘Wag RIEMANN SURFACES | 
In this section, we propose to introduce the idea of Riemann surface, with illustrative 
examples. 


Let w =z'?. This multi-valued function may be split into the following three 
parts: 
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w, Sra”, 0<0<2n 

(16) w= rl e293 Q<Q<2n 

w, =rl3 el@+43 Q<Qc2n 

Note that each of these expressions defines a single-valued function that 
maps the entire z-plane onto “one third” of the w-plane. We can write this in the 
following form: 

w, maps the z-plane onto the wedge 
0 <argw <2 7/3 plus w=0, 

w, maps the z-plane onto the wedge 
2 n/3 < arg w <4 7/3 plus w=0, 
w, maps the z-plane onto the wedge 
47/3 <argw<2aplusw=0 

Observe that all three of the functions above are analytic everywhere except 
along the non-negative real axis. 

Now consider the functions defined by equations (16). We restrict their domain 
by deleting from it the negative real axis, and define 

W,@ar"e", 050 <2n,r40 
wy, @) =r? ef Ot 0<0<2n,r40 
VW; (z) = r'8 ef @+43, 0 <Q<2n,r #0 

Each of these functions is called a branch of the multi-valued function 
w =z'3. The ray consisting of the non-negative real axis is called a branch cut; and 
the point z = 0 from which the branch cut emanates is a branch point of each branch. 

Write equations (16) in the following alternative form: 

we =r ef" 0R0<2K 
w, =r'8 e®8, In <0<4n 
w,=r'8 e®?, 4a <0 <6n 

It can be easily seen that the last three equations can be grouped together and 
written into one: 

(17) w=r'? e®3,0<0<6n 

A careful examination of these three alternatives will reveal that one fact 
remains unaltered in all of them: The z-plane must be traversed three times before 
the w-plane can be covered entirely. However, equation (17) lends itself to a 
“geometrical construction” which leads to a Riemann surface for the function 
w=z'3, 

Instead of travelling the z-plane three times, we take three copies of the 
z-plane, S,, S,, S,, forming a configuration that can be described as follows: [see 
Fig. 9.IX (a)]. As 8 varies from 0 to 67, trace the path of a point z = re” as it 
describes a continuous curve around the origin, say, a circle. The point z starts from 
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the positive real axis and travels on S, until its argument 0 reaches 27. At that 
instant, z ascends onto S, and it continues to travel around the origin while it remains 
on this second level. When its argument reaches 41, z ascends onto S, and travels 
around the origin once again until 8 reaches 67. By this time, the function given by 
equation (17) has covered the w-plane completely, and the point z descends onto the 
first level S,. The actual configuration can be visualized in the form of the sheets of 
the surface joined along the non-negative real axis [see Fig. 9.[X]. 


(a) (b) 
Fig. 9.1X 


This scheme has enables us to have a one-to-one mapping from the three- 
sheet Riemann surface onto the w-plane by means of the function given in equation 
(17). Ina similar way one can visualize the Riemann surface of w = z!? (with two 
sheets), of w = z'4 (with four sheets) and, in general, of w =z’ (with n sheets). 

Example: Riemann Surface of the Natural Logarithm 

We recall that the multi-valued function 

(18) w=logz 
can be written as 

w = log |z|+ i(argz+ 2 k 2), (k = integer) 

Then, as k ranges over all integral values, we obtain the single-valued functions 

(19) sty Wigs Wag Wigs Wig Ws Wop Wes cies 

Note that each of these maps the z-plane; except z = 0, onto a horizontal strip 
of the w-plane, having width 27. Thus, in order to cover the entire w-plane we map 
the z-plane an infinite number of times, by using all the functions given in (19). We 
now employ an infinite number of copies of the z-plane 

65 ye ai gs Dh de cities 

each with its origin deleted and with a slit starting at the origin and running along 
the non-positive real axis. Consecutive sheets are then glued together along the slits 
so that they form a continuous sheet which resembles like a circular stair case of 
infinite height and depth. A point moving around the origin in a counterclockwise 
direction will be going up the staircase, and everytime it completes a circle (centred 
at the origin), its position will be on the next sheet up, directly above the starting 
point. 
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Observe that the above geometrical scheme enables us to think of the 


multivalued function w = log z as a single valued, mapping its Riemann surface in 
a one-to-one fashion onto the entire w-plane. 


EXERCISES 


10. 


11. 


12. 


13. 


Show that the mapping w = z* transforms every straight line into a parabola. 
Consider the mapping w = z’. Find the area of the image of the square 0 <x < 1, 
O<y<l. 

Use J=|f" |? where J is the Jacobian of the mapping. 

Find the image of Re z > 0 and Im z > 0 under the mapping w = log z. 

Find the image of the strip — 7 <y < m under the mapping w = | + e’. 


Let G= {z:0<|z|<1}. Find the map which maps G conformally onto the open unit 
disk. 


Let G be a region and suppose that f: G > Cis analytic such that f(G) is a subset of 
a circle. Prove that fis constant. 


Determine the fixed point, the rotation and dilation of the following mappings: 
(i) w=iz+1 
(ii) w=2iz+1+i 
(iii) w=(2+4i)z+2 
Prove that if the complex numbers z,, z,, z, and z, lie on a circle, then their cross- 
ratio is real. 
Determine the Mobius transformation which maps the following: 
(i) the half plane Re z = 0 onto the half plane Im z 2 0. 
(ii) the upper half plane Im z = 0 onto itself. 
(iii) the upper half plane Im z = 0 onto the lower half plane Im z < 0. 


(iv) the half plane Im z > 0 onto the closed disk D (0, 1). 

Suppose that 7 is a Mobius transformation with fixed points z, and z,. Let S be a 
Mobius transformation. Prove that S' TS has fixed points S''z, and S" z,. 

Prove that if the two fixed points z,, z, of a M6bius transformation 7 coincide, then 
T is of the form 


K 
w=T(z) +z, where K € C. 
1 


(a) Show that a Mébius transformation T has 0 and ~ as its only fixed points iff it is 
a dilation. 

(b) Show that a MO6bius transformation T has © as its only fixed point iff it is a 
translation. 


Show that a Mobius transformation 7 satisfies 7(0) = 00 and 7(c0) = 0 iff 7, =z, z"' 
for some z, € C. 


136 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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Find the MG6bius transformation which maps 
(i) the points a, b, c into 0, 1, «© 

(ii) the points 0, 1, 0 into a, b,c 

(iii) the points — 1, 0, 2 into 0, 3, 6. 

Find the Mdébius transformation which maps 
(i) 1,7,-1 onto i,—1, 1 

(ii) i,-—1, 1 onto—1,-i,1 

(iii) —1,—i, 1 onto—1, 0,1 

(iv) — 1,0, 1 onto—1, i, 1 

(v) — 1,7, 1 onto 1,7,-1 

Find the Mébius transformation which maps 
(i) 0, 1, © onto 1, «, 0 

(ii) 0, 1,0 onto 1,—1,7 

(iii) 0, 1, © onto — 1, 0, 1 

(iv) 0, 1, © onto—1,-i,1 

Let z,, Z,,2Z, #Z,, be the two fixed points of a Mébius transformation 7. Show that 7 
may be written as: 


W-Z | 


=K 


W— 29 Z— 24 


Show that the cross-ratio of z,, z,, Z, w iS constant. 
Let z,, Z,, Z,, Z, be distinct complex numbers. Suppose that they lie on the same 


circle, in that order. Prove that 


|Z, z,| |Z, z,| =|2; z,| |Z, z,| +|z,-2,| | z,-2,| 
Recall: A function f with domain A and range B is given. We say that fis univalent 
if for x,,x, € A, the equation /(x,) =/(x,) implies that x, = x,. 
We say that two regions B and B* in C are conformally equivalent if there exists a 
univalent function g : B > B* such that B* = g(B). 
The mapping g is called a conformal equivalence. Prove that a conformal 
equivalence mapping C onto C is necessarily a polynomial. 


With reference to problem (19), show that a conformal equivalence mapping C onto 
C is necessarily a nonconstant polynomial function. 


10 HARMONIC FUNCTIONS 


EEC DEFINITIONS OF HARMONIC FUNCTIONS | 


Let fbe a (real or complex valued) differentiable function of the real variables x and 
y. Consider the differential 


(1) df= ae ay 


The functions z =x + iy and Z = x — iy have differentials 
(2) dz = dx + idy, dz = dx — idy. 
Thus 


(3) =e ie. 
2 2i 
l{ of +i of dz 
2\ex oy 
Write 


elie <@).e8 1) 6.6 
(5) = i—|,—= ewe 
Oz 2\0x Oy) oz 2\0Ox- Oy 


With this notation, we get the equation 


Substituting this in (1) we have 


(4) df= ; (x 2) dz+ 


(6) df= ot a + Laz 
The see 
g +3 Ff 0 
ox Oy 
can now be written as 
Of _ 
) ae 
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Definition: Let Q be an open subset of C. A function f (x, y) of two real 
variables x and y defined in an open set Q is said to be harmonic in Q if it has 
continuous second partial derivatives and satisfies the Laplace’s equation 

2 2 
@ PL, PL a9 
Ox oy 


Differentiating = and = with respect to the complex variables z = x + iy 
z Zz 


and Z = x —iy, we find that 
2 2 2 
(9) ae aie eee 
ox” = Oy Oz OZ 
Thus the condition (8) is equivalent to 
of 
1 =), 
a Oz OZ 
Note that the condition (10) expresses that fis a harmonic function. Observe 
that by (8), a necessary and sufficient condition for a complex valued function 


f=ut iv (wand v being real-valued) to be harmonic is that u and v are harmonic. 


Definition: If: — Cis an analytic function, then v = Im/ is the conjugate 
harmonic function of uv = Ref, and u is the conjugate harmonic function of — v. 


[ER] HARMONIC FUNCTIONS AND ANALYTIC FUNCTIONS | 


Theorem 1. Let f: Q— C be analytic. Then f is harmonic. 
Proof : Since f is analytic, it is infinitely differentiable, and by taking the 


derivative ce of the relation 


Oz 
of 
ar 0, we get 
e’ 
f = 0. 
Oz OZ 


Hence fis harmonic. 

Corollary 1 : The real and imaginary parts of an analytic function are 
harmonic functions. 

Example: log |z| is harmonic in the whole plane C excluding the point z = 0. 
log z has a branch in some neighbourhood of each point z # 0 and log | z | is the real 
part of such a branch. 

Theorem 2. Let Q be an open subset of C. Let u (x, y) be a real harmonic 
function in Q. Then in a neighbourhood of each point of Q, u is the real part of an 
analytic function f which is determined upto addition of a constant. 
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Proof : Since u is harmonic 
Oru = 
Oz OZ , 


Hence = is analytic in Q. The differential form 2 dz has therefore 
IZ Z 


primitive f locally. In other words, 


Ou 
11 = 2—dz. 
(I) df=2 az 
The relation (11) shows that fis analytic. Taking the complex conjugate of 
the relation (11) we obtain 
= ee 
(12) df=2—a@, 
OZ 
Adding (11) and (12) we get 
1 = 
5 + f)=du. 
Thus u is equal to the real part of f with a real constant added if necessary. 


It remains to show that if two analytic functions /, and f, in a neighbourhood 
of the same point have the same real part, then their difference f= /, —f, is constant. 
We have 


d(f+ f)=0 
i.e. opi es 
Oz IZ 


which implies that 7 = 0 and a = 0. This completes the proof. 

Note the Theorem 2 says only that any real harmonic function is locally the 
real part of an analytic function. Given a real harmonic function wu in an open set Q, 
there does not necessarily exist an analytic function fin the whole of Q, whose real 
part is equal to u. For example, when QO = C ~ {0}, log | z| is not the real part of an 
analytic function in Q. 

Theorem 3. Let u : Q — C be harmonic. Then u is infinitely differentiable. 

Proof: Letz,=x, + iy, be fixed in Q. Choose 6 such that D (z,;5) <Q. Then 
there is a harmonic function v in D (z,; 6) such that f= u + iv is analytic in D (z,; 6). 
Thus fis infinitely differentiable on D (z,; 5) and hence w is infinitely differentiable. 

The next result is analogous to Cauchy Integral Formula. 

Theorem 4 (Mean Value Theorem). Let u : Q— R be a harmonic function 
and let D (a;r) <Q. If is the circle |z—a|=r, then 


i aye —J, ua +re®) dd. 
Tl 


140 THe ELEMENTS OF ComPLex ANALYSIS 


Proof : Choose a disk D such that D (a;r) CD CQ. Let f’be analytic on D 
where u = Ref. It follows from Cauchy’s Integral formula that 


a 2n 0 
(14) f(a) al. f(atre®) dd. 


By equating the real part of (13) we get the result. 
Theorem 5 (Maximum Principle). Let u be a continuous real valued function 
on a region Q satisfying the Mean Value Theorem. Let a € Q such that 
u (a) 2 u(z) forallz €Q, 
then u is a constant function. 
Proof : Define the set S by 
S= {2 € Q:u(z)=u(a)}. 
Since uw is continuous, the set S'is closed in Q. Fix z, in S and choose r such 
that D (z,:7) CQ. Let b bea point in D (z,; r) such that u (a) #u (b), then u (a) > u (0). 
Since u is continuous, we have u (z) < u (a) = u (z,) for all z in a neighbourhood of 
b. In particular, let p =| z,—b | and b =z, + pe where 0 < a < 27. Then there exists 
a proper interval say / of [0, 27] such that a € J and 
u (z,) > u (z, + pe) for all B in J. 
Hence, by Theorem 2 


ue) = 5 J u(zy + pe) dB <u (Zp) 


which is a contradiction. Hence D (z,; r) < S and S is open. Since Q is connected, 
S=Q and the proof is complete. 

By considering the function — wu and appealing to Theorem 5 we get the 
Minimum principle theorem. 

Theorem 6 (Minimum Principle). Let u be a continuous real-valued function 
on a region Q satisfying the Mean Value theorem. Let a € Q such that u (a) < u (z) 
for allz € Q, then u is a constant function. 


EEE HARMONIC FUNCTIONS ON A DISK | 


The maximum principle has the following consequences. If u (z) is harmonic on a 
region QO which contains a closed and bounded set S, then it is uniquely determined 
by its values on the boundary of S. Ifw, and u, are two harmonic functions with the 
same boundary values, then u, — wu, is harmonic with the boundary value 0. By the 
Maximum and Minimum principle we find that u, — u, must be identically zero 
on S. 

Now the problem arises of finding uv when the boundary values are given. 


This type of problem is known as the Dirichlet problem for the Laplace 
equation in two variables. the Dirichlet problem for a circular disk can be solved by 
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Poisson formula. We derive below the Poisson formula by using Cauchy’s integral 
formula. Recall that the Cauchy’s integral formula is given by 


1 
as) f@=z5) eae 


where y is the circle represented by 
C= Re* (0 << 2n) 
and the function 
f@=u(r, 9) + iv (7, 9) (Z = re”) 


is analytic in a simply connected region Q containing y. 


Since dC = iRe”® db = iCdo 
we have from (15) 
7 1 Qn C 
(9 f@-zJ, SO z4. 


Consider a point y outside y where ny = CC |Z. Then the integral in (15) is 
analytic in the disk | z | < R and the integral is zero. Hence 


1 f(@) 

2ni ioe 
a ai (9) _ 
ie Ile SOZ= a =0 
; 1 2n vA 
ie. (17) mn fOr Fdd =0 


Subtracting (17) from (16) and using the expression 


as) _§ 7 __ 66-2 
G-z z-€ (€-z)(¢-2Z) 
we obtain 
1 (2 C ec —Z2Z 
C9). g@jHs>|, sO= —- = 40: 
inh (¢-z)(G—-2Z) 
By the polar representations ofz and € we find that the quotient in the integrand 
is equal to 
Pav pon 
(Re® — re”) (Re ® — re) ~ R? —2Rr cos (0 —)+ r 
Hence equating the real parts of (19) we obtain Poisson’s integral formula 
1 (2% Rag? 
20 ,9y=—] u(k, dd. 
oy oe) mal ( ) 2 Ihr cos(-0) +7 § 
This formula represents a harmonic function in terms of its values given on the 
boundary circle of the disk. On this circle this function is equal to u (R, ), except at 
points where wu (R, $) is not continuous. The proof is given in the next section. 
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From (20) we derive an important series of the function wu in terms of simple 
harmonic functions. We have seen that the quotient in the integrand of (20) was 
derived from (18), and the right side of (18) is the real part of ¢ + z/€ — z. Using 
geometric series expansion we obtain 


Lae ~ n 
(21) Galea Ba 142 5 z) 


G 


Since z = re® and C = Re”, we have 


Re| =| =Re ae e 
C R 


(22) = (=) (cos n8 cos nd + sin nO sin nd). 


From (21) and (22) we obtain 


Ree =142 x (=) (cos nO cos nb + sin nO sin nd). 


= n=1 
This expression is equal to the quotient in (20), and by inserting the series in 
(20) and integrating term by term we have 


(23) u(r, 0)=a,+ ¥ (=) (a, cos nO +b, sin n®) 


n=1 


— 1 a . 
where a, = om u(R, >) do; 
1 p2n 
4 a= —| u(R, 6) cos nd dd; 
T 20 


1 p2a 
b = —| u (R, >) sin nb db (n = 1, 2,...). 
T?0 


Observe that for r = R, the series (23) becomes the Fourier series u (R, 6). 
Example: Find the potential u (r, 0) in the unit disk (7 < 1) where the boundary 
values are 
_ f-o/n(-1<o<0) 
vLo={ b/n(O<b<n). 


Since u (1, ) is even, b, = 0, and from (24) we have 


2 cos nb a 
T 


|- [io / ncos np db + { 


2 
= —1). 
a: (cos nt — 1) 
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Hence 
— —4/n? 7’, whennisodd 
0, when n is even 


and the potential is 


1 4 : 
u.0)= 3-4 |reos0+ Zo. 


ET CONSTRUCTION OF HARMONIC FUNCTIONS ONADISK ff 


In this section, we shall construct harmonic function on the unit disk with prescribed 
boundary value. We shall introduce first the method of Dirac sequences, which we 
use. We shall be concerned with periodic functions of period 27, so we make that 
assumption from the very beginning. 


Definition: A Dirac sequence is a sequence of real valued functions {Q } of 
real variable, periodic of period 27, which satisfies the following conditions: 


(i) O (x) 2 0 for each n and x; 
(ii) {Q|} is continuous, and 


Jo, @ar=; 


(iii) Let ¢ and 6 be given. There exists , such that if n > n,, then 


J Ke ; Q, (¢) dt + J.2,0 dt <s. 


We illustrate Dirac Family {2} in Fig. 10.1. Note that the condition (iii) 
means that for sufficiently large n the area under the curve is concentrated near 0. 
Observe that 0 (—x)=Q_ (x). 

Let f be a periodic function of period 27. We define the convolution of f 
with Q as 


o,f=] O,-of@at=[" fa-00, dt 


Theorem 7. Let f be a continuous function, periodic of period 2n. Then the 
sequence of functions {Q, * f} converges uniformly to f. 


Fig. 10.1 
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Proof : Write 
w,@)=0, f= |" f@-)9, de. 


If follows from condition (ii) that 


£@)=f0) J 0, Odr=J" FQ, (Oat. 


Hence 


(25) w,@)-f@)= | V@-)- fe) 0,0 at 


By the compactness of the circle, and the uniform continuity of f it follows 
that 


| f (x— 2) —f (x) | < ¢ whenever | t| <6. 
Let | f(x) | <M. Then choose n, such that if n 2 n,. 
-5 ™ E 
t) dt + t) dt <—. 
[ 2, Oat+ [0,0 dt << 


Now 


0 6 T 
Iw @-fols] +] +f lse-0-s)1 0, Oat 
=I, +1,+1, 
Since M is the bound for f, it follows that 


|If@-)-f@)|< 2M. 
Thus, 


1,+1,<2M [J “Q,nar+ f'0,04r) <e 
Also 1,= [If @)-F-910, Oat 
5 T 
< [2 QO, (t) dt< |" 60,0 dt <s. 


This completes the proof of the theorem. 
Observe that if Q has continuous derivatives, then 


d d 
a §— £10,+nw-(£o,]*4 
dx dx 
It was convenient to introduce the general Dirac family {Q }, but we shall 
deal with families, indexed by r with 0 <7 < 1 andr approaching to 1. In this 


context, we need to define the Poisson kernel which is of basic importance. 
The Poisson kernel is defined by 


Le ati 
(27) P,)= = sere: 


Tl k= 
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Let C=re®,0<r< 1, then 
0 


=(1+QU+6+O'+..) 


=e" 


=14+2 $C¥=142 Sr'e™. 
k=1 k=l 


id 


i0 
Thus re{ 2 J-1e2 yr* cos k0 


—re k=l 
ikO ikO 
=1+2 yr* —_ 
k=l 2 
=2n P (6) 
Observe that 
l+re® _ l+r(e® =e) =”? 
1-re® |1—re® |? 
i0 2 
R aaa 7 l-r S 
1-re’ 1-—2rcos0+r 
Hence 
1 l-r’ 
(28) P.@)= ca 


2n (1—2rcos@+r’) 
The Poisson kernel satisfies the following properties. 
Properties: (i) P_ (0) = 0 for all r, 0; 


(ii) [" PB @)d0=1; 
(iii) Let ¢ and 6 be given. There exists p, 0<p <1, such that ifp <r< 1, then 
-6 T 
J P. (0) d+ [2 (0) dO <e. 


Proof : (i) By the equation (28), 


{ 
PAey= 


2 
, — (| 1—re® |)?, and since r <1, P.(0)>0. 
Tl 


(ii) For a fixed r, 0 <r < 1, the series 
tS ign ap 
|k|_ikO 
— Pre 
20 k ar 
converges uniformly in 8. Thus, 


T 2 1 nm _ 
ie: One 2 ee 1. 


By using (28) it can be easily verified that the property (iii) holds. The 
verification of (ii) is left to the reader. 
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Note that with these properties we view P (0) not as a function of and 0 but 
a family of functions of 0, indexed by r. In other words, we view {P } as a Dirac 
family, with r > 1. Write 

WHE, 

where w (9) =w(r, 9). 

Then w (8) is a function on the open unit disk. By theorem 7, w (0) converges 
uniformly to f(®) as r approaches 1. 

The next theorem shows that the Dirichlet problem can be solved for the 
open disk 0<r<1land0<0<02z. 

Theorem 8. The function (r, 9) — w_(9) is harmonic on the open disk 0 <r < 1 
and 0<0<2n. 

Proof : We recall that the Laplace operator in polar coordinates is given by 
@ Le. 1 
ér? "ap # ae * 
By applying this operator to Poisson kernel P, (8), and differentiating the 


A= 


LS tee 
series — Yir'“le term by term, we find that 
Tl k=-0 


2 2 
(29) > S) «(2)» Z| P (6)=0. 


That is, 


AP =0, where P is a function of two variables, 
P(r, 0) =P (0). 
Using (26), we obtain 
A (P," f) (8) = (AP, (8) * f= 0. 

This completes the proof of the theorem. 

Consider now the original periodic function fas a boundary value on the 
circle. 

Then the function wu is defined by convolution for 0 <7< 1, and by continuity 
for r = 1, and is given by 


u (re®) = —\", P. (0-1) f(e") dt. 


Thus, the theorem shows that there exists a harmonic function u having the 
prescribed continuous boundary value fon the circle. 


Note that the results of this section can be extended to disks of arbitrary 
radius R by means of the Poisson kernel 
1 R?-?’ 
| ho) caer ea 
2x R°-—2RrcosO+r 


FV SPS he 
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In this case, one needs to prove: 
(a) the statements about a Dirac family; 


(b) the existence and uniqueness of a harmonic function with prescribed 
continuous boundary value on the closed disk of radius R. We leave it as an exercise. 


In many applications, it may happen that the boundary value function f has a 
finite number of discontinuities. In that case, assuming that fis bounded, a similar 
analysis of proof will show that the theorem is true. We state the theorem and the 
verification is left to the reader. 

Theorem 9. Let fbe a bounded real valued function, periodic of period 21. 
Let f be continuous on a compact set E. Then the sequence of functions {Q,* f} 
converges uniformly on E to f. Further, the function u defined by 

u(re®)= = J" B@-Hfle")at 


is harmonic on the open disk 0 <r < 1 and0 <0 < 2rn. 


EQ SOME PHYSICAL APPLICATIONS OF CONFORMAL MAPPING ff 


We have seen in this chapter that there are physical problems in which we need to 
solve Dirichlet problems with piecewise constant boundary values. In particular, 
these Dirichlet problems can be solved by using Fourier series. In general situations, 
conformal mapping is useful because a conformal map carries harmonic functions 
to harmonic functions. Consequently, it may be possible to solve a complicated 
problem by solving a simpler problem and then transforming the solution by 
conformal mapping. This process is used in solving some problems regarding fluid 
flow, electrostatics, and heat. In order to explain how it is applied, we need some 
physical terminology, which we present first for fluid flow. 


Terminology of Fluid Flow 


Consider a fluid that is flowing in a channel or lake at uniform depth, and in 
horizontal layers, so that a horizontal cross-section at any level represents the whole 
flow. We may then idealize the flow as two-dimensional and take it as the flow ofa 
plane sheet of two-dimensional fluid in some region. We represent a velocity vector 
v by v=pi+ qj that specifies the velocity at each point. We assume that the fluid is 
incompressible and non-viscous. The term non-viscous means that there is no internal 
friction, and no tendency for the fluid to stick to the boundary of the region in which 
it is flowing. We also assume that the flow is irrotational (i.e. curl v = 0), which in 
physical language says that there are no local whirlpools in the fluid. Under these 


: : ; : : 0 
assumptions, the velocity vector v is the gradient of a potential 6, so that p = a and 
x 


0 ‘ ; 
q= a where ¢ is harmonic. Then 9 is called the velocity potential, and the curves 
y 
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o = constant are equipotentials. The conjugate harmonic function y is called the 
steam function, and its level curves y = constant are orthogonal to the equipotentials. 
Since, the derivative of @ along an equipotential is zero, the flow is directed along 


0 
the curves of constant y, which are the streamlines. The integral (2) ds along 
A 


an arc A of an equipotential is proportional to the amount of fluid crossing the arc A 
per unit time. 

The analytic function f= 6 + iy is the complex potential, f’ is the complex 
velocity, and | f' (z) | is the speed of z. Since the function f(z) is also analytic, it 
follows that — wy and @ are the velocity potential and stream function of another 
flow, whose streamlines are the equipotentials of the original flow. 

Iff’ (z,) = 0, the speed is zero at z,, then z, is called a stagnation point. On the 
other hand, if f’ (z) + 2 as z > z,. We may conclude that the speed must be very 
large near z,. 

If the flow is taking place in a region whose boundary contains a curve C 
across which fluid cannot flow, then the velocity vector at points of C must be 
tangent to C. Therefore a rigid boundary is always a streamline. It follows that we 
can have an interesting flow inside a simple closed curve C only if there are singular 
points on C, points at which fluid is being supplied or removed. 

Note that for an unbounded region (for example, the strip between two parallel 
lines) different parts of the boundary can be different streamlines, with a singular 
point at oo, 

Example: 

(a) Consider the function 

f (2) = az (a is real and positive) as representing a flow. Then its velocity 
potential is = ax and its stream function is y = ay. The streamlines, which are the 
curves of the family. y = c are the horizontal lines y = c/a. Observe that the flow 
described by fis parallel to the real axis. Its velocity is V= a [see Fig. 10.II(a)]. 


X 


Fig. 10.1 (a) 


(b) We now examine a flow around 90° turn and for that we consider the 
function 
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We know that, under this function, the upper half of the z-plane is mapped 
onto the first quadrant of the w-plane. Its inverse function 
z=x+iy=(w-—v’)+i(2uyv) 
transforms the first quadrant of the w-plane [Fig. 10.II (6)] into the upper half of the 
z-plane [Fig. 10.II (a)]. Then, it follows from the first part of this example that the 
velocity potential in this case is given by 
b=ax=a (uv?—-v’) 


and the stream function becomes 


W=ay=2a uv. 
Hence, the streamlines w = c are the rectangular hyperbola 
c 
uv = — 
20 
[see Fig. 10.1I(6)], and the complex potential is 
f=w’. 


Finally, the velocity of the flow at any point (u, v) of the first quadrant is 


V=f' =2a (u-iv) 
and hence its speed is 
| V |= 2a (w+ vy”. 


Fig. 10.11 (b) 


Some Special Flows 


We shall first construct the flows generated by some simple analytic functions. 
We can then use conformal mapping to construct more complicated flows, using 
the principle that a conformal map transforms the solution of a Dirichlet problem to 
the solution of another Dirichlet problem. 
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Uniform Flows 


Consider the simplest flow which has complex potential z. We could have 
taken the complex potential as cz, c > 0 but we can suppose that the units have been 


d 
chosen so that c = 1. It follows that oa = |. Thus the velocity is constant, parallel 
iz 


to the real axis, and from left to right. If we take the real axis as rigid boundary, we 

have a uniform flow in the upper half plane. Suppose we take a line y =k as a rigid 

boundary, then we have a flow in the channel between two parallel lines. In any of 

these cases the flow is referred to as a uniform flow. The streamlines are the lines 
y = constant. 

The following question arises: Where does the fluid come from, and where 
does it go ? We have to think of a source of fluid at 0 and a sink, where fluid is 
being removed, also at 0. It can be arranged in such a way that the fluid leaves the 
source, flows to the right, and then disappears at 00. In order to give a mathematical 
description of sources and sinks, it will be easier to consider a source and a sink 
separately at finite points. 


Sources and Sinks 


We begin by considering the complex potential w = m log z. Since, this is not 
a single valued function, we have to consider it only in the plane cut from 0 to o 
(i.e. along the positive real axis). The complex velocity is 


m 
"a (m/r) (cos 8 —7 sin 8) 


Thus the speed is m/r. 

Since, the velocity vector is (m/r) (i cos 8 + j sin 9), it follows that the flow 
is outward along rays from the origin (6 = constant). Hence, the cut along the positive 
real axis is along a streamline, and its presence is neglected. Now suppose that the 
fluid have unit density and let the fluid crosses a circle | z | =7 > 0 in unit time. 

This is given by 

J OY ie i ED) 5d 
0 0 


Yr 
|z|=r 


= fim d0 =2nm, 


so that the same amount of fluid crosses (in unit time) each circle centred at the 
origin. Hence, we say that m log z is the complex potential of a source at 0, of 
strength m. 


A sink is defined as a negative source, its complex potential is 
—m log (z—z,) 
if it is located at a finite point z,. 
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We illustrate the above facts in the form of a solved example. 
Example: Let fluid emanates at a constant rate from an infinite line source 
perpendicular to the z-plane at z = 0. 


(a) Show that the speed of the fluid at a distance r from the source is m/r 
where m is a constant. 


(b) Show that the complex potential is m log z. 


(c) Consider portion of the line source of unit length as shown in Fig. 10.II. 
Suppose Vis the radial velocity of the fluid at a distance r from the 
source. Let o be the density of the fluid which is incompressible. 


Fig. 10.III 


We then have: 

Mass of the fluid per unit time emanating from line source of unit length 
= mass of fluid crossing surface of cylinder of radius r and height 1 
= (Surface Area) - (Radial Velocity) - (Fluid Density) 
=(20r+ 1) (V)-o=2nr lo. 

If this is taken as constant k, then 

k m 


2nro r 


r 


k 
where m = ae is called the strength of the source. 
TO 


0 
(b) Since V. = = 7 ue it follows by integrating that 
ee ae 
d=mlogr 


where the constant of integration has been omitted. But m log r is the real part of m 
log z which is therefore the required complex potential. 


EEE) SOME OTHER PHYSICAL INTERPRETATIONS | 


One can interpret every flow problem as a problem of the flow of heat or electrostatic 
potentials. The physical terminology is, of course, different. The heat problem can 
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be considered as the problem of steady-state temperatures in a two dimensional 
lamina with its flat faces insulated. This problem of steady-state temperature can 
also be considered in a solid, homogeneous cylinder all of whose cross sections 
parallel to a given plane have the same shape (not necessarily circular), and with 
boundary conditions imposed on the edges of the lamina or the surface of the cylinder. 
A simple example of this model is the door of a refrigerator, with given distributions 
of temperature on the inside and outside surfaces. The temperature 7 satisfies 
Laplace’s equation 
V?T=0 

The curves 7 = constant are called isothermals. Suppose that U is the harmonic 
function conjugate to 7, then the curves U= constant are the lines along which heat 
flows. The quantity of heat crossing an arc A per unit time is proportional to 


oT . “ ee : 
When oa = 0 on A, no heat is flowing through A and in this case we say that A is 
n 


insulated. 
We now solve one problem related to an insulated boundary. 


Exercise: Prove that a conformal map transforms an insulated boundary to 
an insulated boundary. 


Solution: Let w= f(z) map a region Q, bounded by a curve C, to aregionQ, 
bounded by a curve y, in the w-plane, so that w =u + iv. Let o (u, v) be harmonic in 


0 
Q,. We shall prove that if aa 0 on an arc y, of y, then 
n 
0 
=| ou Gy), ¥ Gy) =9 
On 


0 
on the corresponding arc C, of C. The condition a = 0 implies that no heat flows 
n 


across y,, and therefore y, is an isothermal. We can identify this problem with a fluid 
flow problem considering y, as a streamline and 9 as velocity potential. Note that 
the conformal map transforms ¢ to a harmonic function and its harmonic conjugate 
y to a streamline. Thus, the conformal map transforms the orthogonal trajectory 


F : ro) 
o = constant to an equipotential where 7 =0. 
n 


Observe that the value of x is not preserved under a conformal map, but 
n 


0 
the condition “ = 0 is preserved. 
1 
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Electrostatic Problems 


Ifa solid is perfect conductor, all charge is located on its surface. It follows 
that if the surface is represented by the simple closed curve C in the z-plane, the 
charges are in equilibrium on C and hence C is equipotential line. In other words, a 
conductor is the cross section of an actual conductor, and a point charge is the cross 
section of a uniform line charge perpendicular to the plane. Then the potential 6 is 
harmonic in regions that contain no charges. Note that if + ay is an analytic function 
f, then the force on a unit charge is proportional to | f’ (z) |. Curves y = constant are 
lines of force, and conductors are equipotentials, @ = constant. 


Capacitor: Two conductors having charges of equal magnitude but of 
opposite sign, have a difference of potential which we denote v. The quantity ¢ 
defined by 


n=cv 
depends only on the geometry of the conductors. The conductors themselves form 
what is called a capacitor. 


Illustration: The harmonic function in the unit disc with boundary values a 
on the upper semicircular boundary and B on the lower can be interpreted in various 
ways 

(a) Describe a flow from a source at —1 to a sink at +1 ; 


(b) Give the temperatures in the disc when the upper boundary is held at 
temperature a and the lower boundary at temperature B; and 

(c) Describe the electric field in the disc when the upper boundary is at 
potential a, the lower boundary is at potential 8, and there are bits of 
insulation at + 1. Observe that in case (c) we have a capacitor. 


EXERCISES 


1. Denote by A 


Prove that 
A=458 
h s-£,3-£ 
where ~ 3 a 


2. Suppose that fis analytic and let f =u —iv be the complex conjugate of f Show that 
of =0. 
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10. 


11. 


12. 


13. 
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Suppose that f: U > V is an analytic isomorphism and let @ be a harmonic function 
on V, which is the real part of an analytic function. 


Prove that @ o fis harmonic. 
Let fand g be two harmonic conjugate functions. Prove that 
(i) F=f?-g and G=2fe 
(ii) b=e cosgandy=e'sing 
are harmonic functions. 
Suppose that U and V are conjugate harmonic functions and suppose that 
(x) = U* (x,y) + V? (, y). 
Prove that 
(x) = e**? where a and b are real numbers. 
Suppose that U and V are conjugate harmonic functions and let 
_ Vy) 

U(x, y) 


(x) 


Prove that 

& (x) = tan (ax + B) where o and f are real numbers. 
Let f(z) = log z. 
Put z= re®. Then f(z) = log r + i0, where u = log r and v = 9. Draw the level curves 
u = constant and v = constant. Show that they intersect orthogonally. 
Suppose that uw is harmonic and bounded in 0 <| z|<vr. Prove that the origin is a 
removable singularity provided that u (0) is defined properly and wu is harmonic in 
|z|<r. 
Suppose that u (z) is harmonic in 0 <|z|<v and suppose yee zu (z) = 0. Prove that 
u is of the form 

u (z)=a log |z|+v (z) 

where © is a constant and v is harmonic in| z|<r. 
Suppose that U (C) is piecewise continuous and bounded for all real ¢. Prove that 


ZZ) a i y 
eo veers, +y 


7 U(G) dG 


is harmonic in the upper half plane where U (C€) represents the boundary values at 
points of continuity. 


This is called Poisson’s integral for the half plane. 


Let f(z) be harmonic and bounded in the upper half plane and let f(z) be continuous 
on the real axis. Prove that f(z) can be represented as a Poisson integral. 


Let? 41) = 
T 


oy y > 0. Prove that iP is a Dirac family. 


Define 


ba =P Te@)=f Ra-df Od 
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14. 


15. 


16. 
17. 


18. 


19. 


20. 


where x and y are real and > 0. Prove that is harmonic. More precisely, prove that 


A 5) = 0, A is the Laplace operator. 
(¢—x) +y 

Harnack’s theorem: Suppose that {w,} is an increasing sequence of harmonic 

functions on the open disk D. Prove that either the sequence converges uniformly 

on compact subsets of the disk, or the sequence converges pointwise to 0. 

Suppose that {w, } is a sequence of harmonic functions on the open disk D. Suppose 

also that {w,} converges uniformly on compact subsets of the disk D. Prove that the 

limit of the sequence is harmonic. 

Prove that a harmonic function satisfies the mean value property. 


Harnack inequality: 


i0 2 
e +2 1-|z| 
Let k (0, z) = Re] — == — : 
( ) [Ss ‘2 le 2? 
Show that IAA ape well i221, 
1+|z| 1-|z| 
1 2n i0 Z—-a 
Let v= — | v(at+re )k| 9, d0,|z—a|<r. 
2m J0 i 


Show that if v (z) = 0, |z—a| <r, then 


r—|z-a| 


v (a) 
7 


<v(z)<v(a) |e) |z-—al<r. 
+|z-a| r—|z—a| 
(Hint: Use Harnack inequality.) 

Let G be a region in C and let a € G. Let F denotes the set of functions @ harmonic 
on G such that @ (a) = 1, » (z) > 0 forz € G. Define A (z) = inf {@(z): @ € Z and 
(z)=sup {@ (z): 9 € F} for eachz € G. Prove that0 <A (z)< 1 <u(z)<~,zeEG. 
Prove also that 4 and are continuous on G. 

(Hint: Consider the sets {A(z) > 0} and {A(z) = 0}. By the aid of exercise 18 show 
that each set is open.) 

Subharmonic Functions: Let Q and Q, be regions such that Q ¢ Q,. Suppose that 
v (z) is a continuous real valued function defined on ©. We say that the v (z) is 
subharmonic in © if for any harmonic function w (z) in Q,, the difference v — u 
satisfies the maximum principle in Q.. 

We say that a function is subharmonic at a point z, if it is subharmonic in a 
neighbourhood of z,. Observe that if v is subharmonic in a neighbourhood of each 
point z € Q, then it is subharmonic in Q. Observe also that every harmonic function 
is subharmonic but the converse is not true. 

Let Q be a region and let D_ (z,) be an open disk centred at z, and radius r. Suppose 
that v (z) is continuous. 


Prove that v (z) is subharmonic in Q iff 
20 : 
v(z,)S —| v (zo + re”) dO 
2n Jo 
holds for every D (z,) c Q. 
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21. Using the results in the above exercise establish the following properties: 
(i) if vis subharmonic, then Kv is also subharmonic, K is a constant and = 0; 
(ii) ifv, and v, are subharmonic, then v, + v, is also subharmonic; 
(iii) ifv, and v, are subharmonic in Q, then v= max (v,, v,) is also subharmonic in Q. 
22. Prove that the following functions are subharmonic: 
(i) |x| (ii) |z| a, (a 2 0) (iii) log (1 + | z|?). 
23. Let v be continuous and let v has continuous partial derivatives of second order. 
Prove that v is subharmonic iff Av = 0. 


1 1 WEIERSTRASS 
FACTORIZATION THEOREM 


PART | 


IRM METRIC ON C(G,Q) | 


Let G be an open set in C and let (Q, d) be a complete metric space. We denote by C 
(G, ©) the set of all continuous functions from G to Q. 


In order to introduce a metric on C (G, Q), we first prove a theorem about 
open subsets of C. 


Theorem 1. Let G be open in C. Then there exists a sequence {E_} of compact 
subsets of G such that 


G= = £ 
Further, the sets E, can be chosen to satisfy the following properties: 
(i) E,cint.E ,. 
(ii) Ec Gand E compact implies E < E, for some n. 
Proof: Define 


E,=(e:lz|Sn} n{z:d@c-@2+h, 
n 


Since, E’ is the intersection of two closed subsets of C and E, is bounded, it 
follows that E, is compact. The set 


S=fe:[z/<n4 }ofrdac-G>— | 
n+l 


is open and contains E’. Also, S is contained in E , ,. Thus the property (i) holds. 
It can be easily verified that 


G=U £ and G= J int. £, 
n=1 n=1 


If E is a compact subset of G, the sets {int. £} form an open cover of E. 
Hence (ii) follows. 
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We now define the metric on C (G, Q). Suppose that G = U E, where each 
n=1 
Eis compact and Ec int. E’ , ,. Define 


(1) p, ff g) = sup {d (f(z), g (2)):z € E} 
where fand g belong to C (G, Q). Also, define 


etl) 2) 
(2) (aS (5) Pa 8) 
eV 2) 140, 


8 . : 2, Ly 2 
Observe that the series in (2) is dominated by >) (5) and hence it converges. 


n=l 
Lemma 1: Let (X, d) be a metric space and define 
d (x, 

2 ala ree ioe 

Then wis a metric on X. 

A set is open in (X, d) iffit is open in (X, w) ; a sequence is a Cauchy sequence 
in (X, d) iff it is a Cauchy sequence in (X, w). 

The proof is left to the reader. 

Theorem 2. (C (G, Q), p) is a metric space. 

Proof: It can be easily seen that 

PLg)=P (gf). 


Since each p, satisfies the triangle inequality, it follows from the preceding 
lemma that p also satisfies the triangle inequality. Since G= = E_, it follows that 


f=g whenever p (f, g) = 0. 

Theorem 3. Define the metric p as in (2). Let € > 0 be given. Then there is a 
65> 0 anda compact set Ec G such that for f and g in C (G, Q) 

(3) sup {d(f(Z), g @): 2 € E} <8 

= p(s, g) <é. 

Conversely, let 5 > 0 and a compact set E be given. Then there is an & > 0 
such that for f and g in C (G, Q), 

(4) p(fg)<e=>sup id (f(2), g @)): 2 € E} <8. 

Proof: Let € > 0 be fixed and let m be a positive integer such that 


es 1 n 1 
= <-é 
20) 2 


Put E= E . For suitably chosen 6 > 0 we have 


<=, where 0 <1<6 


l+t 
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By our hypothesis fand g are functions in C (G, Q) where 
sup {d (f(z), g(2)):z € E} <5. 
Since E CE forl<n<m, 
p,fg)<5 forl<ns<m. 
Therefore, 
Pn (fF 8) 
I+p, (f,8) 


pice 3(5) (3+), (3) <= 


Conversely, let and 6 be given. 


Ze sforl<n<m. 


Hence 


Since G=VUE,= U. int. E 
n=1 n=1 
and E is compact, there is an integer m= 1 such thatE CE . 
From this we have 


p,, 6 g) 2 sup {a f(2), g (2)): 2 € EF}. 
Now choose ¢ > 0 such that 


O<su<2"— > <6. 


—Uu 
t 


— <2Qm < 
iso 2"s>t<65. 


Hence 


Thus if p (f g) <« then Pn (F8) <2” ¢ and this gives 
1+ Pn ZF, 8) 


P,, Fs 8) <6. 
Hence, the theorem is proved. 
Lemma ?: Let {f } be a sequence in (C (G, Q), p). The sequence ff } converges 
to f iff {f } converges to f uniformly on all compact subsets of G. 
The proof is left to the reader. 
Theorem 4. C (G, Q) is a complete metric space. 


Proof: Suppose {f,} is a Cauchy-sequence in C (G, Q). Then the restrictions 
of the functions f to E give a Cauchy-sequence in C (£, Q) where E is compact and 
EcG. Hence {f (z)} isa Cauchy-sequence in Q. Thus there exists a point f(z) in Q 


such that lim f(z) =/(z). 


We now got a function f: G > Q and have to prove that fis continuous and 


PF) > 0 
Let E be compact and fix 6 > 0. Choose N so that 


sup {d (f(z), f, (z)):z € E} <6 
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holds for n, m = N. If z is arbitrary in E but fixed then there is an integer m = N so 
that 

d (f(2),f, @) <6. 


By triangle inequality, we get 
d (f (2), f, (z)) < 26 for all n = N. 
Since N does not depend on z we have 


sup {d (f(z), f (z)):z € E} 30 
as n —> 0. Hence {f} converges uniformly on every compact set in G. Thus fis 
continuous. Finally, it follows from Lemma 2 that 


p (ff) > 9. 


[EER SPACES OF ANALYTIC FUNCTIONS | 


The class of all analytic functions in G will be denoted by H(G) where G is an open 
subset of C. In the following theorem we will prove that H (G) is closed in C (G, C). 


Theorem 5. Let {f. } be a sequence in H (G). Suppose that f belongs to C (G, 
C) such that f, — f. Then f is analytic and 


k 
ti — f* for each integer k> 1. 
Proof : Consider a disk D c G and take a triangle T inside D. Since T is 
compact, {f } converges uniformly over 7. 
Hence lim ne i, = i f. 
But since each fis analytic, we have 
lim | f=] =o. 
im[ A=f f 
Thus fis analytic in every disk D c G and this gives that fis analytic in G. 
To prove that 5 ii — f, consider D= D (a: r) < G. Then there is a number 


r, > r such that D (a; r,) <G. Let y: | z—a|=7, bea circle. Then by Cauchy’s 
integral formula we have for z € D, 


kf £1) JSO) 
Qniy (G-z)**! 


O-"@= dé, 


Hence 
; k! 2n Mr, 
(5) AP O-f" Os eh 
where M_ =sup {If (C)-f(Q)|:|G-—a@|=7,} and|z—a|<r. 
Since f > f, lim M = 0. Hence, it follows from (5) that 


ff —f uniformly on D (a;r). 
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Now let E be an arbitrary compact subset of G and let 0<r<d(E, 0G). Then 
n 
there are points a,, a,, .... 4, in E such that Ec U D(a,;1r). Since yaad ot aa 
j=l 


uniformly on each D (a, ; r), the convergence is uniform on £. Hence, the theorem 
is proved. 


Observe that we have considered H (G) as a subset of C (G, C) and the 
metric on H (G) is the metric which it inherits from C (G C). 


Since C (G, C) is complete metric space we have the following results. 


Corollary 1: H (G) is a complete metric space. 


Corollary 2: Letf. : G— C be analytic. If 3 f, (Zz) converges uniformly on 


n=l 
compact sets to f (z) then 


f9(D= Tf. 


n=1 
Note that the above result has no analogue in the theory of functions of a real 
variable. 


ieee WEIERSTRASS FACTORIZATION THEOREM | 


The notion of convergence in H (G) can be used to prove Weierstrass Factorization 
theorem. Before discussing the theorem we first define an infinite product of 
complex numbers and its convergence. 


Infinite Products: An infinite product of complex numbers 
(6) Z.Z,..2.=11z 


is obtained by taking the limit of the partial products 
Ye Fe Se 

II z, is said to converge to the number zif lim Z, =z and is different from 
n=1 nao 
zero. Observe that if one of the numbers z, is zero, then the limit is zero, and the 
convergence would not depend on the whole sequence of factors. Thus we define. 

Definition: The infinite product (6) is said to converge iff at most a finite 
number of the factors are zero, and if the partial products formed by the non-vanishing 
factors tend to a finite limit which is different from zero. 


n 


We write z= and omit the zero factors. Thus in a convergent product 


n-l 
the general factor z tends to 1. Hence we prefer to write all infinite products in the 
form 
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(7) M1 (1+z,) 


so that z,_— 0 is a necessary condition for convergence. 
Consider the power series expansion of log (1 + z) about z = 0, i.e. 


2 
log (1 a aera 


It has radius of convergence 1. If|z|< 1 then 


log(1 + z) t.is 1 
ja Fe) ae ye a epee 
j1- Ret) |_| oa ae 5 z| +12P+..) 
_! 
21-|z|° 


1 
If|z| <= then 
2 


|log (1+ z)| < a 
[Z| 2 


r 
1 
Thus we have for | z | < 5 


1 3 
8) — <]1 1+z)|<—|z\. 
(8) 5 |z/S|log( +215 121 
An infinite product is said to be absolutely convergent iff the corresponding 


series 53 log (1 + z,,) converges absolutely. 


n=l 


Theorem 6. Let (X, d) be a compact metric space. Suppose {uj is a sequence 


of continuous functions from X into C, such that ¥ \u, (x)| converges uniformly 


n=l 


on X. Then the product 


fex)= I +4, @) 


converges absolutely and uniformly on X. Also f (x,) = 0 at some x, € X iff'u, (x,) 
=—1 for some n. 


1 
Proof : The hypothesis implies that there is an integer, such that| u(x) | < 5 


for all x in X and n>n,. Hence Re [1 + u, (x)]> 0. Itnow follows from inequality (8) 
that 


3 
jlog (+a, 1S 5 | u, G1 


for alln > n, and x € X. 
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Thus 
v(xy= » log(l+u,(x)) 
n=ng +1 


converges uniformly on_X. Since v is continuous and Xis compact, v must be bounded. 
Hence 


exp v (x) = Tl a + u(x) 


converges uniformly on_X (why ?). 
Finally, 
f@) =[1 + u, (x)] ... 1+, (x)] exp v @) 
and exp v (x) #0 for any x €¢ X. Sof(x,)=0 at some x, ¢ Xiffu, (x,)=— 1 for 


some n. 
Theorem 7. Let G be a region in C. Suppose f, € H (G) such that no f, is 


identically zero. If x | 1 — f(z) | converges uniformly on compact subsets of G, 


then the product IT f,(Z) converges in H (G) to an analytic function f (z). 


Furthermore, if z, is a zero of f then z, is a zero of only a finite number of the 
functions f., and the multiplicity of the zero of f at z, is the sum of the multiplicities 
of the zeros of the functions f, at z,, 

Proof: The first part follows from Theorem 6. For the second part, observe 


that D (z,, r) < G and since y (1 —f, (z)) converges uniformly on D (z,; 7), it 
n=1 


follows from Theorem 6 that 
I@=f @ +f, Oh u@ 
where u does not vanish in D (z,;1r). Itcan be checked easily that the multiplicity of 
the zero of fat z, is the sum of the multiplicities of the zeros of the functions /" at z,. 
We now define the functions which were introduced by Weierstrass. 
Definition: Set £, (z) = 1 —z, and for p = 1, 2, 3, ... 
zP 


E (z)=(1—z) exp feeSeneZ] 
p 2 D 


These functions are called elementary factors. Note that E, (=) has a 
: Zo 
simple zero at z = z, and no other zero. 


Lemma 3: /f | z| < 1 and p = 0, then 
[1-2 @)|<|2P". 
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Proof : For p = 0, this is trivially true. For p = 1, let 
= . k 
E. (z)=1+ 2 a,Z 
where p is fixed 


" = . k-1 
E' = 2 ka,z 


z Zz? 
i.e. —E! (z)=2 exp yz+—t...+-—-. 
Pp 2 Pp 


So —E" (z) has a zero of order p at z= 0, and the coefficients in the expansion 
of — E', (z) in powers of z are all positive. 

Hence, a, <0 fork2>p+ 1. 

Thus 


\@-|==aforkep+ | 


-| 
K 
and from this we have 
y des Sy age sah 
eo gle! ip 
Hence, for |z| <1 
— 7 k 
|E,@-1I=| 5 az! 


foe) 
|Z" | 2 ae | 
k=p+l ~ 


00 
<|zpt! > fa 
k=p+l 


- =|z/Pr 


Thus the Lemma is proved. 


Theorem 8. Let {z, } be a sequence in C such that z, # 0 and|z,| > © as 
n—> ©. Ifp, is a sequence of non-negative integers such that 


xo Py t+ 
(9) £(4] <0 
n=i\]z, | 


for all r > 0, then the infinite product 


an fe the, (2) 
1 " Zn 


n= 


converges in H (C). The function f is an entire function which has a zero at each 
pointz, and which has no other zero in C. More precisely ifz, occurs in the sequence 
{z,}, exactly m times then f has a zero at z = z, of multiplicity m. 


Furthermore, (9) is always satisfied if p, =n—1. 
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Proof : Suppose that there are integers p, such that (9) is satisfied. Then, by 


Lemma 3 
Py tl 
= £,,| =|] <| =)! <| — 
" Zn Zn |Z, | 


provided | z|<rand|z |27r. 
n 


Since lim | z, | = 00, for fixed r > 0 there is an integer N such that |z, | 2 r for 
all n > N. It now follows from (9) that the series 


= zZ 
5-52} 


converges uniformly on compact sets in C. 


By Theorem 7, the infinite product [] £,, (2) converges in H (C). Observe 
"\ Z 


n=l ih 


that {p,} can be found so that (9) holds for all r. For any r, | z,| > 2r for all n 2 N. 


Hence [~) < : for all n = N. Thus ifp,=n-—1 for all n, the tail end of the series 


IZ, | 
(9) is dominated by = (1/2)”. Hence (9) converges. 
There is an advantage in taking the constant p, as small as possible. The 
resulting function f(z) in (10) is then called the canonical product corresponding 


ie) 


: ; 1 ; ; 
to {z,}. For instance, choose p= 0, if 2 — <., and the canonical product is 


n= 1 |Z; 
fi{1-2] 
n=1 Zs 


We now state the Weierstrass Factorization theorem. 

Theorem 9. Let F be an entire function and suppose that F (0) # 0. Letz,, ..., 
z,... be the zeros of f, listed according to their multiplicities. Then there is an entire 
function g and a sequence of non-negative integers {p_} such that 


Zn 


ay re@-e the, {=} 


Proof : Let f be the product in Theorem 8, formed with the zeros of F’. Then 
F/f has removable singularities in C and hence F/f is an entire function. Further, 
F/f has no zero and since C is simply connected, there is an entire function g such that 
F@@ =e 
The result now follows. 
Note that if F has a zero of order m at z = 0, the theorem holds for F (z)/z”. 
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We now give an application of the Weierstrass Factorization Theorem to 
sin 7 Z. 


: I 34 : : % 
The zeros of sin 1 z = ae (e’” — e'™) are the integers z=+n. Since ¥ Z 
I n=|1n 


ioe) 
diverges and ¥ = converges, we choose p, = | and obtain a representation of the 


n=1Nn 
form 


(12) sinnz=[expg(z)] I (1 = :) en. 
nF n 


Taking the logarithmic derivatives of both sides of (12) we have 


n#0\Z-n Nn 


1 1 1 
(13) nxcotnz=—+g'(z)+ +4 
Z 


The convergence is uniform over compact subsets of C which does not contain 
the points z =n. Also 


Z n#0\Z—-n Nn 


(14) neotre= 14 Z,[ : +4) 


sin 1z 


Comparing, we conclude that g’ (z) =0. Hence gis constant. Since lim 
z>0 Zz 


= 7, we have exp (g(z)) = 2. Thus 


: Zz 
sina z=n1z II [1-2 )e 


n#0 n 
The terms of the infinite product corresponding to 7 and —n can be arranged 
and we obtain 
sin mz =1z TI t -5) 


n=1 n- 


The convergence is uniform over compact subsets of the plane. 

We now discuss an infinite series expansion, due to Mittag-Leffler, which is 
related to the Weierstrass product. The main idea is to represent a meromorphic 
function f(z) by a series, each term of which contains the principal part of fat one of 
the singularities. Observe that the familiar partial fraction expansion for a rational 
function is an example ofa Mittag-Leffler expansion, just as the factorization theorem 
for polynomials is an example of the Weierstrass expansion. 

Suppose it is required to construct a function with simple poles of residue 1 
atz=1, 2,3, .... One would like to represent such a function by 


1 


k=1z—k 


Ms 
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This representation is not satisfactory, because the series diverges for every 
value of z. We represent such function by 


ade 
k=\\z-k k 


Note that the series converges except at points where the denominator 
vanishes. 


We define the Mittag-Leffler primary terms for 7 = 1, 2, ... by 


(15) oe tl+wtwt+..+w! 
w-l 


and eye 
w-l 


It follows that 


n 


L(w, n)= lis 
w-l 
and 
1 
(16) |L0m m)|<2| wl lwls> 
Write, form = 1, 2, 3, ..., 
2 n 
(17) Boum=U—wew [we +.4 | 
n 
and 


E(w, 0)=1-w. 
Observe that there is a close relation between L (w, 1) and E (w, n). Since, the 


first term of (15) is : i we find that 


’ 
wr- 


Me: (C,n) dt = log E(w,n),|w|<1. 


Note that the path of integration is taken along the radius from 0 to w. Using 
(16) we get the estimate of the integral 


Iie" wie 


41 > 


This is the basic inequality of Weierstrass expansion theory. 


(18) |log E(w, n)|< 


Theorem 10 (Mittag-Leffler). Let {a,} be sequence of distinct complex 
numbers such that | a, | —> ©. Let {B,} be another sequence of complex numbers 
such that 
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cig) = Pal og, 


k=1 | om |" +1 
Then there exists a meromorphic function f whose only finite singularities 
are simple poles at a, with residue B.,. 
The function is represented by 
0 fas S Peg! * x). 
k=1 QO; O; 


Proof : Let r> 0. Choose N so that | a, | > 2r for &> N. Then for | z | <r and 


Z 


Qt 


k>N, 


< > Hence, it follows from (16) that 


Pes Zn) < 2B 
Qa 


i 
Oy k | O, "* 


It now follows from (19) that the series 


converges uniformly in | z| <7. 
Observe that the remaining terms of the series for f(z) differ only by a 
polynomial form 
Ss Be | s By, 


k=10, 2/@;,—-1 #-l12—a, 


and hence have simple poles at z = a, with residue B,. This completes the proof of 
the theorem. 

The above theorem is not the most general form of the Mittag-Leffler theorem. 
In its general form, the theorem states that a meromorphic function f (z) can be 
constructed whose only poles are at {a,} with the prescribed principal part. The 
proof of the general theorem is similar, in principle, to the proof of Theorem 10. 
The proof is given here for the sake of completeness. 

Theorem 11. Let {a} be a sequence of distinct complex numbers such that 
| a, | > 0. Let {P_} be polynomials without constant term. Then there exists a 
meromorphic function f whose only poles are at {a} with the prescribed principal 
part 
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The function f is represented by 


s@=% c [- ~ )- 0, A) zc) 


where Q, is some polynomial, and w is an entire function. The series converges 
absolutely and uniformly on any compact set not containing the poles at {0.,}. 


Proof : We assume without loss of generality that a, # 0 for all k. We represent 


Pp 1 
‘\z-a, 


in a power series at the origin. Choose p, such that Q, (z) is the sum of the terms of 


the degree P; | in this series. It follows that Q, is the polynomial of degree p,. For 
j2|< Sal we find that 


Px 


<A, 


Zz 
Oh; 


al }-2.0 
Z-O, 


where A, is some fixed number depending on P, 


} Choose p, sufficiently 


2a, 
large so that 


(4, 


> 0as|a,|— 
| a, | 


and also such that the p, form an increasing sequence p, <p, <.... Write 


21) 2/4 J-a0 
k Z—O, 
oN 1 “ 1 
= 2 La }-ac}-S]a( }-a.0} 
k=1 Z-Q, n=1 Z-Q, 


Given a radius r, let | a,,| 27. Note that the first sum on the right of (21) is a 
finite sum. The second sum on the right of (21) is dominated by 


(22) |“ ] 2 
k | OL, [Pe 
provided |z|< 7 


By taking the p,-th root of the coefficients, we find that the radius of 
convergence is equal to oo. Thus the series 
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2/4 Jae 
Z— Oy 


converges absolutely and uniformly for z in any compact set not containing the 


poles at {a,}. 


Observe that the finite sum on the right of (21) has the desired poles, and the 


infinite sum on the right of (21) has no poles for | z|< Since, this is true for every 


r, this completes the proof of the theorem. 
Example: Show that 


vee) ee 
a z k\z—-kn kn 


where the summation extends over k =+ 1,42, +3,.... 


Consider the function 


zZcosz—sinz 


1 
cot z = - 
Z Zsin Zz 


Note that the function cot z — s has simple poles at z= An, k =+ 1, 
e 


+ 3, ... and the residue at these poles is 


in (e— | 280882) = 


z>kn zsinz 
: ; 1 
Since lim | cot z-— | =0, 
z>0 Zz 


it follows that cot z — + has removable singularity at z = 0. 
Zz 


1 
It can be easily checked that cot z— — A bounded on circles y,, having centre 


at the origin and radius r,, = [ws 


7 
ae ea(etaed) 


theorem that 


mt. Hence, it follows from Mittag-Leffler 


EXERCISES 


1. Prove that x (1 +z) converges absolutely iff m(1 + | z, | ) converges. 
2. Let0<|a|<1and let|z|<r< 1; prove that 

a+|a|z 2 l+r 

(+az)a 1-r 
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3. 


(Blaschke products). Let {a} be a sequence of complex numbers with 0 <|a,|< 1 
and let © (1 —| a, | ) < 00. Prove that 


B@=T ie ae] 


n=l a, (1l-a,2 


converges in H (D (0, 1)) and that | B (z) | < 1. 
Let a, = 1 —n~ and let B be the Blaschke product with zeros at these points a. Prove 
that lim B (r)=0 if 0<r< 1. In fact, prove the estimate. 


r>1 
N-1 N-1 
r-@ 
|B ir) |< I] ——- < Il 
n=ll-a,r n=! l-a 


On 7 On < eo NR 

where a, |<r<qy. 

Find a sequence {a,} in D (0, 1) such that 2 (1 —| a, |) < 00 and every number e” is 
a limit point of {a }. 

Discuss the convergence of the following: 


) T4+Le>) Ww fi (1+) (i) fi (1-4), 
n=1 n n 


n=1 ny? n=2 


Suppose {f} is a sequence in H (G) where G is an open set. Let I] f(z) converges 
n=1 
in H (G) to f(z). Prove that 
y n 
converges in H (G) to f' (z). 
Prove that Tl (1 4 :) ew 


n=1 n 


converges absolutely and uniformly on every compact set. 
Provethat f(z)= II (l+q™'e&)(+q" 'e*) 
n=1 


where | g | < | is analytic in the whole complex plane and satisfies 
f(z +2 log q)=q' e* flz). 
Find all entire functions fsuch that | f(z) | = 1 whenever | z | = 1. 


Suppose that fis an entire function, and 7 is a positive integer. Prove that there is an 
entire function g such that g” = fiff the orders of the zeros of fare divisible by n. 


Prove that there is a bounded analytic function fon D (0, 1) such that each point of 
the unit circle is a singularity. 
Letz,— and let B, be arbitrary complex numbers. Prove that there exists an entire 
function f(z) such that f(z.) = B.. 
(The Gamma function). I (z) is the meromorphic function on C with simple poles 
atz=0,-1, ... defined by 

T@=e"" ( : 2) ey 

n=l n 


where y is constant chosen so that T (1) = 1. Show that 0<y< 1. 
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15. Show that T(z) (1 —z) = cosec mz where z # an integer. 
16. Show that 


Vn T (2z)=27-'T(z)T E + ;| 


17. Prove that 


ioe) 

. Z _ 

sin m(z + p)=e=? TT} 1+ eae 
-o z+p 


where p # an integer. 
18. Prove that the residue of I (z) at —p is (- 1)! 


19. Prove that 
oo a eZ 
TT (2) = J dt 
@) 0 t i=¢"' | 


us } = J exp [-t(z+m)] a 


Z+m 0 


20. (Hankel’s Integral) Let 


e” ze” 
— amd F(z)=—> 
l-e? e -l 


G(a= 


Let H(s)=[ leu 
QZ Z 
where the contour C is given by 


ke 


Exercise 11.1 


(i) Prove that H is an entire function 


(ii) Prove by putting z = — w and letting ¢ — 0 that 

; Ae es d 
H )=-(@*-e") | GOP < 

0 
21. LetC(s)=5 = for Re (s) > 1. Prove the following: 
n 
; si , at 
() THC)=] Gor S. 

(ii) C¢(s) is analytic except for a simple pole at s = 1. 


(iii) The residue of € (s) at s= 1 is 1. 
(iv) €(s) has zeros of order | at the negative integers. 


1 1 EXTENSION OF THE Maximum 
MODULUS PRINCIPLE 


PART Il 


We first recall Weierstrass Factorization Theorem. The theorem states that every 
entire function f can be represented in the form 


je ste Z z 12 1 2 
2 e& TT) 1—— | exp | —+—-=4+...4—— 
Zn £ 22 ky 2, 
where k, — oo sufficiently fast and g is an entire function and the z, are taken in 
order of increasing modulus. This representation is not very useful from the 
application point of view. We give below another representation which is more 
useful than Weierstrass factorisation theorem. The following Hadamard’s 
representation is for entire functions that are of finite order in the following sense. 
Let M (r) = max | f(Z)|; then fis said to be of order u if p is the greatest 
lower bound of numbers s for which 
lim sup 7°* log M (7) < «. 
Roughly speaking, this means that (7) is not much larger than exp (7), and 
sometimes about that large. 


EEX HADAMARD’S PRODUCT REPRESENTATION | 
If fis of order u with zeros at 0 and z , then 


2 Pp 
fos eT T2694 2) 4,.42)2 
a Zn Zn 2 Zn Dp Zn 


where p < up and P (z) is a polynomial of degree at most p. 


Examples (i): sin 1 z is of order 1; Hadamard’s product with p = 1 is 
| - [ : 
sina z=nzT]}1——|. 
n=1 n 
This is called Euler’s product for the sine function. 
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(ii) The reciprocal of the gamma function is also of order 1, its Hadamard 
product is 


1 00 
=zer 11 |1+—7 |e=", 
T(z) n=1 PA 


n 


where y is Euler’s constant, 


nao 


tim (145+ 54 ra lo 

= ee n 

Y 2 3 n 

(for the definition and other properties of the gamma function, see 11.8). 


[ERE THE EFFECT OF ZEROS, JENSEN’S FORMULA | 


An entire function whose maximum modulus & (r) increases rapidly as r > «, 
may have very few zeros or even none at all. One can think of exp (z”) or exp (e’). 
On the other hand, if the function has too many zeros z, in a disk of radius r, the 
product II (1 —z/z,) may not converge. One can think of z, = n. Hadamard’s 
product representation quoted above suggests that if there are more zeros, the order 
of M (r) will be larger. This may seem paradoxial because of our expectation that a 
function with many zeros may be small in modulus. The actual situation is quite 
different. There is a principle that says that when a function has many zeros, its 
modulus must frequently be large in order to compensate; if the modulus is not 
large, an analytic function with many zeros may vanish identically. We are familiar 
with one case (see Example page 81) when the principle can be quantified. In other 
words, if M (r) = O (r") as r > ~, then the function is a polynomial of degree at 
most 7 and therefore at most 1 zeros. Based on the same principle we present below 
some more results. 


Jensen’s Theorem 


Assume that fis analytic in a disk | Zz | < R, but not identically zero. Assume 


also that f (0) # 0. Let fhave zeros {z,}, k = 1, 2, 3, ...,nin |z| < R, and let f(z) #0 
on|z|=R. Then 


1 2n 
(1) 5—J, log £(Re") | dO ~ log |,F(0)| 


n R 
=> log —. 
ma, 
Proof : We have seen in Chapter 8 (see 8.3) that, if z, is a zero of f, then the 


function f’ /fhas a simple pole at z, with residue 1. It follows that 


a” AC 
Qi 4\z|=R &() iC. e=2 22) 
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where g is analytic in|z| < R andz are the zeros of finside |z| = R. This suggests 
that the right side of (1) is connected with 

Pei (Z ie 

FE ) 4 


but g (z) = log z is not pre In order to remove this difficulty we consider the 


same integral when C is the circle |z| = R with a cut along the positive real axis 
from 0 to R. If f has zeros on the cut, we replace f(z) by f(ze”) with A chosen so that 
J (ze”) has no zeros on the cut. Note that there exists such a A, since there are only 
finitely many zeros to avoid; and the change does not affect the moduli of the zeros. 
The function log z is determined in the cut disk by taking log (1) = 77. It follows 
now that the integrand in /is analytic except for simple poles at the zeros of finside 
C, and we obtain 


I= 5: log z,. 


gol 
On the other hand, we can write / as the sum of three integrals, one along the 
circle, one along the lower side of the cut, and one along the upper side. The integral 
along the upper side is 


oO) 2 
(2) =| (logx) a a 


the integral along the lower side is 


xX; 


1 ¢R » J’ (@) 
(3) = [ (log x + 27i) ies 


and their sum is 


4) ff EES dr= log f0)- toe £08. 


The integral around the circle can be written in the following form: 


dx; 


1 
(5) ara [Clog z)] [log f(Z)]' dz. 
Ti %|z|=R 


Integrating (5) by parts, we have 


1 dz 
6 -— log f(z) —. 
(6) Tider BLOF 
Putting the integrals (4) and (6) together and taking real parts, we have 


(7) > log |z,| = Re 7= log | f (0) | -log | f (R)| 


1 1 2n 4 
+Re {5 log = log f (2) jaca tse log f(Re”) dd. 


We now need to compute change in (log z) log f(z) around | z| = 
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When z goes around the circle |z| = R, log z starts as log R and ends as log 
R+ 2ni, whereas log f(z) starts as log f(R) and ends as log f(R) + 277 N, if there 
are N zeros. Thus the change in [log f(z)] (log z) around the circle |z| = R is 
(8) (log R + 277) {log f(R) + 2niN} — (log R) {log f(R)} 
= 2ni {log | f (R) |+ N (log R+ 2ni)} 
Dividing (8) by 2 mi and taking real parts, we have 


1 
(9) err Sd log f(z) ||-)-2 = log| f(R)| +N log R 
It now follows from (7) and (9) that 
N ] p2n , 
(10) -& log|z, |=log|,f (0) | + Nlog R- —| log | f(Re®) | d0, 
j=l 27 40 
that is, 


1 2x ; N R 
(11) —| log | f (Re®) | dO — log | f (0) |= > log —. 
aa i=” |z,| 


This proves Jensen’s theorem. 


IER] SOME CONSEQUENCES OF JENSEN’S THEOREM | 


Observe that if f has no zeros, then log f is harmonic and Jensen’s theorem reduces 
to the mean value theorem for harmonic functions (see Theorem 4, Chapter 10). 
Jensen’s formula also shows that if | f(Re”) | is not large, there cannot be too many 


zeros in |z| < R. 


Let n (t) denotes the counting function of the zeros (that is, the number of 
zeros of modulus less than f). The right side of (1) (Jensen’s formula) can be written as 


R 
[ t'n (ft) dt. 
This is due to the fact that n (f) is a step function that jumps by & when ¢ 
crosses a value for which the circumference |z| = t contains k zeros. We consider 


the case when no circle | z| =¢ contains more than one (simple) zero and the general 


case can be carried out in the same way. We have n (0) = 0, since f(0) # 0, and 


n (t)=0 for 0<t<|z,|. Thenn (4) =1 from |z, | to |z, 


,n(t)=2 from |z, | to |z; 


3 


and so on. Thus 


lz| d la| d d 
erate Wiinec? Mirman Wier 


= log |z, |—log |z, | + 2 (log |z; | — log |z, » 
+... + N (log R— log ley ) 
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=— log |Z | — log |Z | —...—log lay | +NlogR 


+ log —+...+ log — 


R 
= log —— 
|Z: [Z| 


Note that if | f (0)| = 1 and | f (z)| <M for | z| < R, then 


le] 


R n(t) 
(12) [ — dts max log | f (z)|- 


This inequality puts a restriction on the number of zeros that such a function 
can have in a disk |z| <r<R. This can be easily seen by considering the following 
simple case: 

dt 


R/i2 ¢ 


n(R/2) log 2 =n (R/ 2) 


R n(t) 
< le —— dt<log M 
In order to understand and give more precise statements regarding inequality 
(12) we solve below two exercises. 

Exercise 1: Let f be an entire function and | f (z)| < Ae"l”| where A and B 
Z,|=n(n=1, 2, 3,...). Then f(z) = 0. 
Suppose that f(z) # 0. It follows from Jensen’s formula that f(0) # 0, 

R 1 2m , 
| 2 y= | log | f (Re®) | d0 — 
0 t 2m 40 
where n (f) is the number of zeros z, with | Zz | <¢t. Iff(0) =0, then we can consider 


a 


the function ~~, where p is the order of the zero at 0. Then Jensen’s formula 


gives 


R 27 ; 
| | log | f(Re®) | dd — p log R— log | f (0)|. 
0 ¢ 27 40 
Since f has at least one zero of modulus k, k = 1, 2, ..., [R], we may take 
roughly that 7 (4) is at least ¢, so 


R 
iN t'n (t)dt= R, 


27 
and af log | f(Re®) | dO < log A + BR, 
2m 40 


therefore we have a contradiction for large R if B> 1. 

Using the same ideas as above we proceed as follows: 

We have n (t)=0 for0<t<1,n(21 forl <t<2,n(#) =2 for2 <t<3, and 
so on. Hence n (f) = [¢] (the integral part of ), and 
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[Ri ¢—1 R n(t 
[R]—1 log (R]= fi ars f° "Oa 
1 pen . 
= el log | f (Re®) | d0 — p log R— log | f (0). 
Since log | f(Re®) | < log A + BR, it follows that 
[R] — 1 — log [R] < log A+ BR —p log R — log f (0). 
But this is impossible for large Rif B < 1. 


Exercise 2: Let f be an entire function with | f (z)| <A exp (B | Zz ive Let f 


has at least n zeros on each circle |z| =n (n= 1, 2, 3,...). 
Then f(z) = 0 provided B < 1/4. 
Assume (as in the above Exercise 1) that f(0) # 0. Then 
n(t)=>14+24+3+..4+[4 


- Ws) or about S 
m pr 


R ‘z 2 
Hence I t' n (t) dt is approximately =| tdt= _ 
0 


However, 
1 21 
——— i0 2 
ral log | f (Re®) |d 0 <log A + BR, 


therefore we will get a contradiction if B < 1/4. 
Using the same ideas as above we proceed as follows: 
(¢-Dt 


We have err 


R n(t) 1 (lal 
1 
[ dtr>> J (t—1) dt 


! 2 
aq els 


] 1 27 
= _ 2: =, i0 
whereas ra p< 5], log (Re) | a0 
< log A + BR’. 


We now consider the case when f has infinitely many zeros in | z| < 1. Suppose 


now that fis analytic and bounded in the disk |z| <1. Let | f (z) | <M, and number 
the zeros in order of increasing modulus. Then by Jensen’s formula, when R < 1, 


J 


R 1 27 
03) & eTTsItog|FO)|1+5,-J. low| seer) | a0 


|z,|sR 


<|log|f(0)||+log M. 
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Since the right side of (8) is independent of R, we can let R > | and get the 
inequality 
= 1 
(14) x | <| log | f(0) | |+log M. 
= 


J 
Since |z ‘| — 1 as j > © (otherwise there would be a limit point of zeros 


inside the unit disk,) inequality (14) shows that the moduli of the zeros cannot 
approach | so slowly that the series would diverge. In other words, the series 


co 


Y d- |z i) must converge. This can be seen easily since 
j=l 


2; 


log Fy =— loa tz) 
= a-|z,) +50-|25)° dese 


>1-|z)]. 


iukea@ PHRAGMEN-LINDELOF THEOREM | 


In this section, we present some result which extend the Maximum Principle by 
easing the requirement of boundedness on the boundary. 


We write a complex number in the form 


S=a + it with real a, ¢. 


Phragmen-Lindelof Theorem 


Let f be analytic ina strip a, < a < a, and bounded in absolute value by I on 
the sides of the strip. Let there be a number n= 1 such that 


f(H=90 (e"") in the strip. 
Then f is bounded by 1 in the whole strip. 


Proof : By assumption, for sufficiently large |¢ 


’ 


| f(a+it)|< el’! where 4 > n. 
Choose an integer k = 2 (mod 4) such that k > . If S = re®, then 
I =r* (cos k0 + i sin k0) 
and k@ is near to 7. 


Consider the function 


h,(N=h(I=f(S e* , with e>0. 
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Then for S in the strip we have 


|A(s)|< allo cos KO 


T 
O Oy Ao 
—T 
Fig. 11.1 


It follows that for large T the function / (5) is bounded by 1 on the horizontal 
segment t = T, a,< a <q, It is also clear that | h (5) | is bounded by | on the 
boundary of the rectangle, as shown in Fig. 11.1. Hence 

|f(s)|s e” cos k0 
inside the rectangle. This is true for € > 0, and so 


| f (S)| < 1 inside the rectangle. 


This proves the theorem. 
Our next theorem gives the batter result regarding the behaviour of the 
function, and so we assume that the function is analytic in a whole strip. 


First Convexity Theorem 
Let $=a + it. Let f be analytic and bounded on the strip a < a < b for each 
a. Let 
M,(a) = M (a) =sup | f(a + it)|. 
Then log M (a) is a convex function of a. 
Proof : We need to prove that 
M(a)’-*< M(a)-* M (b)*~*. 
Consider first the case when M (a) = M (b)= 1. 
We shall prove that (a) < 1. 


Suppose that | f (s)| < K in the strip. For ¢ > 0, let 


1 
h = —_—.. 
J) l+e(S-a) 
Then the real part of 1 + ¢ (S— a) is 2 1. It follows that | h, (S) | < 1. Also, 
for t# 0 
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1 
PON ag 


> 


and therefore | f(s) h, (S) | < an 


K 
Let € be small, and choose t = + —. On the boundary of the rectangle with 
€ 


K 
sides at « = a, a = b with top and bottom + —, we find that | fh, | < 1. Hence | fh, | 
é 


< 1 on the whole of the rectangle. 
Letting ¢ > 0 we get 


| f| < 1 on the strip. 


In order to consider the general case, let 
b-s s-a 
g (S)=M a)?" M(B)". 
Then g is entire, has no zeros, and 1/g is bounded on the strip. It follows that 


| g(a + it)| = M (a) and |g(b + it)| = M(b) 
for all ¢. Thus 
Mos (a)= Mae (b)=1. 
Making use of the first part of the proof, it follows that 


Iflg| <1. 
Hence 


| f|<|g| and this completes the proof. 


Corollary (Hadamard Three Circle Theorem) 
Let f be analytic on an annulus & < | z| <7, centred at the origin. Let 
a |F@I. 
z\=p 


Then log M (p) is a convex function of log p. 


In other words, 


log (2) log M (p) < log (2) log (€) + log [e) log M (n). 
p 


Proof : Let  (s) =f (e’). Then is analytic and bounded on the strip a< a 
< b, where e* = € and e’= n. Applying the first convexity theorem we get the result. 

In order to state the next theorem we need to define the growth exponent of 
f. Let f be analytic in the neighbourhood of a vertical line o + it, with fixed a, and 
assume that 
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f(atit)=0(\¢t|’) 
for some positive number v. The infimum of all such vis called the growth exponent 
of f, Denote this by y (a). It follows that 


eae 


flat i)=0(|t 


for every ¢ > 0, and yw (a) is the least exponent which makes the inequality true. 


Second Convexity Theorem 


Let f be analytic in the strip a< a < b. Assume that for each a, f (a + it) grows at 


most like a power of | t|, and let w (a) be the least number = 0 for which 


w(a)te 


f(a+ it)=0 ({t)) 
for every €> 0. 


Assume also that 


G 
f(atit)=0(e'") 

in the strip, with ©, 1<¢. Then w (a) is a convex function of a . In particular, y (a) 
is continuous on [a, b]. 

Proof : \t follows from Phragmen-Lindel6éf Theorem that there is a uniform 
K such that 

f(a + it) =0 (\t|") in the strip. 

Write 
s-a 
5a, Ww (b) +8) 

—a 


Note that M_ (s) is the formula for the straight line segment between y (a) + € 
and w (6) + €. It can be easily seen that the function 


b-s 
M,(s)=5— [w (a) + €] + 


f(s) (-is)“ is bounded on the strip. Since we get now that 
w (a) < M_(a) for each a in the strip, and every ¢ > 0, the theorem follows. 
We conclude this section by observing that Phragmen-Lindel6f theorem gives bounds 
on the middle. 


[IEEE THE GAMMA FUNCTION | 


The gamma function is defined initially by 
© dt 
= Zz =f ais 
(5) FQ [ fe! —,Rez>0. 


In order to see that I is analytic for Re z > 0, we need to know that the 
integral converges uniformly on each compact subset of the right-hand half plane. 
The proof is not very interesting and so we omit them. We shall now establish the 
following useful result: 
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(16) I ¢+1)=2I () for Rez>0. 
In order to show that (16) holds, we consider 


Be ost 
J te” dt. 


0 
Integrating by parts (differentiating e“ and integrating f') we get 


get fF 


rR fk | 
i+] fe dt. 
z #0 


When R > ©, the integrated terms drop out because 
lim e* R? = 0, and the integral becomes I (z + 1). 


Roo 
Thus we obtained 
T (¢+ 1) =2I (@), when Re z> 0. 
This is called the function equation for the gamma function. It is easy to 
check that when 7 is 0 or a positive integer, then I (n + 1) =n! 


Integrals like (15) are called Mellin transforms. We write a because this 
t 


expression is invariant under “multiplicative translations”. This phrase means: Let 
f be any function which is absolutely integrable on 0 < t < «, Let c be a positive 
number. Then 


[ reoS-f ro%. 


This can be verified by the change of variables formula. Note that, by replacing 
t by nt where 7 is a positive integer, 


1 © dt 
(17) —=| ep for Res>0. 
n 0 t 
3 n~ is called the Riemann zeta function of the complex variable s. 
n=1 
We shall now obtain a very useful formula for the gamma function. Let 
(18) (p= [ te dt, p>0. 
Setting t=’ in (18), we have 
5 [” yo-1 5-9 
T(p)=2 I yr! eo dy, 
Similarly, we have 
5 0° yaq-1 5” 
T (p)=2 [ xI-le™* dx 
Thus 


ay reyr@=4], fer aay 
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Now, writing the double integral in polar co-ordinates in (19), we get 


o 2 m/2 
P(p)P(q)=4 [ e” rdr J (r cos 8)! (r sin 8)? ~! dO 


0 


oa) 3 m/2 
=4[° ee dr | (cos 8)" (sin 0)! d0 
m/2 
(20) =2r @+q) J (cos 6)! (sin 0)! a0. 


1 
Ifwe take p=q= 


, we get 

© 9 1 
J e* dan. 

0 2 
Next, let x = sin? 0, 1 -x = cos’ 0, dx =2 sin 8 cos 0 d0; 
T/2 1 

(21) 2. (cos 6)! (sin 6)2-! d0 = i} 1 (1 — x9"! de, 
The right-hand integral in (21) is called the beta function B (p, q). 


Now let x = =—a then 
l+y 


p-1 


ee 
Bpg=\| = wy. 
PD-), Gq type Y 
It now follows from (20) that 
PPE) 
22) Bip, d= = 
22) BO.D-=Fora 
If0<p<1andq=1-—p, then 
00 p-l 
(23) [° ~~ dy=T@) rp). 
0 l+y 
The left-hand integral of (23) is equal to— * when 0< p <1 (see worked 
sin 1p 


out example 27). Hence we obtain 


(24) T@rd-2a= ,0<z<l, 


sin 1Z 


1 
In particular, we take z = 1/2 to get T (5) =m. Since P (1 —z) = 0 when 


z=0, 1, 2, ..., it follows that D(z) is never 0. 

Using (24) it can be seen that Tis analytic on the line Re z=0 except atz= 0. 
This is due to the fact that (1 + z) is analytic and not zero for Re z = 0, and so is 
Tl @z)=-2/[l (+2) sin 22] except at z = 0. 
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(Stirling’s Formula) 


Stirling’s formula is the asymptotic development of the gamma function. 
The following is the statement giving an exact error term: 


1 oo 
(25) logI (z)= [: - logz—zt I log (2) — i) F (t) dt, 
2 2 0 zt+t 


1 
where P, () = [¢] -¢+ ry a periodic function of period 1 with average 0 over a 


period ([t] denotes the largest integer < f). 

We do not prove Stirling formula in this form. Stirling formula with 
expressions that involve factorials are proved at the end of the book (see Exercise 53). 
This formula is useful in probability and statistical mechanics. 


We now prove another simple formula which is called Euler’s summation 
formula. 
Euler’s Formula 


Let f be any continuously differentiable function of a real variable. 
Then 


n n ] n 
26 Y sH=f) far soM+soOy+f, Posrod 


Proof: Note that P,’ (¢)= 1 for ¢# an integer. Integrating by parts (with u= P, 
(¢) and dv = f'(2)), we have 


k 
J Porod=P,oOfOla-f roa 
1 


k- 


1 k 
= WH+fk-I)-J sae 
We take the sum from k = | to k =n. Adding the integral 


n 1 
[, £@ dtand = Fn) +O) 


we get the sum b> f (&) on the left side of (26). 


k=0 


We now apply Euler’s formula for the function f(t) = log t. We have 
n 1 7 
— = —| 
log n! J log t dt+ 5 logn + J t'P(t)dt 


Hence 


n!\ ~n" + (1/2) e"T (n), 


186 THE ELEMENTS OF ComPLex ANALYSIS 


where lim t (7) =A exists, by using the reasoning used in proving the convergence 


nao 
of the integral of the type 
— 
| sin xX 
0 x 
Some more problems are solved on these topics and interested readers can 
see the solved exercises at the end of this book. 


EXERCISES 


1. Suppose that fis an entire function of order less than 2, that is, 
| f (2)| <4 exp (B|z[?*), €> 0, 


where A and B are constants. Assume that f(m + n) = 0 for all integral m and n. Then 
prove that f(z) =0. 
2. Suppose a,, a,, ...,@, are the zeros and b,, b,, ..., b, are the poles of fin the disk 


| z| < R. Prove that 


bbs 


Lise 


log R"-" fy" log] f(re®) | a0 


1 
20 
3. Suppose that fis the entire function such that | f(@) | <c (s)e*l?! for every € > 0. 


Suppose also that fis bounded on the real axis. Then show that fis a constant. 


4. Let Vbe the right-half plane. Let f be continuous on the closure of V and analytic on 
V. Suppose that there are constants A > 0 and a < | such that 


|f@|<4el! 
for all z in V. Suppose also that fis bounded by | on the imaginary axis. Then prove 
that fis bounded by 1 on / Prove also that the result does not hold if a = 1. 
5. Find the radius of convergence of 
Y2"T (n+ 1/2)/n! 
6. Prove that for Re z= 0, 


I’ (2) _ es eo e 7 
Teh [< a 


1? ELLIPTIC FUNCTIONS 


We assume that the reader is familiar with the preliminary notions of abstract 
algebra, which are very essential for the general theory of elliptic functions. We 
begin with some basic definitions. 


EPAN GRouPS | 


A group is a set G together with operation defined between a, b € G ((a0 5) or ab) 
satisfying 
(i) foralla,b e G,abeG; 
(ii) a (bc) = (ab) c; 
(iii) there exists an element e € G (called the identity element) such that 
a-e=e-a=aforallaeG; 
(iv) to each element a ¢€ G, there exists an element a” € G (called the inverse 
to a) such thataa'!=a'!a=e. 
A set G satisfying just the first two axioms is called a semi-group. If G is a 
group and if for all a, b € G, 
ab = ba; 
then G is called abelian. 


A subset S of a group G is called a subgroup if S' is itself a group with 
respect to the operation in G. 


A lattice is the complex plane C is a subgroup which is free of dimension 2 
over the set of integers, and which generates C over the reals. 


Let w,, w, be a basis for a lattice L over the set of integers. We write 
L=[w,, w,]. 
Such a lattice is illustrated in Fig. 12.1 
Let L=[w,, w,] and let B € C. The set consisting of all points 
bt iw +t, wyOsied 
is called a fundamental parallelogram with respect to the given basis for the lattice. 
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Note that we can also take the values 0 < t< 1 to define a fundamental 
parallelogram. 


Fig. 12.1 


If z, and z, are two complex numbers such that z, —z, = m 2w, where 2w is 
fixed complex number and m is an integer. Then z, is called congruent to z, 
(modulus 2w) and is denoted by 


Zz, =Z, (mod - 2w). 
Ifz, and z, are two complex numbers such that z,—z, =m 2w, +n 2w,, where 


w, and w, are complex numbers and m, n are integers, then z, is called congruent to 
z, (modulus 2w,, 2w,) and is denoted by 


Zz, =Z, (mod 2w,, 2w,). 
Let a function f be defined on a region Q. If f(z,) = f{z,) for all z,, z, € Q 


where z, — z, = m 2w for at least one complex number 2w (m an integer), then the 
function fis called periodic with period 2w. 


: “OT Pee ’ : : 
Note that exp z, exp mz, sin z and sin 7 z are periodic functions with period 


2Ti 


2ni, , 2n and / respectively. 
m 
If the periods of a periodic function fare expressible in the form m2w,, then 
fis called simply periodic. 
If the periods of a periodic function fare expressible in the form m2w, + n2w,, 


where m and v are integers, then fis called doubly periodic. 


EP? ELLIPTIC FUNCTIONS | 


An elliptic function is a meromorphic function on the complex plane C which is 
doubly periodic. In other words, an elliptic function fwith respect to the lattice L is 
a meromorphic function on the complex plane C where 
f(z+w)=f(z) for allz € Candw e€ L. 
Observe that fis periodic iff 


fEtw)=fZ)=fe + w,). 
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We state some useful properties of elliptic function and the proof is left to 
the reader. 


We assume that 0 < arg (2w,/2w,) < 1. 


Properties: (i) The sum, difference, product and quotient of any two 
co-periodic elliptic functions are also elliptic with the same period. 


(ii) The set of all co-periodic elliptic functions forms a field. 


(iii) A rational function of co-periodic elliptic functions is an elliptic function 
with the same period. 


(iv) The derivative of an elliptic function is an elliptic function with the same 
period. 


(v) An elliptic function which is entire is a constant. 


Theorem 1. Let P be a fundamental parallelogram for the lattice L. Let OP 
denotes the boundary of P. Suppose that the elliptic function f has no poles on OP. 
Then the sum of the residues of f in P is 0. 


Proof: Let P (Fig. 12.11) be a fundamental parallelogram. 


Zo + 2Wy Zo + 2W, + 2Wp 


Zo Zo + 2w, 


Fig. 12.11 
By Cauchy’s theorem, the sum of the residues 


2» Res f= =I, f(z) dz. 


Now 


,, foe. ON ta) de+ fo 2) dz 


is (on fle) dz + f sy, LE 


20 
Zo t2w, +2w Zot 


Zg t2wW, 9 t+ 2wy 
=[" fat] f(z + 2w,)d(z +2) 


Zz 
i) 20 


+ i f(z+2w,)d(z+2w,)+ J . f(z)dz 


20 
Zo t2 


=P" Y@— fet Iw dz+ [7 Fe +2m)— fO} dz. 
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Since f(z + 2w,) =f(z), f( + 2w,) =f(2), it follows that 
[,, f@« =o. 


Thus the theorem is proved. 

Theorem 2. Let P (Fig. 12.11) be a fundamental parallelogram. Suppose 
that the elliptic function f has no zero or pole on OP. Let {z, be the singular points 
of f inside P. Suppose also that the function f has order m, at z,, Then 

&m,= 0. 

Proof : Since fis an elliptic function, then f'/ fis also an elliptic function. It 

follows from Theorem | that 


i; 70, 


2ni Jor f(z) 


= sum of the residues of i) at singularities inside P. 
Z 
= im, 
Theorem 3. Let the hypotheses of Theorem 2 hold. Then X m,z,=0 (mod - 
2w,, 2W,). 
Proof : Since Res z, 1) = m,z,, then 
1 om 
J es) dz=Xm.z. 
2ni “oP f(z) -- 


We now compute the integral over the boundary of the parallelogram. 


1 : f'(z) jes 1 i +2, : f'(2) & +f" +2w, +2w, PCS) 4p 

2mi “oP ff (z) 2mi | #20 f(z) Zp +2, f(z) 

+ ii “ z f©) dz + la Zz fe) dz 
Zo t2w, +2wy f(z) Zo t2wy f(z) 


= A. if +20, Gs 20,)} i Hae i: +2wy ee ow, ze f'(z) | 


2Ti f® 
= we a, le eames JAZ) dz—2w, \. eco ad, | 
2ni 2 f(z) 2 f(z) 


| Zy +2w. Zo +2W, 
= 5 2willog fk:  _ 2w, [log f(z] *” 


— (4nimw, + 4ni nw,) 
2ni 


=m2w, + n2w,. 
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Hence, we conclude that 
2X m,z,=0 (mod : 2w, - 2w,). 


Wax WEIERSTRASS’ ELLIPTIC FUNCTIONS | 
In order to define Weierstrass’ Elliptic function we need an important lemma. 
Lemma: /f > 2, then 
; 1 


mn (2mw, +2nw,)" 


converges absolutely. Note that the summation & X' extends over all positive and 
negative integers m, n not simultaneously equal to zero. 


Proof: Let S, be the sum of the terms ; . Note that we consider 


(2mw, + 2nw,)" 


two alternatives i.e. either 
m=+k,-k<n<korn=+k,-—k<m<X<k. 
1 


nes 
k |(m2w, +n2w,)|" 
< 8k —_ (h=min(|2w, |, |20,)) 
(kh)* : 
_8 1 
oe 
Hence, & S, is absolutely convergent for 1 > 2. Let 


1 


ssm|s2w, +t2w, |" 
t<n 


mn 


N 
Then S,< 2 Sh 
where S’ is the sum obtained by adding absolute values of the terms of S, and & = max 


(m, n). Thus the lemma is proved. 
The Weierstrass function is defined by 


1 1 1 
P = 7 
ars fm, @ | 


mn 


where Q. #0, Q 


mn mn 


x ' extends over all positive and negative integers m, n except m = 0, n = 0 
simultaneously. 


=m2w, + n2w, = 0 (mod, 2w,, 2w,). Note that the summation 


Observe that the series expression for P shows that it is meromorphic with 
pole of order two at O 


mn 


We now show that the series for P(z) converges absolutely and uniformly for 
every z except z= Q 


mn* 
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1 1 
(z _ Onn) OQ; 


mn 


ll 22 = 2 
Oo (z = On vg 


< 1212 mn 14125 12 | 
| Qin P [1-(z/Qu,) P 


3| Qin [2 | 


| Qinn [L/L pen) 


mn 


provided | z | <|Q 


mn | 


12 : 
< z|, provided |z|<|Q. |. 
0, | |, P |Iz|</Q,,,| 
: : 1 1 
Thus the series 2X ; 5 
(z = On) On 


mn | 


1 
is absolutely and uniformly convergent for | z | < - | Q 


Properties: (i) The function P (z) is an even function. 


1 ”" 1 1 " l ! 
Proof: P(z)=—z + 22 fe y Q? jz [ y a} 


mn mn mn 
where Q) = m2w, + n2w,, Q', = —mw, —n2w,; mis positive integer and n is any 
integer. 

Note that the summation XX” extends over all positive integers m, any integer 
n except m = 0, n = 0 simultaneously. Setting —z for z in the above expression for 
P(z), we find that P(z) = P(—z). 

(ii) The function P (z) is doubly periodic with periods 2w,, 2w, 


1 1 1 
Proof:  ®(z)=—+ >>! 
7 z " aay Oo | 


mn 


1 1 1 _ 1 1 
a aa 2 aT _ 2 2 f° 
z (z-2w,) (Qw,) (z-Q,,) QO 


mn mn 


Note that ©” is a summation for all m, n except m=0,n =0 andm=1,n=0. 


| 1 1 rf 1 | 
P(z+2w)==>+ r ge ee 5 5 
; Z (z + 2w,) (2w,) (z te 2W, = Qn) Qin 
Ss tt ee 
Z (Z - Qin) Qin 


Similarly, it can be proved that 
?(z +2w,) = P(Z). 
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Note that the function # (z) is elliptic but a doubly periodic function need not 
be elliptic. For example, the function exp [P(z)] is doubly periodic but not elliptic. 
The derivative of ? is defined by 


2 2 
P'(z) = ; ’ 5 
Z (2-Quin) 

(2-Q2 py) 


Note that the summation  & is extended over all positive and negative integral 
values of m and n and m=0,n=0. 

Observe that ?’ being the derivative of Pis an odd elliptic function with the 
same periods. 

We now obtain the power series development of ® and ®' in the 
neighbourhood of z = 0 from which we shall get the algebraic relation holding 
between these two functions. 


Theorem 4. The function P (z) is representable by the power series 


P(z)= oa x ays 2 
VA k=1 
where a, =(2k+ 1) DD! QL +), 


Proof: Note that the function P(z) — = is analytic in the neighbourhood of 
Z 


z= 0 and so is expressible in a power series of z in | z | =| 2w | where | 2w | = min 
(| 2w, |, | 2w, |). 
Write ye l ; : 
(z -_ Qn) Qin 
= 2D ; : 


2 2 
fe) 2 1- Zz Q mn 
mn OQ. 


2 
= 22! | + ~ +f 


mn mn 


v 


-23'[r0+n =| 


mn 


mn 


, 1 Vv 
a, Z 


Vv 


x 
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1 


v+2° 
mn 


But P(z) is an even function, so a, = 0 for all odd integral values of v. Hence, 
the result follows. 


where a= (tl) 22! 


It follows from Theorem 4 that ?'(z) is represented by the power series 


Pr ()=— = 2a, 24a, ZF. 
where a, = (2k+1) ZX! ge), 
Theorem 5. Let £=20a,=60 Er OF 
and g,=28a,=140 Lr’ O*. 
Then Preah =p P =p, 


1 
Proof: Wehave P(z)=— +a z’°+a,z"* 
Z 


2 
and OC) == 262 Ade his 
Z 
where G3 22! OF a =H 22 OO. ete. 
Then @”?(z)= as = ea — 16a, + terms involving positive powers of z. 
Z Z 
gee a A Oy ‘ ‘ 
P*(z) = > +—}= + 3a, + terms involving powers of z. 
Z Zz 
_ 20a, 2 72 4 
Now 20a, P(Z) = —* + 20a,’ 2’ + 20a,a,z*+...+.... 
Z 


Thus 
(1) P"(z)— 4? (z) + 20 a,P(z) =— 28a, + terms containing powers of z. 
The left side of (1) is an elliptic function of order zero and so is a constant. It 
now follows from equation (1) that 
C=— 28a, where C is a constant. 

Hence P” (z) = 4? (z) — 20 a, P(z) — 28a, 
where B=322) Oa Hae 
Writing 20 a, = g, and 28 a, = g,, we obtain 

(2) P”=4P*-g P-g.,. 


FEPZ9 THE ADDITION THEOREMS | 
Theorem 6. The function P satisfies the algebraic relation 
P'(u,) Py) 1 
P'(u,) P(u,) 1) =0 
—P'(u,+u,) P(u,tu,) 1 


where u,,u, are complex numbers. 
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Proof: Let u',, u', be points in the parallelogram such that 
u' =u, u, =u, (mod - 2w,, 2w,). 
Define the function y by 
w(z) = ®' (z)—a P(z)— 5b. 

Note that y is an elliptic function. Since P and ?' have poles of order two 
and three respectively at the origin, so y has a pole of order three at the origin. It is 
clear that y must have three zeros in the fundamental parallelogram. Let the zeros 
be denoted by u', u;, wu, where 

u, + u, + u,=0 (mod - 2w,, 2w,). 

Thus, ? satisfies the equations 

P' (u')—aP(u')—b=0 
Pu) — a? (u,)—b=0 
f(a) =a j—b=0 
Eliminating — a, — b, from the above equations, we get 
Pui) P(uj) I 
P'(u,) Plu) 1|=0. 
P'(u3) P(u3) | 

Since ul =u; u, =u, ; and u,=— (ui, + uw) (mod - 2w,, 2w,), 
the result follows. 

Theorem 7. The function P satisfies the algebraic relation 

| eed a] 
4} P(u,)— P(uy) 


P (u, + u,)=— ® (u,)— Plu,) + 


where u,, u, are complex numbers. 
Proof: Write 
p,= Plu), p= P'(u) 
where i bu, ru, = 0. 
Proceeding similarly as in Theorem 6 we find that p,, p/ satisfy the equations 
(3) y-ax—b=0 
and 
(4) y=40°-gx-g, 
where y=P' (u),x=P (u). 
Thus, p, satisfy the equation 
(5) 4¢-g7-—2,=(ae+ by =0 
i.e. Ax’ — a? x° —(g, + 2ab) x —(g, + b*) = 0. 
2 


a 
We have P,+P,+P,= > 
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. 2 +2ab 
P,P. Pi P37 Py P3 = 4° 
g,+b° 
and ON 7. 


Solving (3), we obtain 


Pi- Ps b= PiPs — P2Pi 


a 
Pi ~ P2 Pi ~ P2 
a 1 Pi- Ps : 
Hence p,+p,+p,;=—= | i). 
4 4\ py -P 


This proves the theorem. 


2 
Coralia 2055300) E 2 
4| pz) 


[EP THE WEIERSTRASS’ ZETA FUNCTION | 
The Zeta function is defined by 


| ; 1 1 Zz 
(6) poe [= "a +e: }. 


mn mn 


where Q = 2mw, + 2nw, and m, n are integers, not simultaneously zero. 

Note that the summation >’ extends over all integers m, n except m = 0, 
n = 0 simultaneously. 

It follows from the absolute and uniform convergence of the series for P(z) 
that the series for € (z) in (6) converges absolutely and uniformly. 

Observe that ¢ is an odd function. Observe also that €¢ and ? are connected 
by the relation 

(7) P@)=-C' ©). 


Theorem 8. The function C is represented by the power series 


C@= a a a 
z 3 5 (2n+1) 
where a, = 220 (hr 1). Qe, 


Proof: €(2)= > SE! |=as' —: mal 


mn mn 


Since € is an odd function, hence, the coefficients of z* for k= 1, 2, 3,... in 
the above expression are zero. Thus the theorem is proved. 
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Properties: (i) C(Az, kw,, kw,)=k"' C(Z, w, , w,), where k is scalar. 
This follows from the definition of the function C. 
(i) $C @+2w)=C@+2n,; 

¢ (z+ 2w,) = Cz) + 2n,; 

where n, = Gw,) and n, = C(v,). 

Proof : Observe that 

Cet 2w)=-C@) ==? er 20) +?) =0. 
Integrating we obtain 

C(z + 2w,) =C(2) + 2n,, 


where 2n, =SC w, + 2w,)-C- w,) 
= 2E(w,) 
Thus n, = Gw,)- 


The second equality of (ii) follows similarly. 
(iii) Legendre Relation 


T . 
TW, — TW, = 5 FE 


Proof : We integrate around a fundamental parallelogram P (Fig. 12.11). By 
Residue theorem, 


[. C(z) dz =2ni > residue of 6. 


Since € has residue | at 0 and no other pole in a fundamental parallelogram 
containing 0. Hence 


Jip S@) & = 2m 


We now compute the integral I, C(z) dz. 


a=), 


0 


o+ 


2w, Zo t2w, +2w 
Ca)dz+ [°C le) de 


+ if ™ te)@4 bare C(z) dz 


Zo t2w, +2w 


=f ee +2) Geo} de — FP" ele +20) Ge} de 


0 


= 47,w, — 4n,w,. 
TT 
Hence 1,w,-1,W,= > 1. 


Note that it follows from the property (ii) that C is not a doubly periodic, so 
it is not an elliptic function. It follows from Legendre relation that n,, 7, cannot be 


both zero simultaneously. The numbers n, and n, are called basic quasi periods 
of C. 
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[EPX3) THE WEIERSTRASS’ SIGMA FUNCTION | 
The sigma function is defined by 


1 2? 
8 0 (z)=z IL 2/1 . = 4 : 
( ) ( ) min { Quin °*P [2 2 Q? I 


mn 


Note that multiplication is extended over all positive and negative integers 
m,n except m= 0, n = 0 simultaneously. 


Properties: (7) o (kz, kw,, kw,) = ko (z, w,, w,) 
d 
(ii) Flog o(@)] = Ce). 


(iii) The function o is represented by the power series 


C2) =e C2 Cr a Ce rs 
_ & _ & 
where C= 740° C, 34077” 


The proof of (7) and (ii) follows from the definition of the function C. 
Proof of (iii) : We have 


log o(z) = f {co - } dz 
2 0 z 


2 2 ta gent 
=| Ay —-a,——...ayn —...p dz 
0 3 5 (2n +1) 


a, a 
12 30 
Thus o(z) =z exp [-z* O(z)] 
a, a 
where = 24 7457 4 
2)" 19 *30 
7 
ie, c= {1-490 +20 +1 
_ a, 5 ag z7 
12 30 
Hence SQ=2te 2 to 2) tee 
where = ae &2 _ 4 _ & 


12 240°? 30.~—«840° 
(iv) o is an odd function 


This follows from the property (iii). 


(v) The function o and ® are connected by the relation 
2 


d 
P(z)=- “ae {log o (z)}. 
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This follows easily. For, 
P(z)= as 
@=-=6@) 


=- £ {log o (z)}. 


Theorem 9. The function o satisfies the relation 


Q 
o(Z + Qin ) = (— Ws oe exp {2M c + Sas | at) 


where 21, = 2aM, + 21M, : 
Proof : It follows from property (ii) (12.5) that 
CZ +2,,)=S@) + 2M,, 
o'(240,,) .o'@) 
o(z+Q,,)  o(z) mr 
Integrating, we get 
logo (z+Q )=logo (z)+2n, 2+C 


mn mn 


where C is a constant. 


Thus o(z+Q )=exp {(2n 2+ C)} o &) 
Q 
= exp (2M [= + ses + ct Oo (z) 
i.e. 
Q 

(9) o(z+Q )=Aexp {2m [: + ve at). 
where A=. 

We need to determine A. 

If m, n are not even, then Oni ignota period. Setting z=— —~ in (9), we 
get 


Ifm, n are even, then Qin is a zero of o (z). In this case, by using L’Hospital’s 
2 


rule, we get 
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: ; F ; Q 
The function o’ is an even function and it has no zeros at 7 . Note that o 


has simple zeros at Q.. Hence, 
.@) 
o(zZ + Q.) = ( = Ly rerens exp {2m [: ae a a(2)| . 
The following properties of the function o are the special cases of Theorem 9. 
Properties: (vi) o (z + 2w,) =— exp {2n, (z+ w,)} 6 (2); 
o (2 + w,) =—exp {2n, (2+ w,)} 6 @); 
o (z+ 2w,) =—exp {2n, (z + w,)} o (z). 
6 o(z - 8) 
T — 
wi) Ff w= Ts 
then =y(zZ+Q,,) = exp {2n,,, (6—B)} w ©). 
Theorem 10. Let B be a complex constant other than the periods. Then 


r()— 9p) = SO. 


Proof : The function P(z)— P(B) has zeros at B and—, and has a double pole 
at 0. Hence 


(10) P(z)— e(B)=A plead leas) 
O° (z) 
where A is a constant. 


Multiplying (10) by z’ and letting z > 0, we find that 


= 
o°(B) 
o°(z) : 
Note that —— — 1 and z’ P(z) > 1 as z — 0. Thus the theorem is proved. 
Z 


EXERCISES 


1. Prove that 


P"(z) 
P'(z) 


P' (2z) = {P(z) — P(2z)} — P'(z). 


2. Prove that Pz + wy) _ [ae - le 
P'(z) P(z) — P(w,) 


3. Prove that 
{P(z) — P(1/2w,)}? {P(z) — P(w, + 1/2w,)}? 
7 {P(z)}? 


P(2z) — P(w,) 
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4. 


10. 


11. 


12. 


13. 


14. 


15. 


Prove that if 3w is a period of P(z) then 


{P(z)— P(w)} {P(z+w) + P(w)} {P(z + 2w) — P(w)} = P”? (W). 


Prove that 


{P(u) P(v) + F.gy}° + {P(u) + P(V)} g3 
{P(u) + P(v)}? 


P(u+v) P(u—v) 
Prove the following 
() 2@)-702)=1 4 fog er@). 
4 dz? 


P'(u+v) P'(u—v) 


Cee Tanah ea 


Prove that 
26 (22)=C@)+C@Z-w)+o@tw, +w,)t+¢ @-w,). 


Prove that aoe is a doubly periodic. Also, prove that 
{o(z)} 
0(3z) 
o° (2) 
Prove the following 
P"(z) 
0 pe =262)-4@ 


(ii) 36 Gz)— 9S) 


=3P(z) P?(z)- 70" (z) 


_ P'*(z) 
P*(z) -1/2 g, ®?(z) — g3 P(z) - 1/48 g5 
Prove that 
P'(z)— '(B) 
=2C (z+ —2C(z) -2 : 
22) ~ PB) €@+ B)—26 @ —2¢ (8) 


Using this result prove that if, + u, + u,=0 then 
(Cu) +S (u) +6 u)}P + Ou) + C' (u,) + C (us) = 0 


Prove that 


— 20(z — w,) o(z — Wy) o(z — W3) o(Z) 


3(W) G(w2) o(w3) 


6 (22) 


o(2z) 
o'(z) 
20(z — w,) o(z — W,) O(z — W3) 


o°(z) 6(w,) o(wz) 6(W) 


Prove that P' (z) = 


Prove that P’ (z) = 


0(2z) 


Prove that = 26" — 36 (z) 0! (z) 0" (z) + 0? (z) 0” (z). 


o(z 
The associated sigma functions 9, (z) are defined by 


o(z + w;) (= 1.2.3) 
o(w;) , _ 


Prove that the functions o, (z) are even functions of z. 


o, (z) = exp (-n,)z 
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13 ANALYTIC CONTINUATION, 
DIFFERENTIAL EQUATIONS 


ANALYTIC CONTINUATION | 


Let f be an analytic function defined in a region Q, and let g be an analytic function 
defined in a region Q,. Suppose that Q, includes Q.. If g (z) = f(z) for all points of 
©, we say that g is the analytic continuation of fin the region Q.. 


foe} 


For example, the function f(z) = x z" is analytic at all points within the 


circle | z | = 1, the function g(z) = is analytic except at z = 1, and g(z) = f(z) 


l-z 
within | z | = 1. Thus g is the analytic continuation of f over the rest of the plane. 

There are several methods of analytic continuation of which the simplest 
(but tedious) is by power series. We indicate below how this is done: 

With every non-singular point of the original region there is associated a 
circle of convergence say, C, of the Taylor series about this point. This circle C, will 
pass through the nearest singularity of the function. By selecting a new point of 
expansion in C, another Taylor series with a new circle of convergence say, C, can 
be constructed. The process can of course be repeated indefinitely. 

If the union of sets of all such circles does not extend beyond the boundary 
of the original region, this is called a natural boundary and analytic continuation 
across it is not possible. A simple example is furnished by 


(1) J@Q= Bee Se 


This series converges for | z | < 1 and this fsatisfies the following functional 
equations 
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fe) =f@-z 
FRMA=f@-2-2 


fe") = flQ-E 2 


This shows that ifz = e” is a singularity of f(z), the roots of z” =(e”)” are 
also singularities where n is any integer. Hence, the existence of a single singularity 
on the circle of convergence implies an infinite number of singularities in every 0 
interval. Thus | z | = 1 is a natural boundary of (1) and analytic continuation across 
|z | = 1 is therefore not possible. 

If there is no natural boundary, functions which are defined and analytic in 
some region can frequently be extended to analytic functions in some larger region. 
In performing analytic continuations we must check whether the singularities are in 
the interior to any of the circles of convergence. The process of analytic continuation 
is unique and leads to the same value for a function at a point, since, the power 
series representation of the function about this point is unique. We shall discuss this 
in detail in 13.3 and 13.4. 


[EER CONTINUATION ALONG A PATH i 


A function element is an ordered pair (f, D), where D is an open disk and fis analytic 
on D. We say that (f,, D,) and (f,, D,) are direct continuations of each other if D, 0 
D, #9, and f,(z) =f, (z) for all z € D, OD.. 

Let f, be analytic on a disk D, centred at z,. Let y be a continuous path whose 
initial point is z, and terminal point is z . Let y be defined on the interval [0, 1] and 
letO=s,<s,<s,<...<s,=1 bea partition of [0, 1]. Let D, be a disk containing (s,) 
as shown in Fig. 13.1. 
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Let P= {D,, D,, -.-, D,} be finite sequence of disks such that D, 1 D,# 6 for 

i=1,2,...,n.Wecall Pa chain. We say that the chain P cover the path y if the image 
15,5, ,0ED = 012.5 hm 

If (f,, D,) can be continued along this chain P to (f', D.), we say that (f,, D) 
is an analytic continuation of (/,, D,) along the path y. 

Let y be covered by the chain P= {B,, B,, .... B } and the chain P, = {E,, E,, 
E,, ..., E,} where B, = E, = D,. Suppose that (f, D,) is analytically continued along 
P, toanelement(g , 8) and along P, to an element (/,, E’). It can be easily verified 
that 

pH hms o£. 

Since Band E_ are disks with the same centre y (1), hence g_ and h, have the 
same power series expansion about y (1). By replacing Band E’ by larger disk 
(whichever is the larger one of the two) we find that g, = h.. 

Example: Let D, be a disk centred at z, = 1 and radius greater than zero but 
less than 1. Define f\(z) = log z on D,. Let y be the circle of radius 1 oriented 
counterclockwise. Let (f,, D,) be the analytic continuation of log z along this y. It 
can be easily seen that 

fF = log z + 2ni 
near the point z, = 1. This shows that f, differs from /, by a constant, and is, not 
equal to f, near the point z, = 1. 


ikem CONTINUATION BY REFLECTION | 


Theorem 1 (Schwarz Reflection Principle). Let fbe analytic in a region Q of the 
upper half z-plane. Let the boundary 0Q. of Q intersect the real axis in a single 
segment L. Let f be continuous on QU L and let f take only real values on L. If Q* 
is the reflection of Q with respect to the real axis, then f can be continued analytically 
across L into Q*, by taking 


Fig. 13.11 


ANALYTIC CONTINUATION, DIFFERENTIAL EQUATIONS 205 


f@) = f(@) Ze O*) 
(see Fig. 13.11. 
We shall now prove a result that generalizes the Schwarz reflection principle. 


Theorem 2. With Q and L as in the statement of Theorem 1, let f, be analytic 
in Q and continuous in QU L. Suppose that f, is analytic in Q* and continuous in 
Q* UL. Suppose also that f(z) =f,(z) for allz  L. Then f, is an analytic continuation 
of f, across L. 


Observe that Theorem I follows from Theorem 2 when f(z) = A@). 

Proof : In order to prove this theorem, we need to consider a disc D, centred 
on L, with its upper half in Q, and prove that fcan be continued analytically across 
the diameter L, of D. We will then have the situation (see Fig. 13.III), where L* is a 


line segment parallel to Z and so close to L that J. f(z)dz and J, f(z)d are 


close to each other. 


Note that this is possible since fis uniformly continuous in Q U L. If Cis the 
upper half of the boundary OD of the disc D and C, is the part of OD above L*, it 
follows from Cauchy’s theorem that 


J f(z)dz =0 
LFUG 
Now we can make 
lf f@a@-[ f@al<e 
L Ly, 
Hence, 


Lecce f(z)dz =0 


Fig. 13.Ill 


Now let C* be the lower half of OD and form 


aa fw) 
Oa rrr 


(see Fig. 13.111). 
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Then F is analytic inside D. Suppose that z ¢ DA Q. Write 
1 { fowydw 7 fv) a 


ame 
27 C w-Z lL w-z 


se | S(Qw)dw SQw)dw 
C* w-Z 4 Ww-Z 
=f,@ +f. 

Since z ¢ DQ Q, we obtain 

S@ = f(2) and f(z) =0. 

Similarly, when z ¢ D 4 Q*, f(z) = 0, the reflection of D 7 Q across L. It 
follows that F provides an analytic continuation of ffrom DQ to DA Q*. The 
same argument applies to any other disc centred on L and hence fhas an analytic 
continuation to O*. 


The following theorem tells us that we cannot make a direct analytic 
continuation under certain conditions. 


k 
a,Z has radius of 


Ms 
Co 


Theorem 3 (Vivanti-Pringsheim). Let f(z) = : 


convergence r and let a, 2 0. Then a direct analytic continuation of f from a point on 
(0, r) to any points of modulus greater than r is not possible. 


Note that when a, = 0, the point r is necessarily a singular point of f, even if 


Ms 


foe) 
k ee 
tk! converges. For a series 2, a, (z—z,)*, the singular point will of course be 


at z, + r. (This point is not necessarily a singular point of the kind we have been 
discussing up to now.) 


Proof : We shall prove the result by contradiction. 


Let f(z) = = a, z* has radius of convergence 1 and a, 2 0, and a direct 
k=0 


analytic continuation past the point | is possible. Then the extended function would 


be analytic in some disc D centred at 1, and a disc centred at >? with radius r, just 


1 
greater than 3 would be contained in D U {|z|< 1} (see Fig. 13.IV). 


& ! k-n 
Then ff” le py e is : ‘ 
2) k=n(k—n)! 2 
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CQ 


Fig. 13.1V 


1 
and the Taylor series of fabout > for a real x > 1 would be 


_ & £702) 1)" 
foy= 2, (x-2) 


0 No ! k-n 
6 Ms i) 2k! «,(4) 
onl 3) teen 


Since everything 1s positive in the above expression, it follows that 


; 2 #4 Ly i fly 
i) foy= Ea 2,2 [5 3) ae . 


Note that the inner series in above equation (*) is the binomial series for 


therefore f(x) = A ay a k> 1, 


But this is the original power series for f; now with x > 1, although we assumed 
to begin with that f was not analytic in any disc of radius greater than 1, centred at 
0. Thus we got a contradiction and this shows that fcannot be continued directly 
across x = 1. 

Observe that the argument is unaffected if we assume that all the coefficients, 
except for a finite number, are positive. 


le) 
The proof of the Vivanti-Pringsheim theorem is easy if we assume that X a, 
k=0 


diverges. The following example shows this. 
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Example: Suppose that A a, z* has radius of convergence 1. Ifa, 20 and if 
2, a, diverges, then f(x) — 0% as x — 1 along the radius (0, 1). 
Proof: Since a,20and & a, diverges, it follows that 
i k=0 


N 
2 a,>M 
k=0 
where M is a given large number and N is large enough. 
Now, if 0 <x’ <1, 


N ee 
Sipe Oe" 2 Gy 
k=0 k=0 


By taking x sufficiently close to 1, we have 


M 
2 
I@)> > 
But M is arbitrary, so f(x) > ~. 


We now give an illustration which can be expressed by saying that f must 
have at least one singular point on its circle of convergence. 


Example: (1) If f(z) = 2, a, z* is analytic in | z|< Rand also at z =r. Then it 


is always possible to make a direct analytic extension of f to some points outside | 
z|<r. 

(ii) Continuing as above in (2), prove that if fis analytic in | z | <7, this cannot 
be the disc of convergence of f- 

Proof: (i) If fis analytic at z=, then / is analytic in some neighbourhood of 
the point r. If we expand fabout any point x, with 0 <x, <r, then a disc | z—x,| <r 
—x, + 6 will be in the region of analyticity off where 6 > 0, is sufficiently small (see 
Fig. 13.V). 


Fig. 13.V 
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(ii) If fis analytic in | z| <7, itis analytic in an open disc about each point of 
the circumference given by | z| =r. It follows from the Heine-Borel theorem that a 
finite number of the discs cover the circumference | z | =r; their union is an open set 
containing the trace of | z | =r and therefore contains a circle, centred at 0, of radius 
greater than r. 


1kx NOWHERE-CONTINUABLE POWER SERIES | 


oO 
We have just seen that the sum of power series X a, z‘ with a, > 0 cannot be 
k=0 . 


continued directly past the real positive point on the circle of convergence. Now we 
shall be concerned with conditions that make it impossible to continue the sum of a 
power series beyond the disc of convergence in any direction at all. There are 
functions that are analytic for | z | <7 but cannot be continued analytically outside 
this disc. Such a function is said to have a natural boundary on the circle | z | =r. 
We shall first verify that such functions do exist. 


Example: Prove that f(z) =  z”' cannot be continued outside the unit disc. 
1 


n= 
Note that the Vivanti-Pringsheim theorem shows that fcannot be continued 
past the point 1. Now consider f (ze’'*”"), where p and q are integers. When n is 
sufficiently large, n! 1 p/q is an even integer and 


em! tplg = ] 


Hence, the power series represented by f (re *”"), has positive coefficients 
when 7 is sufficiently large. Then f (ze'*”7), cannot be continued past 1 on the 
radius z = x. In other words, fcannot be continued along the ray arg z= 1 p/q. Since 
these rays intersect the unit circumference in a dense set, fcannot be analytic at any 
point of the circumference. 

We shall now introduce some new concepts which will be useful in 
understanding Hadamard’s gap theorem. 

Ifa function is defined by a power series with a finite radius of convergence, 
then we can extend the function beyond the disc of convergence by grouping the 
terms of the series. This can be done by considering only a subsequence of the 
partial sums. A power series for which this can be done is said to be overconvergent. 
We shall now construct an example of an overconvergent power series and the key 
to the construction is the following lemma: 


Lemma: Let {n,} be a sequence of positive integers such thatn,,,/n,2 


>1 and let p be a positive integer such that p > aa Then the polynomial 


p, (2) = [2?(1+2)]", when expanded in powers of z, contains no power of z that 
appear in any other P. G#R). 
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Proof : Note that the highest power of z in P, (z) has exponent pn, + n,; the 


lowest power in P 


,« (2) has exponent pn 


k+ 


; pti 
Since n, , /n,> > (1/p)+1= a, 


it follows that the difference of these exponents is pn, , ,—(p + 1)n,> 0. 
In order to construct an example of an overconvergent power series we define 


a function f by 


k+1 


f= 2 a RO, 


where - is the coefficient with largest modulus in the binomial expansion of 
k 
(1—z)"*. It follows from Lemma (with —z instead of z) that P_ (z) contains no powers 
that appear in any other P(Z). Thus, if we replace each P,(z) by its expansion in 
powers of z, we get a power series Xc, z‘ whose partial sums of order (p + 1) n, are 
just the partial sums of the series XP, (z). Observe that = c, 2‘ has an infinite number 
of terms with coefficient 1, and none with coefficient of modulus greater than 1. It 
follows that the radius of convergence of 2 c, z‘ is 1. We now show that =P (z) 
converges in a set that extends outside the circle | z | = 1; this will mean that a 
sequence of partial sums of 2 c, z* (namely, those of index n,) converges ina set that 
contains points z with | z | > 1 ; in other words, this will mean that © c, z‘ is over 
convergent. This will be possible if there are points € outside the unit disc for which 
| 61 —&) <a <1, since then a, P, (€) will be dominated by 2 | a, | a”* with | a, | 
< 1. The existence of such points is obvious, since if 
|} 1-&|<e(0<e< 1), then 
| 5° — §) |<] § ’ <a provided | § | < (a/e)!”. 
This allows |&|=1+6withd>0ifl>a>e. 
Hence, we conclude that the series X c, z‘ is overconvergent in a 


n 
neighbourhood of the point | provided that "52> 1 and p> —. The series 
Ny _— 
= c,z*has long gaps. The ratio of the lowest exponent following a gap to the highest 
exponent preceding that gap is 


eo | oe >] 
ny ptl , 


Note that the sequence of partial sums that converges outside the unit disc 
consists of the partial sums that end at a gap. Note also that the existence of long 
gaps is necessary for overconvergence, in the sense that an overconvergent series 
(whose radius of convergence 1s 1) is always the sum of a series that converges ina 
larger disc and a series with long gaps. 
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We illustrate the above mentioned fact by an example. 
Example: If p = | and 1. > 2, then the overconvergent series just constructed 
has a sequence of partial sums that converges at least in 
S=|z|<lu|z-1|<1 
(see Fig. 13. VI). 


Fig. 13.VI 


Since p = | and A > 2, it follows that p > — We need to show that 


2407 2)=2a,|20=2))" 
converges when | 1 —z|< 1. 


We know that the series converges for | z | < 1 ; the series also converges for 
| 1—z|< 1, since the series is unchanged if z is replaced by 1 — z. 


We now state and prove Hadamard’s gap theorem. 

Theorem 4 (Hadamard’s Gap Theorem). /fa, = 0 except for n = n,, where 
ee Se 1, then f (z) = x a,z', with a finite radius of convergence, cannot be 
Ny n= 


continued beyond the circle of convergence. 


Proof : Suppose that the radius of convergence of & a,z” is 1. Since f(ze’) 
0 


n= 
has the same gaps in its power series as f does, it is sufficient to prove that fcannot 
be analytic at z= 1. 


Assume that fis analytic at z= 1, we need to arrive at a contradiction. Consider 


w(z) = [dere + ol'| 


1 
—z? (l+z 
5 (1+z) 


now the function 


with p> AJA + 1. 


Ng 


It follows from Lemma that each expands into a sum of 


powers of z that do not occur in the expansions of the corresponding sum for any 
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other value of n,. Hence, the series by which we defined w is just the Maclaurin 
series of w with its terms grouped. It follows that w is analytic whenever Maclaurin 
series of w converges. 

Now, since Xa,z* has radius of convergence 1, the set E where w is analytic 
contains at least the set where 


1 P 
—z*(1l+z)| <1 


This set contains at least the intersection of the sets where |z|<1and|z+1 | 
<2. Note that the second of these sets contains all the points of the disc | z| < 1, 
except for z= 1. But by our assumption fis analytic at z= 1, the point | also belongs 


to E, since 5 z’(z + 1)=1 at z= 1. Since E contains a disc of positive radius ¢ 


centred at 1, and hence a disc, centred at 0, of radius 1 + 6 > 1 (see Fig. 13. VII). It 
follows that the Maclaurin series of w has radius of convergence greater than | and 
hence that 


1 ny 
La,|—r?(r+1 
[ere+n| 


converges for some r > 1. Since +r?(r + 1) > 1 when r > 1, it follows that Xa, ¢* 


converges for some € > 1. This is a contradiction since this series had the radius of 
convergence |. Hence the theorem is proved. 


[z+1|=2 


Fig. 13.VIl 
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DIFFERENTIAL EQUATIONS | 


In the preceding discussion we found means to extend the domain of definition of 
an analytic function. In fact, one can define analytic function in a broader set up and 
we refer (for detailed discussion) the last chapter “Global Analytic Functions” of 
Ahlfors [1]. 

The theory of global analytic functions makes it possible to study, with a 
great degree of generality, the complex solutions of ordinary linear differential 
equations. Keeping in view the application of the topic we confine ourselves to 
ordinary linear homogeneous differential equations of the second order. These are 
of the form 

(2) w"(z) + a(z) w'(z) + B(z) w(z) = 0. 

If (z—z,) a(z) = p(z) and (z —z,)’ b(z) = q(z) are analytic at z = z,, this point is 
said to be a regular singularity of (2) if 


(3) | PZ) | +1 9) 1+] 4g") | > 9. 
The point z = z, is said to be an ordinary point of (2) if 
(4) | PZ) | +] 9) 1+] 4'@,) |= 9. 


If p(z) or g(z) have a singularity at z= z,, the point z, is said to be an irregular 
singularity of (2). 

By using the methods of series substitutions for w(z) we will solve (2). 

There is no loss of generality if we take z, = 0. 

Write 


_ a = k 
(3) w@=2" ZX wz 
where 
(6) p(2)=zae)= & pez! 
(Q  — q@=20@)= % gz". 
Multiplying (2) by z’ and substituting ¢ = In z, (2) becomes 


(8) w"(e) — w'(e) + ple*) w'(e>) + gle*) we) = 0 
and (5) — (7) become 


(9) we) = = w, eros 
(10) ple)= & pe 


(I) ge)= E que 


214 THE ELEMENTS OF ComPLex ANALYSIS 


and 
(12) w(e)= 2% (k+a) w, e818 
(13) w"(e) = AG rey woes, 
Taking the Cauchy product of (10) with (12) and (9) with (11) we get 
ES k 
A ih ar a) Wi = (k aa a) Wy + % [(m al O) Pe m Win a Vk —m Wan jperees = 0. 
Hence, for k= 1 
(14) [(A + a) + (p,- I (K+ a) +9] w, 
k-1 
=— hn + O)Pe—m + Ginn n 
and for k=0 


lor rip = lag) w= 0, 
Since (2) is second order differential equation, there should be two arbitrary 
constants in the general solution of equation (2). Suppose that w, is one of them. 
Then 
(15) oP +(p,— la +¢q,=0; 
This is called the indicial equation. The two values of a say, a, and o 
determined by (15) are called the exponents of the regular singularity. Write 
P(a) =a? + (D)— la + q. 
Then (14) becomes 


2 


k-1 
(16) o(k+a) w= 2 [m+ O)Pi-m + Gym IWm- 


It follows that any w, can be determined in terms of {p,}, {g,} and the 
preceding w, provided 

(17) o(k+a) #0 for k>0. 

If the indicial equation does not have a double root (a, # o,) and (17) holds, 
(16) will give a distinct solution for each root of (15). 

If w, = 0 where w, is not arbitrary, (14) gives 

[d+ a) + (p,- 1) +a) + gJw, = 0 

and for w, arbitrary, the same indicial equation (15) is satisfied by (1 + a). Continuing 
in this way, it can be easily seen that the indicial equation must hold if there are any 
arbitrary constants in the series solution (5). It follows that there will be one arbitrary 
constant in each distinct solution. Thus there will be two arbitrary constants in the 
general solution of (2). 
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When 4 q, = (p, — 1)’, the roots of the indicial equation (15) become 
1— po 
> 
It now follows that for this a, (16) can be used to successively determine the 
coefficients in (5) for one solution with one arbitrary constant. 


(18) a= 


Again if the roots of the indicial equation (15) differ by an integer, (16) can 
be used to determine successively the coefficients in (5) for one solution. Note that 
a is equal to the root with the larger real part. 


In each of these cases (7) cannot be used to find a second solution of (2) 
where o is given by (18). Observe that in the case where the roots differ by an 
integer, the successive determinations is not possible when @ (A + a) = 0. In both 


these cases a first solution can be found. Denote this first solution by w, (z). By the 


help of the first solution, the second solution can also be determined. We indicate 
below how this is done. 


Take w(z) = f(z) W, () in (2). 
A little calculation will show that 


r(z)=A+t B| exp -J adz} 


dz 


w; (2) 


where A and B are constants of integration. A = 1, B = 0 gives the original solution, 


while A = 0, B = | gives a new second solution, say w, (z) where 


dz 
(19) w,(z) = w,(z) | exp|— | adz . 
hr fi | ( J ) w’, (z) 
Since 
Po _ P(Z)— Do 
= = 
Zz 2 
is free of singularity at z = 0, 
J adz — py Inz 


is also free of singularity at z = 0. 
Suppose that w, # 0 in (5). Then 


(20) w,,(Z) = w;(z) “ 


where g(z) is analytic and free of singularity at z= 0. Hence 
21) g@= 2 az" 


If a and a —n (where 7 is a non-negative integer) are the roots of the indicial 
equation 
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DH 1=-260-78 
i.e. p,+2a=n + 1, then by inserting (21) into (20) we have 


_ = k-n-1 
wy, (Z) = w, (z) A a J Zz dz 


k-n 
When the indicial equation has double root, (22) becomes by putting n = 0, 


oo koa 
(22) w,,(Z) = w, (2) (Sate log zr. 


(23) w,(2) = w, (2) (3, & = + gy log “|. 
It now follows that g(z) in (21) becomes 
gerne exp(- Jee dz) 
Ww; (2) 
Suppose that z = 0 is an ordinary point of (2). In this case w(z) is analytic and 


free of singularity at z= 0. Taking a= 0 =p,=q,=4,, (15) is automatically satisfied 
and (14) reduces to 


(24) g(z) = 


k-1 

(25) k (k—1)w,=- MP em th, JW Me 1), 

The case & = 1 is trivial. 

We have 
—2W, = GW) + PW, k=2 
3.2w, =4,w, + (p, + 4,)w, + 2pW,, k=3 
4.3w,=4,w, + (2D; + 9,)w, + (2p, + 9.) W, + 3p, k=4, 


and so on. It can be easily checked that by successive substitutions all the coefficients 
w, can be expressed in terms of w, and w,. It now follows that w, and w, are the two 
arbitrary constants in the general solution of (2). 


SOLUTIONS AT INFINITY | 


In order to determine the nature of solutions of (2) for large values of | z |, we make 


1 
the variable transformation z = —. Since 
u 
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then (2) takes the form 


dw [2 1 ( ‘) dw 1 (4) 
26 + +—b = 0. 
(26) du? E u u)| du u* \u ’ 


We say that the point at infinity (z = 00) is an ordinary point of (26). In other 
words, we say that the point at infinity (z = 00) in the z-plane is an ordinary point if 
2z —z* a(z) and z* b(z) are analytic and free of singularities at z = 00. This is expressed 
as 


(27) a(z)= 2 ayz" 


bz)= 2 bz". 


We say that the point at infiniy (z = 0) is a regular singularity if u = 0 is a 
regular singularity of (26). In other words, we say that the point z =o is a regular 
singularity of (2) if za (z) and z’ a(z) are analytic and free of singularities at z = 00. 
This is expressed by putting a, = b, = b_, = 0 in (27). In order to get a solution of (2) 
valid for large | z | we make a series substitution of the form 

(28) w=+ F w,z*in(2). 

z* k=0 

Then an indicial equation for a is obtained and a second solution is 
correspondingly found from the second root of this equation provided the roots do 
not differ by a non-negative integer. In other cases, the second solution is obtained 
as before by using the first solution. 


THE HYPERGEOMETRIC DIFFERENTIAL EQUATION | 


In practice, most of the second-order linear homogeneous differential equations 
possess three regular singularities. We can place the three singularities at prescribed 
points and it is not difficult to choose them at 0, 1 and oo. We have in mind the 
hypergeometric differential equation which has regular singularities with 
exponents a, and a, of values 0, 1—c atz=0; 0,c—a—batz=1,a, batz=~. This 
equation is 

(29) z(1—z)w"+ {c—(a+ b+ 1)z|w' —abw=0. 


coat ODF LS yet 


Here P(Z) =2a (Zz) = = 


with p, cand pH ¢— (a+b + 1) fore 0, 


ab 


= k 
z= Zz 
atk 


se 


with q, = 9 and g,= ab for k> 0. 
Thus the indicial equation in (15) reduces to 
0 (a)=a?+(c-lha=a(atc-l1) 
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and (16) takes the form (A+ a) (k+a+cec—1)w, 


=~ 5 {(m-a)[e~(a+b+1)]—ab}w, 


where (K+1+a)(Kt+atc)w,,,-(kta)(kK+at+c—l1)w, 
= {ab—(k+a)[c—-(at+b+1)]}} w, 


and 


(30) (K+ 1+a)(Kt+ct+a)w,,,=(kKtata)(k+b+a)w,. 
In particular, we have 
(a+ 1)(atc)w,=(ata)(at+d)w, 
@t2)(ote+ water D@tb+T)w, 
(a+3)(a+e+2)w,=(a+e+2) (at+b+2)w, 
and so on. By successive substitutions we have for k > 1, 
_(ararks+))..(G+q)(G+b+k+))...(a +0) 


cee NG (atcet+k-l)..(ato(ath..(ath  "" 
i.e. 
v(iatatk)v(at+b+k) 
(32) w,= W.. 
v(atct+k)v(atk+l1) ° 
where vaxthax(xtl]).. atk). 
Furthermore, vaetk+l=at+hvarth) 
i.e. vivt+1)=ywQ) 
where y=x +k. It follows that v (v) is proportional of I (v). Hence (32) becomes 
_T(at+at+k)l(at+b+k) 


Ww, Wo 
T(a+c+k)T (a+k +1) 

The two roots of the indicial equation are 0 and 1 — c. The solution of (29) 
corresponding to a = 0 and w, =I'(c)/I'(a) I'(d) is called hypergeometric function. 
We denote by 

T(c) $ T(a+k)T(6+k) Zt 
T(a)T(b) *=9 kIT (ce +k) 

This series converges for | z | < 1. If c is not an integer the other solution 
corresponding to a = | —c will be of the form 

z'-¢F(1+a-—c,1+b-c,2-c,z). 

Hence, the general solution of (29) is of the form 

AF (a, b,c, z) + Bz'-° F (1 +a-—c,1+b-c,2-c,2Z). 


(33) F (a, b, c, z) = 


s:Kx-@ SOME SIMPLE CONSEQUENCES OF THE FUNCTION 
F (a, b, c, z) IN (33) 


We will obtain different types of functions for special choice of the parameters 
a, b,c. 
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(7) Setting b =c in (33), we get 


2 T(atk 
F(a,be,2)= 2 oO ; 
Since ae =a@41)..<are=1 
=-1¥ Ca Ca-1).. Ga=k*D, 
Hence F(a, b, c, z) = 


a(l=2) 


(ii) Setting a= b=1,c =2 in (33), we get 
k 


ioe) 


Zz 
FL, 1,2,2)= 2 > 


1 
= log (1 —z). 
Zz 


(iii) Setting c= 6b andz= = in (33), we get 
a 


» k 
F(a,6,0,2|= = Platz 
a 


k=0 a* T (a) kt 
: T(a+k) 
Since ae = 
hence lim F (a b, b, 2) = 
a->o a 


We can express the derivative of F(a, b, c, z) as a hypergeometric function 
and leave to the reader to verify the following relation 


Gy Piehe d=" 716416815. 
Cc 


It can be easily seen that the hypergeometric function 
F (a, b, c, z) =F (6, a, c, Z) 
is symmetric in the first two parameters. Also, if b is a negative integer, say — m, 
then T(6+h) will be zero for k>m ; otherwise it is evaluated from the residues of 
T (db) 
T (z) and thus (33) becomes a polynomial. 
T(c) = T(at+k mi(-1) z* 
T(a) *=0 DT (c+k) k!(m—-k)! 
Setting a= m+ q in (35), we get 


T(c) 2 (m\T (a+k) F 
T(2) (0) C2. 


(35) F(a, —m, c, Z) = 


(336) = F(m+q,—m,c,z)= T(e+k) 


This is called a Jacobi polynomial and is denoted by /, (q, c, z). 
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ike: BESSEL’S DIFFERENTIAL EQUATION | 
Bessel’s differential equation of order 7 is given by 
(37) 2w"+zw' t+ (2—-n’*)w=0. 
If = 0, a solution of the equation (37) is 


a z ; 2 7 z4 
( ) I," aT ah 2(2n+2) 24(2n+2)(2n+4) 


J, (z) is called Bessel’s function of the first kind of order n. 
If m # an integer, the general solution of (37) is given by 
(39) w=AJ (z)+BI_, (z) 

where A and B are arbitrary constants. 


We list some useful properties of Bessel functions and leave the verification 
to the reader 


(i exp {52(t-2}}=,2 sae 


This is called the generating function for the Bessel functions of the first 
kind for integer values of n. Note that if is an integer then J, (z) =(— 1)" J(z) and 


(38) fails to give the general solution. By taking the series of the form (In z) Ee ae 


the general solution in this case can be obtained. 
(ii) Recursion Formula: 
ZI, @)—2nd (2) #zJ,, (2) =0 


n—-1 n+1 
(iii) I@=+ [F cos (no - z sin 8) a9 
T #0 


where n is an integer. 


| Sed 1 1 
J =—]| ¢”" exp4—z|t——|+dt,n=0,+1,+2,+3...., 
(@~) J,@- >] P13 “| n 
where y is any simple closed curve enclosing ¢ = 0. 
—" 2 
13.5...(2n—1)1 


If 7 is a positive integer, a second solution to Bessel’s differential equation 
(37) is given by 


(v) J@ [, e@ (1-2) 2 dt. 


_ — 1h (n-k-Il (2 r" 
(40) S (@=J,@Inz 7p ee) 


il 90 (-1)* (z)"" ; : 
2 oD +D! . fo (+ p(n +B} 
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1 1 1 
where p (k) = 1 + —+—+...4+— and p (0) =0. 
p (Kk) BS i p (0) 
This is called Bessel’s function of the second kind of order n or Neumann’s 
function. For a full discussion of the function of the second kind one may refer 


“A treatise on the theory of Bessel functions” by GN. Watson [14]. 


Weel LEGENDRE’S DIFFERENTIAL EQUATION | 
Legendre’s differential equation of order 7 is given by 
(41) (1 —2’) w" —-2zw' +n (n+ 1) w=0. 
The general solution of the equation is 


n(n+l) , n(n—-2)(n+1)(n+4+3) 4 
z+ a Zo... 


(42) w=A t 


oe ( (n2=N(nt2) 5, @=N(-3)(n4.2)(n+4) | | 
3! 5! 

If is zero or a positive integer, polynomial solutions of degree n are obtained 
and these polynomial solutions are called Legendre polynomials. We also find that 
they can be expressed by Rodrigues’ formula 

1 d" 
(2?-1)". 
2" n! dz” 

We list some useful properties of Legendre polynomials and leave the 

verification to the reader. 


(7) 


(43) P, (2) = 


ail=Dep ag? 7? 


This is called the generating function for Legendre polynomials. 


(ii) 


coe n(n—l) nr, M—1)(H=2) (2-3) n-4 | 


P(2)= 2"(n Ir 2(2n - 1) 2.4(2n — 1) (2n — 3) 


Recursion formula: 
(i) (a1) PF, ,@-Cnt 1)2P, ©) +nP,  @=0 


n+1 n-1 
1 Cal" 
(iv) P,@= 
2ni I Bifee\ 
where y is any simple closed curve enclosing the pole t = z. 


: 0 if m#n 
@) [ P.@P@)dz=)_ 2 
ail 
2n+1 
Ifn is not a positive integer, there are two infinite series solutions obtained 
from (42). These solutions to Legendre’s equation are called Legendre functions. 


ifm=n 
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EXERCISES 


1. Show that the series 


Zz n 


(i) and @ 32-0 
n=02n+1 n=0 Q-i" 
are analytic continuations of each other. 


2. Prove that f(z) = oe ae +f) isan analytic continuation of f, (z) = 22", 
l+in=0\ 141 7 n=0 


showing the regions of convergence of the series. 


3. Let Ka = X% — 
n=0 3” 


Find an analytic continuation of f(z) which converges for z = 3 — 4i. 
4. Prove that the series 
gihge leg? hoe os 
has the natural boundary | z | = 1. 


5. By use of analytic continuation, show that 


Legendre Functions 
6. Prove that 


(i) [ Fn (z) P,(z) dz =0 ifm#n 


(ii) Pp Pi(z)da z if 
ii -_“*  ifm=n. 
iF m(2) Fa (2) dz 2n+1 


7. Establish the following recurrence relations for the Legendre polynomials 
(i) nP_—(2n—1)zP, ,,+(n—-1)P_,=90 
(ii) zP’—P"_ =nP. 
(iii) P'—zP'_|=nP_, 


(iv) ae ad ~ (2n + IP, 


() = 1 P Snr nF. 
8. Prove that 


+ 


1 


P,,(0)=C "| _ 2"! 
on ( ) ( ) (ss aed 


P es (0) =~ 0 
F,() 
Ma x? 


Bessel Functions 


1 
9. Prove that J dx =n [P (0)? 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


Show that 
() JJ@=-4,@ 
(ii) J 2 J,(z)dz=2 J, (z) + C, Ca constant 
(iii) J 2 Jo(z)dz =2 J, (2)— 22, @+C 
(iv) J,, (2) = V2 /nzsinz 
(vy) J, = V2 /mzcosz 
Prove that 


(i) J,, (2) sinz—J_,,, (2) cos z= V2 in 


(i) => U_@=F,e} 
(iii) If Re (z) > 0, then 


* nat 1 
[re Jo (t) dt = ie 
Establish the following recurrence relations for the functions. 
(@) zU,_, +4,,,)=2wW, 
(i) Wh=2J,_,-J) 
(iii) 2s= J, are 
(Gv) W=2,., +4) 
Prove thatzJ,_(z)—2nJ (z)+zJ,, (2) =0 
Hypergeometric Functions 
Show that 
( 1 3 7) = 
(i) F saa 2 |= 
2°22 Zz 
(ii) zF (1, 1, 2,-z)=In(1 +z) 
(iii) F (5. i 2) _ tan z 
2 2 


Z 


Prove that 2G pea=" Pied 1,5+1,c+1,z). 
dz c 
By using power series solve each of the following differential equations. Find also 


the region of convergence. 
(i) Y"+2Y'+Y=0 
(ii) Y"+2Y=0 
(iii) zY"+2Y'+zY=0 
(iv) (1-2) Y"+2Y=0 
Solve by power series method 
Y"+7 Y=0 


subject to the conditions Y(0) = 1, Y’ (0) = 1. Find also the region of convergence. 
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18. 


19. 
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Solve by power series method 
z¥"+(1+z)Y'-Y=0 

and determine the region of convergence. 

Show that the differential equation 
Y"-zY'+nY=0 


has two independent series solutions representing entire functions given by 


2 
_ Z n(n-2) 4 n(n—-2)(n-4) 6 
are ae 7. 


(W-) 3, @-Y)@—3) 5s (n-Y)(n—3)(@=—5) 7 
3! 5! 7! 7 


Y=z 


APPROXIMATION BY RATIONAL 
FUNCTIONS AND POLYNOMIALS 


E738 UNIFORM APPROXIMATION | 


We begin this chapter by recalling some useful and fundamental theorems on 
approximation. We assume that the reader is familiar with the Weierstrass theorem 
on approximation and it is given in almost all standard books on Real Analysis. For 
completeness, we first state and prove the Weierstrass theorem and then discuss the 
approximation by rational functions and polynomials in the complex setting. 

We know that for many applications it is convenient to “approximate” 
continuous functions by functions of an elementary nature. The most reasonable 
definition that one can use to make the word “approximate” is that every point of 
the given domain the approximating function shall not differ from the given function 
by more than the preassigned error. The above definition is also referred to as uniform 
approximation and is connected with uniform convergence. 

Theorem 1. Let A = [a, b] CR be compact. Suppose that f is continuous on 
A. Then f can be uniformly approximated on A by continuous piecewise linear 
functions. 

Proof: Since A is a compact set hence f is uniformly continuous on A. 
Therefore, given ¢ > 0, we divide A = [a, b] into subintervals by the points c,, k= 0, 
1, 2, ..., #, with a=c,<c,<c,<..<c,=b so that c,—c, ,< 5 (€). Connecting the 
points (c,,f(c,)) by line segments, and defining the resulting continuous piecewise 
linear function by @,, we see that @, approximates f uniformly on 4 within ¢. For 
illustration see Fig. 14.1. 


Fig. 14.1 
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We now discuss in detail the Bernstein theorem. This theorem gives us a 
constructive method of finding a sequence of polynomials which converges 
uniformly on [0, 1] to the given continuous function. By using Bernstein theorem, 
we will prove Weierstrass theorem on approximation. 

Definition: Let f: [0, 1] > R. We define the mth Bernstein polynomial for fas 


(1) BO =B Sf) 


aoe) (fc =x) 


Observe that the value B (x; f) of the polynomial at the point x is calculated 


from the values (0), f (=), ca (=), ..., {(1) with certain non-negative weight factors 
n n 


eo-("ea-o 


: : : __&k 
It can be easily checked that g, takes its maximum value at the point —. 


n 
Write 
(2) woo ¥ (fete 
k=0 \? 
ees |” | denwtesahedinonnaleomioeal | lee 
where ; enotes the binomial coefficient | “Timp! 


Note that 

k-1\_ (m-1)!—_ k(n 
©) 1) pa Arh 
r k-2 (n—2)! (i 
O | ,-2 ~ (k-2)'(n-k—)! nn- ky 
Setting u =x and ¢ = 1 — x in (2), we get 


(6) 1=)) ({}ta-ae 


k=0 


By replacing n by n—- | and k by/ in (5), we have 
wl (n-1) . 
(6) 1=), [" va a3), 
Ns 
Multiplying both sides of (6) by x and applying the identity (3), we get 


n-1 


j+1f 
(7) x=>) aa [ pa-ore, 


j=0 
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Setting A= 7+ 1 in the right side of (7), we have 


(8) e > e(t)ta-2 


k=l 
Note that (8) can be written 


k(n) n-k 
O)..2= “( }: (l-x)"™. 
2, n\k 

Replacing n by n — 2 in (5) and using the identity (4) and by a similar 
calculation as above, we get 


(n?—n) x? = x (kK? —k) (i) — xy 
k=0 


Hence, we have 


1 i Et eC ne 
(10) (1 “ese dG) [i)ta-m 


Multiplying (5) by x’, (6) by — 2x, and adding them to (7), we get 


(11) (=)s fone y (x -AY(H)eta — ky", 
nN 


k=0 
It follows from (5) that B (x; f,) =/,(x) = 1, from (8) that B (x; f,) =/\@) =x. 
We also find from (10) that the nth Bernstein polynomial for the function f(x) =x? is 


B (x, f.) = f-2)x me 
nw? F2 n n 
which converges uniformly on [0, 1] to f. 
We now prove Bernstein theorem on approximation. 


Theorem 2. Let f : [0, 1|— R be continuous. Let the sequence of Bernstein 
polynomials for f be defined by 


: k\(n a 
BO =Ba:f)=>, (2 {}ta-9 ‘ 
n n k=0 n 
Then B (x) converges uniformly on [0, 1] tof 
Proof : Multiplying (5) by f(x), we get 


f= roo( tsa oe 


Now f(x)-B(@)= > \/ (x)-f (*}} [tsa —x)"*. 


f(x)- ie | an a 


Hence 


(12) [f@-Ba|<> 
k=0 
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Note the following facts. If k is such that : is near x, then the corresponding 
n 


: : : ; : k, 
term in the sum (12) is small, since fis continuous at x. If — is not near x, the factor 


n 
involving fis less than 2M where MM is the bound for f In order to estimate the 


ie ‘ ; kK. 
expression in (12) we consider those values of & for which x — — is small and those 
n 


for which x — ig is large. 
n 


Let ¢ > 0. Choose 7 so large that 

(13) nssup {(8(€))*, M7/e*}, 
and break (12) into two sums. We first consider the sum taken over those « for 
which 


k 
x= | Sle), 
n 
n\ k n-k (1) k n-k 
Hence Sel, |x d-x""*<se¥ x"(l-x)"“ =g, 
k k k=1 k 
We now consider the sum taken over those k for which 
k ss 
x—-—l>n 1/4 
n 


2 
é k -1/2 
1.e. x-—| 2n ; 
n 


By using (11) we find that 


n 


»» 2a( i}sta ag 


<2MVn {ax (1- of 
nN 


1 
since x (1 —x)<— 


2M 
~ On’ 4 
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on [0, 1]. Hence, for 7 chosen in (13) we have 
|f (x) — B) | <2e. 

Thus the theorem is proved. 

We will see below that Weierstrass approximation theorem is a direct 
consequence of Bernstein theorem. 

Theorem 3. Let f: [a, b] > R be continuous. Then f can be uniformly 
approximated by polynomials. 

Proof : Let f be defined on [a, 6]. Define another function g on [0, 1] by g(4) 
= f ((b — a) t+ a) where ¢ € [0, 1]. The function g is continuous and hence can be 
approximated by Bernstein polynomials. By changing the variable we get a 
polynomial approximation to the function f- 


Suppose that f(z) is analytic in|z| <p and let p(z) = PF a,z* bea polynomial. 


By using the Taylor’s theorem for analytic function it can be seen that given an 
e>0,|f(@) =p.) |Sefor|z|<p. 

Iff(z) is not analytic, we cannot expand f(z) in power series. But Weierstrass 
theorem asserts that we can approximate functions which are merely continuous. 

Approximation of analytic functions by analytic functions 1s totally different. 
Let Q bea region bounded by a simple closed curve y. Suppose that f(z) and p(z) are 
two functions analytic in Q and on y. Suppose also that | f(z) — p(z) |< ¢ ony. By 
maximum principle, this inequality and hence approximation persists throughout 
Q. It follows from Cauchy’s inequality that 


ae n'L(y) 
(14) |) —p@) |< Fn 


where z belongs to a point set, say E C © and the distance of those points from y is 
no less than 6. In (14) we fix £ and v and allow ¢ > 0. It then follows from (14) that 
the nth derivative of the approximant is also an approximation to the mth derivative 
of the approximate. Thus we see that the approximation over regions carries with it 
the simultaneous approximation of all the derivatives. 


Suppose that f is continuous on [a, b]. We know that we can approximate f 
by a polynomial. The following question naturally arises. Let x,, x,, .... x, be 
points of [a, b] and let ¢ > 0 be given. Can we find a polynomial p(x) such that 

If) —p@)|<e,x € [a, 5] 
and PR)=f@) 1H L2yagn? 

In the complex setting the following theorem of Walsh answers this question. 

Theorem 4. Let E be a point set which is closed and bounded in the complex 
plane C. Letz,,2Z,, ...,Z, ben distinct points of E. Suppose that f (z) is defined on E 
and is approximable by polynomials there. Then f(z) is approximable by polynomials 
p and satisfy the property 


PR) =F @)8 = hy 2ogtt 
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Proof : Let ¢ > 0 be given. Choose a polynomial p(z) such that 
If@—-p@|s<e,ze£. 


Define 
q2)= 2 Fe) - PE) 42) 
k=1 
_ v(z) 
where it (2) = G2.) 
and v(z) = I (2=2,): 


It follows that 
LA at CN ae CAN all OSM? 


Write M= 2 max |u,(z)|. 


< 5 = < 
Now — max|q(z)| < 2| f(2,)— p(z,)| max |u,(2)|<¢ M. 


Observe that M depends on z,, z,, ...,z, and E only. 


Set P2) = p@) + a@) 
Then PZ) = Pe) Fe) =f (Se) 8 = Ley 
Further 


If@ —-p,@|1<|f@-p@|+l9@| 
<e+Mezek. 

Example: Suppose that f(z) is analytic in | z| < p. Since f(z) is expressed in 
terms of power series which is uniformly convergent for | z | < p. Hence f(z) is 
approximable there by polynomials. Let z,, z,, ..., z, be distinct points in | z | < p. 
Then we can find a polynomial p(z) such that 

If@) —p@) |<e,|z|<p 
and PG) a7 2) k= 12, ig 

We say that the power series representation of analytic functions provides us 
with a very specific procedure of approximation by polynomials, but this process 
can be applied in a circular disk contained in the set in which the given function is 
analytic. We will now discuss Runge’s theorem which provides a global 
approximation by rational functions. We will present here the simple version of 
Runge’s theorem and refer to [8] for generalized version of the theorem. Initially, 
we need some new definitions. 


[EPPA LOcALLY ANALYTIC FUNCTIONS | 


Let E be a set which is dense in itself. Let f(z) be a single-valued function defined 
on E. We say that fis locally analytic on £ if given any z, € E, there is a neighbourhood 
N of z, and a power series 
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foe) 


k 
ANZ —-Z, 
k=0 ae 0) 


such that f@= 2 a, (Z— Zo ‘a 


forallze NOE. 


When £ is a region, the concept ofa locally analytic function on E reduces to 
that of an analytic function on a region. 


Example: Suppose we divide the z-plane into infinitely many closed squares 
A A, pas A, ... with sides of unit length parallel to the coordinate axes. Let E =A, 
UA,U...UA_ UV... be the set of interior points of these squares. 
Then the function defined by 
{@=2 224A, 
is locally analytic on E. 


Let E=Q be an arbitrary open set. The set Q is a region if it is connected, but 
otherwise Q is the union of countably many disjoint regions. Suppose we divide 


1 
the z-plane into infinitely many closed squares with sides of length 3 parallel to 


the coordinate axes where v is any positive integer. Here the origin is a vertex of 
one of the squares. Let A be any of these squares such that 4 and the eight squares 
bordering A are all contained in Q as shown in the Fig. 14.II. Then the union of all 
such squares minus its boundary is an open set Q', contained in Q. 


Fig. 14.11 


IfQ_ is the intersection of Q’ with the open square 
—3"<x<3",-3"<y<3" 
then Q. is a bounded open set such that Q, <Q. 


Recall that a Jordan curve is a homeomorphic image of the unit circle. We 
will use some facts of Jordan curves without discussing the properties. In the above 
example, the boundary of Q consists of a finite number of closed rectifiable Jordan 
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curves, each of which is made up of a finite number of line segments. Moreover, 
2, c Qa 
that F CQ, for all n > N(F). We summarize these properties by saying that {Q. } is 
an increasing sequence of open sets approximating Q. 


and given any compact set F c Q, we can find an integer M(F) > 0 such 


We now prove a theorem on approximation by rational functions. 

Theorem 5. Let Q be any open set. Suppose that f(z) is locally analytic on. 
Then there exists a sequence of rational functions {r,(z)} converging uniformly to 
f @ inside Q 

Proof: Let {Q. } be the increasing sequence of open sets approximating Q as 
mentioned above. Let y, denotes the boundary of Q. Then 


SO 


2miInn GC-Z 


(15) f@=57, dC 


forallze Q,, 


where the integral along y,,, is the sum of integrals along the separate closed 
rectifiable Jordan curves forming y 


n+1* 


Since f(z) is continuous on y, ,,, it follows that 


If(G) —£(G") | < € where 
|G'-G" |< 8(e), 6." © Yu: 

Divide all the curves making up y,,, into aresT’,, k= 1, 2,..., N(e’). Let G0" 
be the initial and ¢,"""” the final point of I’,. Let /, be the length of I, where 

,<min {6(é’), €} 
for all k=1, 2, ..., M(e’). 

Observe that the final point of the arc I’, coincides with the initial point of 
the arcT’ ,, except for those & for which I’, andT’,,, lie on different curves making 
UP Yiu 

We now approximate the integral (15) by the sum 


N(e') 1(n+1) 
1 KEL) 


nt]? 


(1) SDV TTB qenag Ce) 
We have 
| f(z) _ SO) | 
a2 £0, ee (Saad peer en mer e 
| mitt CH Z ao Ini i Gag Gs Ce) 


a eee = eo it 


2Qni kl C-z cys 
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[16 [AO-AELPY penny SS = 
2ni = I. C-z +£G k ) (C —z) co =z) dC : 


Set M = max | f(z)| 


n+l 


and let d,_, be the distance between Q,, and y,,,. Then 
If@- Se @)| 
] N(s') 
<— 2 I 
2m k=l AL, 


k 


C-z 


r(n+l) 
fGR") | ba 


+ Bf ler) 


Joel 
=z =2)| 


LM ah LM ble 
2m k=l d Qn kag? 


n+l n+l 


(17) < 


The right side of (17) can be made less than any preassigned s > 0 by choosing 
é sufficient small. Put ¢ = ¢, where ¢, > 0 asn > o. 


We thus obtain a sequence of rational functions {S“')(z)} which converges 
uniformly to f(z) on every closed set Q,, Q,,... and hence uniformly to f(z) inside 
Q. The proof is complete by choosing {r,(z)} = {S°*)(2)}. 

In order to prove Runge’s theorem we need a lemma. 

Lemma: Let G be the complement of a compact set F and let ¢ € G. Suppose 
that 


P@) 
r(z)= —— pet (6) eu, 
(z=¢) 
where P (z) is a polynomial whose degree does not exceed k. Let 1 belongs to the 
same component of G as C. Then, given & > 0, there exists a rational function 


A) 
rilZy= Gn’ P(n) #9, 
such that \ti—r@)|*<s,2 67. 


Here the degree of the polynomial P (z) does not exceed k.. 


Proof: Let g be the component of G containing the points ¢ and n. Let °c g 
be a Jordan curve joining ¢ and n and let p be the distance between I and F. Divide 


I into arcs t,, T,, ..., T,, of diameter less than J, Let. = C4 Gu cs 6 = De Abe 


m 


points of division. We construct the rational function 
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Piz -C, a > (z 
oe "afi -( =) a8, 
a Zz C1 (z—@) 


where the degree of P,(z) does not exceed nk. Let 
M= max | f(z) |. Then 


ny k 
ner-reletreat fi-(S8) 
z= 


sl leon 


k 


2 
oN a: forallz e F. 


By choosing n, sufficiently large, we find that 


ln@)—r (2) |< £2 eF. 
m 


By repeating the argument, we obtain the required rational function at the 
mth step. 

We now turn to the subject of approximation by polynomials and prove 
Runge’s theorem. 

Theorem 6. Suppose that Q is a union of countably disjoint simply connected 
regions which do not contain the point at infinity. Suppose also that f(z) is locally 
analytic on. Then there exists a sequence of polynomials {P_(z)} which converges 
uniformly to f(z) inside Q. 

Proof : Let {¢,} be a sequence of positive numbers which converge to zero. 
Suppose that {Q } is an increasing sequence of open sets approximating the open 
set Q. Suppose also that 


| f (2) — Se*? (2) |<, for all z €Q,, where 
1 Men ACO") 


) 
cee) = coe ). 
Qni mr Cum 2 ‘ 


Note that we are following the notation as in the proof of Theorem 5. Note 
also that each component of Q is a simply connected region. Hence, if|z|<p, isa 


(18) S#*D@)= 


disk containing Q,, but not some point n, we can join n to every point of the boundary 


Y,., of the set Q ,, see Fig. 14.1. Applying the Lemma to every rational function 


n+l? 


: . € : : 
S“*) (z) in (18) and choosing = —4~ we construct a rational function 
g Nery 


A) 


QO, (z) = @-1)”" 
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Fig. 14.IIl 


whose only pole is n, such that 
| 0,2) - S**@) |<e,, 
Here the degree of the polynomial P (z) does not exceed n.. 
Hence, 


If@-O@)|<2¢, forallze Q.. 
Observe that Q (z) is analytic in|z|<p, containing Q,. Hence Q (z) can be 


replaced by power series on Q,,. Let P (z) be the sum of a sufficiently large number 
of initial terms of this series. Thus we find that 
If@-P(@|<3¢e,z7€Q,. 

Hence, the theorem is proved. 

Remar: Note that uniform approximation in the complex plane by polynomials 
has one feature that distinguishes it from the real line. If a sequence of analytic 
functions converges uniformly inside a region Q, the limit of the sequence is analytic 
in Q. Thus, in Q, at least, only analytic functions can be approximated uniformly by 
polynomials. However, this does not rule out the possibility of more general functions 
being approximated uniformly on sets of different kinds which were not discussed 
in this chapter. A half century of work in this direction by mathematicians like 
Runge, Walsh, Levrentieff, Keldysch and Mergelyan is worth reading. The 
interested reader may see Davis [8] and Markushevich [11] and some of the references 
given there. 


EXERCISES 


1. Consider the weight factors @, that appear in the nth Bernstein polynomials. Show 
that @, takes its supremum on / = [0, 1] at the point k/n. Write out explicitly the 
functions 9,, k= 0, 1, 2, when n = 2 and the functions corresponding to n = 3, and 
note that 2 @ (x) = 1, for x € /. Draw graphs of some of these functions. 
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Let f(x) € C'[a, 6]. If p(x) is a polynomial that approximates f’ to within ¢ on [a, b] 
then 


O 

glx) = ({ px) ax] + fla) 
is a polynomial that approximates f to within (b — a) ¢ on [a, b]. Extend to higher 
derivatives. 
Let f(x) € C” [a, b]. Show (without using Bernstein polynomials) that we can find 
a sequence of polynomials p (x) such that 

lim yx) =f) 

no 
uniformly on [a, 5], 7=0, 1,.... 
Let 


P(X) = @ x*(1 = x), 0 SxS il 


Prove that the maximum value occurs at x = k/n. In k/n + x asn > ©, p_(k/n) is 
asymptotically equal to (2n mx (1—x))". 
Bernstein polynomials over the interval [a, b] may be defined by 
ee k,\(n k -k 
=—2 +—h — b-x)" 
B,(f, a, b, x) nn k=0 (a n 4 (x a) ( x) ’ 


h=(b—a). Let f(x) be bounded on [a, b]. Prove that 
lim B, (f, 4, b, x) = f(x). 
no 


1 1 
B — i =, 
[ve *) sek 2 


Let f(x) € C [a, 5]. Prove that f(x) is uniformly approximable on [a, b] by polynomials 
with rational coefficients. 


Compare 


Let f(x) € C [a, 5]. Prove that uniform approximation by polynomials with integer 
coefficients is not necessarily possible. 


APPENDIX 


RIEMANN MaAppiING THEOREM 


In order to prove Riemann Mapping theorem we need some important results like 
open mapping theorem, Schwarz Lemma and a basic theorem on Normal Families. 


We shall first prove a lemma. 


Lemma 1 : Let D(z,, p) be an open disk centred at z, and radius p. Suppose 
fis analytic in D(Z,, p). Let f(z.) = B. If f(z) — B has a zero of order m at z = z, then 
there is an > 0 and 8 > 0 such that for |&-—B|<6, f(z) =& has exactly m simple 
roots in D(Z,, €). 

Proof : Since the zeros of an analytic function are isolated, f(z) = B has no 

1 
solutions for 0 <|z—z,| <2, where ¢ > 0 and e< 3° Also, f'(z) #0 for 0 <|z—z, | 
<2. Let y(t) =z, + € exp (2ni2), O<t< 1, and leto=foy. Now B ¢ {o}, thus there 
is ad > 0 such that 
D(B, 8) 0 {o} =. 
Hence, 


IB-61<6& 
implies n(o ; B) =n(o ; €) = > n(y ;z,(§)). This is due to the fact that D(B, 5) c in 


the same component of C— {o}. Since n(y ; z) is either zero or one, we have f(z) = & 
has m roots in D(z,, €). Each of these roots (€ # B) are simple because f'(z) # 0 for 
O<|2=8,)<E. 

Note that this lemma says that 

D(B, 5) <f(D (Z,, €))- 

Also, since f(z) — 8 have a zero of finite multiplicity, it follows that fis not 
constant. 

Open Mapping Theorem: Let © be a region and let f be non-constant 
function which is analytic in Q. Then f(U) is open for any open set U in Q. 
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Proof: Let Uc © be open. The theorem will be proved if we can show that 
for each z, in U there is a5 > 0 such that D(B, 5) < f(U), where B = f(z,). It follows 
from the Lemma | that we need to find an ¢ > 0 and a6 > 0 such that 

D(z, €&) CU 
and D(B, 6) < f(D (Z,, €)). 

Let X, and X, be metric spaces. Let f': X, > X,. Suppose that f(U) is open in 
X, whenever U is open in X,, then fis called an open map. Let fbe one-one and onto. 
We define the inverse map f"' : X, > X, by 

fw) =z where f(z) = w. 
It follows that f is continuous when fis open. In other words, for Uc X,, 
(f'y' U) =f). 
Corollary: Let Q be a region. Let f: Q— C be one-one and analytic. Suppose 
that f(Q) = X,. Then f~': X, > Cis analytic and (f“)' (w) = [f' (2) ' where fiz) = w. 
Schwarz Lemma: Let D(0,1) be an open disk centred at 0 and radius 1. Let 
f be analytic in D(0, 1). Suppose that 
(i) |f@ | <1 forz € DO, 1) 
(ii) f(O) = 0. 
Then 

(iii) | f(@) | <|z\|forz e DO, 1) 

(iv) |f'O)| <1; 
if equality holds in (iii) for one z € D(0, 1) ~ {0}, or if equality holds in (iv), then 

f(2 =z, where i is a constant, || = 1. 
Proof: Define g : D(O, 1) > C by 
2(z) =f(2)/z for z #0 

and g(0) =f'"(0) ; 
then g is analytic in D(0, 1). By Maximum Modulus Theorem | g(z) | < 7! for 
|z|<rand0<r<1.Asr—1, we have | g(z) | < 1 for all z € D(O, 1). In other 
words, | f(z) | <|z| and|f'(0)| =| g(0)| <1. 

If| f(z) | =| z| for some z € D(0,1), z #0, or | f'(0) | = 1. Then g assumes its 
maximum value inside D. Thus, again by Maximum Modulus theorem, g(z) = A for 
some constant A with | A | = 1. Hence, 

f(z) =z and the proof is complete. 

We need Schwarz’s Lemma to characterize the conformal maps of the open 
unit disk D(0, 1) onto itself. Let us introduce a class of such maps. If | a | < 1, we 
define the MG6bius transformation 


(1) ¢,@ = 


Z—-Q 


l—az 
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Note that g, maps D(0,1) onto itself and is one-to-one. 


Let 9 be a real number. Then 
a 


0 
e e- -a 
ae'-|3 —7 


0 


=1. 


~e er =8 


We summarize the above discussion in Lemma 2. 
Lemma 2: /f| a | < /, define q, as in (1). Then q, is one-to-one map of 
D(0, 1) onto itself. The inverse of q, is q_,. Furthermore, we have 
q'{0)=1-|a/, 
and q’ {a)=(-|apy". 


1 = 
Since q, 1s analytic for |z|< Tal? it is analytic in an open disk D, > D(0, 1). 


| 
Also, it can be easily seen that 
4.(9_(2)) =2 = 4_, (9,@)) for |z| <1. 
We also find that 
q' (0) =1-|a/? 
d : eae 
an q a (a) 1- | a ? 

Definition (Normal Families) : Let Q be a region. Suppose F c H(Q). If 
every sequence of numbers of F contains a subsequence which converges uniformly 
on compact subsets of O, then we call a normal family. 

Note that in the definition the limit function is not required to belong to F. 

Theorem 1. Let £ c H(Q). Suppose that F is uniformly bounded on each 
compact subset of Q. Then F is a normal family. 

Proof: By hypothesis we have to each compact set E c QO there corresponds 
a number K(E) < oo such that 

| f(2) | $ K(E) 
for all fe Fandallz € E. 

Let {E } be a sequence of compact sets whose union is Q such that E’ < int. 
E_ ,,- Then there exists positive numbers 6, such that 

(2) D(@, 26) CE 

Consider two points z’ and z” in E, where | z’—z” | <6. Since 

1 i zi-z" 
E-2) E-2" (€-2(E-2")’ 


by using Cauchy formula we have 


zek. 
n 


n+ 1? 


zl—z" 


ji f®) gp 


3 f(z") = 
3) fe)-fe") eT 


QT 
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where y is a circle with centre at z’ and radius 26 . Since | §— 2’ |= 26 and|§—2z" | 
> 6, for all € € y(t), (3) gives 


KE, 41) 


Oe ae la eek 


The inequality (4) is valid for all fe ¥ and z' and z"e E,, provided that 
[2 =e" (56. 
By taking 
é-6, 
K(E, 44) 


in (4) we get to each ¢ > 0 there corresponds a 6 > 0 such that | f(z’) — f(z")| < € for 
all fe Fand all z' andz” € EF for which | z’ —z" | <6. 


Now let {f,} be a sequence in F. Let us choose a countable dense subset {z,} 
of Q. By hypothesis {f (z)} is bounded at each z € Q. Hence {f } has a subsequence 
which converges. Denote this subsequence as {/,, ,} which converges at z,. From 
tf, ,} we can extract a subsequence denoted by {f ,} which also converges at z,,. 
Proceeding in this manner we obtain sequences {f, . which converges at z, where 
{fs 18 a subsequence of {f, ,_,}. Thus the sequence {/,,_,} which is called the 


diagonal sequence converges at every one of the points z.. 


(5) 5= 


Now we have to prove that {f_} converges uniformly on each E . 


We fix E, and also fix ¢ > 0. Choose 6 as in (5). Then there are points z,, z,, 
5 Z, Of the set {z,} such that 


E,c U {D, 8)} 


and there is an integer N such that 

Of, @)-f,,@\<e 
where un > N, v>N, and 1 <i<p. 

We have for every z ¢ E there corresponds a z, such that 1 <i < p and 
|z=2,|<6. 

Then 

DIf,,.O-f,, | 


<If,,Q-f,2)|+ lf, .@)-f,,2) +f. fl. 
If u> Nand v > N, the second term in the right of (7) is less than ¢. The first 
and third term in the right of (7) is less than € by our choice of 5. Hence 
(8)If,, O-f,,@1<3e 
forallze FE, ifu>Nandv>N. 
Thus {f,,,,} converges uniformly on each E, and hence on each compact 
subset F' of Q. The proof of the theorem is now complete. 
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Definition (Conformal Equivalence) : Let Q, and Q, be two regions. We say 
that Q, is conformally equivalent to Q, if there is a function fe H(Q,) such that 
fis one-one and /(Q,) = Q,,. 

Note that this is an equivalence relation. It follows from Liouville’s theorem 
that C is not equivalent to any bounded region. It also follows from the definitions 
that if Q, is simply connected and Q, is equivalent to Q, then Q, is simply connected. 

Theorem 2 (Riemann Mapping). Every simply connected region Q in C 
(Q.#C) is conformally equivalent to the open unit disk D(0, 1). 

Before carrying out the proof of this important theorem we would like to 
point out that the only property of a simply connected region which will be used is 
that every analytic function which has no zero in such a region has an analytic 
square root there. 

Proof : Suppose Q is a simply connected region in C. Let w, be a complex 
number and w, ¢. Let ® be the class of all y ¢ H(Q) such that y is one-one and 
map Q into D(0, 1). We need to prove that some y € ® maps Q onto D(0, 1). 

We first prove that D is non-empty. Since Q is simply connected there is a 
function f € H (Q) such that 

fe) =2-w, nQ. 

If f(z,) = f(z), then f*(z,) = f7(z,). Hence z, = z, and thus fis one-one. By 

similar argument we find that 
S(@,) =—f,), where z,, z, ¢ Q 

Since fis an open mapping, f(Q) > D(a, r) where 0 <r <| a |. The disk 

D(a, r) therefore does not intersect f(Q). By putting 
y=ri(f+ a) 
we see that we®. 

We now prove that if y € ®, if y(Q) does not cover all of D(O, 1), and if 

z, € Q, then there is ay, € ® with 
lw" ) |> 1 w'@,) |. 
Define q, as defined in (1) ze. 


_ £=6 
qA2) = l-az 

It follows from Lemma 2 that for a ¢ D(0, 1), g, is one-one mapping of 
D(0,1) onto D(0, 1), its inverse mapping is g_,. Suppose y € ®, a € D(O, 1) and 
a ¢ w(Q). Then g,0 y € ®, and q, 0 y has no zero in Q. Thus there is a function 
g € HQ) such that g*=q, 0 y. We find that g is one-one and since ® is non-empty 
we have g € ©. 

Lety,=g0q, where B = g(z,). It follows that y, ¢ ®. Denote w* = s(w). We 
now have 
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W=q,0S0g=g ,0S80g ,0Y,. 

Since y (z,) = 0, by Chain rule we get 

w'(z,) =F'(0) w’ (z,), where 
F=q ,0S0@ » 
Hence F{D(0, 1)} < D(O, 1) and F is not one-one in D(0, 1). Therefore, by 
using Schwarz Lemma, we get 
| F'(0) |< 1. 
Hence | w'(Z) 1 <1 wv, @,) |. 
We now fix z, € Q, and put 
1 = sup {| w'(Z,) |: yw € ®}. 

We saw in the preceding discussion that any function h € ® for which | h'(z,) | 
=n will map Q onto D(0, 1). The proof of the theorem will be complete if we prove 
the existence of such a function h. 

Since | y(z) |< 1 forall y € ® and z € ©. It follows from Theorem | that ® 
is anormal family. By the definition of 7 it follows that there is a sequence {y_} in 
® such that | y’ (z,) | n, and since ® is normal. We can extract a subsequence 
{P} from {y,} which converges uniformly on compact subsets of Q to a limit 
function A €¢ H(Q). By theorem 5 of Chap. 10, | A’(z,) | = n. Since ® is non-empty, 
1 > 0, so / is not constant. 

Since P (Q) < D(0,1), we have h(Q) < D (0, 1). Hence by the open mapping 
Theorem we get A(Q) < D(0, 1). Now it remains to prove that h is one-one. 

Let z, and z, be fixed points belonging to Q. Put a=A(z,) anda, = P (z,). Let 


Dp (z,, 7) be a closed circular disk contained in Q such that z, ¢ D (z,, r). Suppose 
also that h — o has no zero on the boundary of D (z,,r). Since the zeros of h— a, have 
no limit point in Q, the above supposition makes sense. The function y, — a, 
converges to h— a uniformly in D (z,, 7), they have no zero in D(0, 1). Since they 
are one-one and have a zero at z,, it follows from Rouche’s Theorem that / — a has 
no zero in D(0, 1). Thus, in particular, we have A(z,) # h(z,). 


Hence h € O, and the proof of the Riemann mapping theorem is complete. 


APPENDIX 


HOMOLOGICAL VERSION 
OF CAUCHY’S THEOREM 


We recall some definitions. Let Q be an open set. Let y, t be closed paths in Q, y and 
t are said to be homologous in Q if 
n(y, &) = n(t, O) 
for every a € Q. 
A closed path y in Q is homologous to 0 in Q if 
n(y, ov) = 0 for every a ¢ Q. 
Lety,, Y,,-.-» Y, be curves, and let m,, m,, ...,m, be integers. A sum of the form 


y= 2 Mm;Y ; 
i=l 


is called a chain. We say that y is a chain in Q if each y, is in Q. A chain is said to be 
closed if it is a finite sum of closed paths. 


We define 


where y is a chain. 


If y is a closed chain where each y, is a closed path, then the index of y with 
respect to a point a is defined as 


1 dz 
ny, 9) oni YZzZ-Q 
where o is not on the chain. 
We write 
y~t 
if n(y, a) = n(t, a) for every a ¢ QO and 
y~0 


if n(y, a) = 0 for every a ¢ Q. 
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Let Q be an open set. Let y, t be two paths in Q. Suppose that y, t are defined 
on the same interval [0, 1]. We say that y, t are “near-together’” if there exists a 
partition 
0= 0,50 51,5 450 = 1 
and for each j = 0, 1, 2, ..., 1m — 1, there exists a disc D, contained in Q such that 
y(t, u,, DED, 
and t([u;, Ui, , ie D.. 
Let © be an open set. Let y be a curve in Q, defined on [0, 1]. Let 
Sis su,S..20, = 1 
be a partition of [0, 1]. Let 
Y, [4 4). J>2 


be the restriction of y to the smaller interval [u,, u,,,]. Then the chain 


Y ie as _ 7 


j+l 


is called a subdivision of y. 
By another parameterization, if T is obtained from Vp then the chain 
TT, +..4FT, 
is also a subdivision of y. 
Note that the chain y and 
TT, 4+..4FT, 
do not differ from each other. We illustrate this in Fig. II.I 


T% 


tT, 
1 4 
2 T3 


F 
Fig. Appendix II.1 


Suppose that {t,,} is a subdivision of y, where 
y= LY, 
Then LLimj tj 
ji 


is called a subdivision of y. 

We say that a path is rectangular if every curve of the path is either a horizontal 
line segment or a vertical line segment. 

In the following lemma we shall show that every path is homologous with a 
rectangular path. 

Lemma: Let Q be an open set. Let y be a closed path in . Then there exists 
a rectangular closed path t with the same terminal points, and such that y, t are 
“near together” in Q. 


APPENDIX 2—HOoMoOLOoGICAL VERSION OF CAUCHY’S THEOREM 245 


In particular, y ~ t in Q, and if fis analytic on Q, then 


refer 


Proof : Let y be defined on an interval [0, 1]. Choose a partition 
0="“ sus o5u =] 
of [0, 1] such that the image of each small interval ([u, u,,,]) is contained in a disc 


D, on which f has a primitive. Replace the curve y on the interval [u,, uv, ,,] by the 


; pri 
rectangular curve as shown in Fig. ILI. 


We now set z,= y(u,) in Fig. IH. 


Fig. Appendix II.II 


Note that if y is a closed path, then the rectangular path constructed in the 
lemma is also a closed path. The closed rectangular path is illustrated in Fig. III. 


Fig. Appendix II. III 


We now prove a very important theorem which has nothing to do with analytic 
functions. The proof of this remarkable theorem is due to Artin. We shall see that 
Homological version of Cauchy’s theorem follows immediately from this theorem. 


Theorem 1. Let © be an open set. Let y be a rectangular closed chain in Q. 
Assume that y ~ 0 in Q. Then there exists rectangles T,, T,, .... T, contained in Q 


N 
such that a subdivision of y is equal to >, m ; OT, where OT, is the boundary of T, 
eH 


(oriented counterclockwise) and m, are some integers. 


Proof: Let the rectangular chain y be given. We draw lines parallel to both 
axes passing through the sides of the chain (Fig. I.IV). Then these vertical and 
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horizontal lines decompose the plane into finite rectangles and some unbounded 


regions which may be considered as rectangular regions extending to infinity in the 
vertical and horizontal direction. Let T; be one of the finite rectangles. Choose a 
point a, from the interior of cy and let 


m,= ny, c. 


Fig. Appendix II.IV 


It follows that for some rectangles m,=0, and for some rectangles m,# 0. Let 
m,#0. j=1,2,3, ..., N for rectangles T,, j= i; 2, ..., Nand let OT be the corresponding 
boundary ‘onented counterclockwise). We shall first show that every rectangle 7’ 
such that m,# 0 is contained in Q. 

By our hypothesis o., must lie in Q, because n(y, a) = 0 for a ¢ Q. Since Q is 
connected, the index (Grinding number) is constant on Q, and hence it is constant on 
the interior of 7. This shows that the index (winding number) is not zero and the 
interior of qT is contained i in Q. It is obvious that if a boundary point of 7; is on y, 
then it is in Q. Ifa boundary point of Tis not ony, then it follows from Lemma 2 of 
Chapter 5 that m,# 0. Thus the rectangle iM with its boundary is contained in Q. 


We now prove that some sabaivision of y is equal to 


In order to prove this we need to find first an appropriate subdivision of y. 

Since the vertical and horizontal line cut y at several points, we can find a 
subdivision t of y such that every curve in Tt is some side of a finite rectangle, or the 
finite side of the infinite rectangles. The subdivision t is the sum of such sides as 
described above. 

It is now sufficient to prove that 

t= 2, m,0F.. 
Let y, be the closed chain defined by 
N 
Y=t- Lm , OT,. 


j=l 
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We claim that n(y,, a) = 0 for every a ¢ y,. 

We consider various possible cases to prove our claim. 

If a lies in one of the infinite rectangles, then it follows from Lemma 3 of 
Chapter 5 that n(y,, a) = 0. Suppose a lies in some infinite rectangle T. If Tis one of 
the rectangles f,say T= T,, then 

n(OT,, a) = 1 
and n(OT,, a) = O iff #k. 
Applying Lemma 3 of Chapter 5 again and using the definition of m, we get 
AY: &) = n(y, &) —m,n(OT,, a) = 0. 
Suppose that Tis one of the rectangles T,, it follows from the definition that 
ny, a) = 0, 
and by Lemma 3 of Chapter 5 that 
n(T,, a) = 0 for all 7 = 1, 2, ..., N. 
Thus in this case also we have 
n(y, 0) = 0. 

Suppose a lies on the boundary of a finite rectangle or an infinite rectangle, 
but not on Y) By the continuity of the index (winding number) we find that 
n(Y,, &) = 0. We thus proved that if y, is a closed chain defined by 

pat 2 maT, 
then n(y,, a) =0 fora ¢ ¥,. 
It remains to prove that y, = 0. 
Suppose that y, # 0. Write 

Yo = MO + Yo 
where o is a horizontal or vertical segment, y, is a chain of vertical and horizontal 
segments other than o and m is a non-zero integer. We have to consider two cases. 
In the first case o is the side of some finite rectangle and in the second case o is the 


side of two infinite rectangular regions. We illustrate these two cases in the following 
Fig. IL.V. 


Fig. Appendix II.V 


In the first case, the chain y, —m 0 T does not contain o. Suppose that o is a 
point inside 7 and q' is a point on the opposite side from a but near to o. Then there 
is a line segment which joins a and a’ but does not intersect y, — m 0 T. It now 
follows from the connectedness and the continuity of the line segment that 
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n(y,—m- OT, a) =n(y,—m- OT, a’). 
Note that by definition, 
n(m - OT, a) =m, 
and 
n(m - OT, a’) = 0, because a’ is outside T. Since n(y,, «) = n(y,, a’) = 0, it 
follows that m= 90. 


In the second case, the two regions adjacent to o are both infinite. We shall 
see that this is not possible. 


By Lemma 3 of Chapter 5 
(Yo, 1) = M(Yyy OH") = 0. 
Hence, 


1 1 1 | 
mf (jen f (-e. 


It can be easily seen that the left side of (1) is equal to a fixed non-zero 
multiple of 277. The right side of (1) is a continuous function of a, a’ where a, a’ 
approach each other on a line segment passing through o. This can happen only 
when m = 0. 


We thus proved that y, = 0 and therefore a subdivision of y is equal to 
2 m, OT. . 
This proves the theorem. 
Cauchy’s Theorem (Homological Version) 


Let Q be an open set. Let y be a closed chain in Q. and let y ~ 0 in Q. Assume that f 
is analytic on Q. Then 


[ =o. 


Proof: By the Lemma, it is sufficient to prove the theorem to the case when 
y is a rectangular closed chain. Applying Theorem | we see that Cauchy’s theorem 
follows easily. 


We know that if fis analytic on Q, then 


Thus I. 


This prove that Ih f =0. 


SOLUTIONS TO SOME 
SELECTED EXERCISES 


d 
1. Let (X, d) be a metric space. Prove that (X, faa is also a metric space. 


Solution: 


. a(x, y) 
—-" _ = 0 iffd = 0iffx= 
(i) ie) iff d(x, y) = Oiffx=y 


(i) AD - 40.9) 

l+d(x,y) 1+d(,x) 
The triangle inequality 
(iii) U(x,z) . day) . dz) 
1+d(x,z) 1+d(x,y) 14+4d(y,z) 
can be verified as follows: 
Multiplying both sides of (ii7) by 

(1 + d(x, y)) 1 + dy, z)) (1 + d(z, x)) we obtain 
d(x, z) < d(x, y) + diy, z) + 2d(x, y) diy, z) + d(x, y) diy, z) d(z, x) 

Since d is a distance and is > 0 (iii) follows. 


since d(x, y) = d(y, x) 


2. Let FE and F be two compact subsets of the metric space (X, d). Define the distance 
dist. (E, F) by dist. (FE, F) = inf {d (x, y): x € E,y € F}. Show that if E 7 F'= 6, then 
dist. (E, F) > 0. 

Solution: Clearly, dist. (E, F) = 0. We will show that if EF ~ F'= 9, then dist. (E, F’) # 0. 
The proof is by contradiction. Suppose that dist. (E, F) = 0. Then for a given n there 


1 
existsx € Eandy, ¢ Fsuch that d(x,, y,)< —. Taking n = 1, 2, ... we get a sequence 
n 


{x,} anda sequence {y }. Since £ is compact and x, € E, we can find a subsequence 
of {x} converging x, € E. Similarly, there exists a subsequence of {y,} converging 
toy, € F. 


Now d(x,,¥,) = lim (x,,¥,) =0, sox, =y, and ENF # 9. 
nao 
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: 1 ; . : : 
Prove that the mapping x > —, x € (0, 1) is continuous but not uniformly continuous. 
x 


fc he a . : 
Solution: — is continuous for x # 0 in (0, 1). 
x 


Let ¢ > 0 be given. Then, however small we might choose 8(g), there exists 
x,,x, € (0, 1) with | x, —x, | < 5(e) such that 
1 1 


xX) Xo 


>é 


1 
Taking x, =x, + 5), we have 


|x, —x, |< 8(e) and 


1 1 1 1 
- = si = Kei + TO} 
all 
But (itt ye 


x30 (x, + 48(e)) 


Hence, it is possible to choose x, € (0, 1) such that 


{550)! a( + +3«)} > 


Show that f(z) =| z | is nowhere differentiable. 


Solution: Let w=f(z) =u +t io = Wr + a) =P. 


Ow Or | 
aa 
This shows that the rate of change in the radial direction is 1. But the derivative in 
the direction of the tangent 

2 ee a ce 

or 08 «or 08 08 
Since the derivative in the radial direction is different from the derivative in the 
direction of the tangent. Hence f(z) =| z | is nowhere differentiable. 


Now 


Show that the function f(x, y) = x? + iy’is uniformly continuous in the open disc 
D (0, 1) but not uniformly continuous in C. 


Solution: Consider 
FSV @py,) | 
=r ors, = | 
=|@Fx) @=x) tiv ty )O=-y,)| 
<|@+x,) @-x)/+/1O+7)0-y¥) | 
<2(|x-x,|+|y-y,), 
since |x+x,|<2,(y+y,)<2 in DOO, 1). 
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Hence 


If v)-f&y)|<e 


for V(x — x)? +(vy—y,)? <e/4. 


This shows that f(x, y) is uniformly continuous in D (0, 1). 
But f(x, vy) is not uniformly continuous in C. For, choose 
x+x,=yty,=M>0 
Then 
If@ Y)-f@,y)|=M| @-x)+iO-y)| 


=My(x-™)? +(v-n) 


Thus, however small we choose me = ey +(y- wy , 


If@ y)-fOp»y) [> 
for sufficiently large M. 


6. Show that 
(a) i‘ 0.0 { (ne) )- (a) 
Oz Oz Ox’ \a& &) ow 
e om 
+ =4 
a ax? ay? Oz OZ 
Solution: 


ee 0 ;,2 
Oz 2\0x oy 


0 lfa ..oa 
(2) == +i 
Oz = 2\0x Oy 


By adding (1) and (2) we obtain 


0 0 0 
— = — + — 
Ox Oz OZ 
and by subtracting (2) from (1) we have 
hee eg 
Oz oy 
cae pa 
ae az oz) ay 
s a : om 2(2). a( a 
ow = 
ax? ay?” a Lax) aya 
(< =\(2 2) °(z =\(2 2) 
=|—+—]/ —+—]4+ 7°] —-— ] —-— 
Oz Oz )\dz OF Oz OZ )\Oz OF 
oO oo a a a 


"poet aoe > a a 5 = +2 —=4 = 
\z IZ zZOZ OZ o4 Oz OZ Oz OZ 
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7. Prove that the function f(z) = u + iv where 


_ rOsp=~ 0-7 


f@) 


x+y 
z#0, f(0) = 0, satisfies C — R equations at the origin, but f’ (0) does not exist. 
Solution: 
3, 13 
xi ty 
ues = 
j y= ye 
an v(x, y) eae a? 
u(0, 0) = 0, (0, 0) = 0 
= tie u(x,0)—u(0,0) _ , 
* x30 x 
u= lim u(0, y) — u(0, 0) | 
%  y>0 y 
Similarly i Os ad | 
Hence, C — R equations are satisfied at the origin. 
But f'O)= tim LO-FO 
z>0 z—-0 


= jim te tay" — d+) 
236 (x? iy 


Letting z > 0 along y = x, we have 


1 
rO=5049 


But ro-(S+2) =1+i 
Ox Ox (0,0) 


Hence f” (0) is not unique. This shows that f(z) is not analytic at the origin but C—R 
equations are satisfied there. 


8. Prove that f(z) = zZ is nowhere analytic 


Solution: f®@=2zZ =H +y=ut+i0 


The first four partial derivatives 


are continuous everywhere. But C — R equations are satisfied only at the origin. 
Hence z= 0 is the only point at which /” (z) exists. Thus f(z) =zZ is nowhere analytic. 


l+i 
9. Evaluate J (2? + z) dz. By choosing two different paths of integration show that 
0 


the results are the same. 
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Solution: Choose two paths y, and y, as shown in the figure. 


1+i 
WP) 
ry 
O r 1 - 
2 : p. ! 2 2 
Now (2 +2)de=| (x +x)de+ | [d+ H)? +14 5) P idy 
v1 0 0 
= 5454(2-3})-3 
a" 3 a} 2 
5. 2 
5,2 
33 


Letz=(1+/)¢,0<¢t<1. Then dz=(1 +i)dt and 
1 
J (2? +2)dz2=(1+i) | (a+ 02 44a) at 
Y2 0 


ae te 

_ a+b gil) 
3 2 

2 


2 3 


10. Evaluate J z dz along 
(7) the line segment joining the points (1, 1) and (2, 4) (di) the curvex =4,y=f 
joining the points (1, 1) and (2, 4). 
Solution: (i) The equation of the line joining (1, 1) and (2, 4) is y= 3x —2. Any point 
on this line is given by 
z=xt+i(x-2),1<x<2. 
Hence dz = dx + idy = (1 + 31) dx 


B(2, 4) 
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and 2=Vr-yt 2ixy 
=(—8 + 61) x°+ (12 —4i)x -—4 


2 
Thus I, {2 dz= J [(— 8 + 6i)x? +(12 — 4x — 4] 34+) dx 
=a 88 4 
=F 6 


(ii) Any point on the arc of the given curve is 
z=tt+if,1<t<2 
dz 


— =14+2it 
dt ; 


Now integrating f(z) =z’ along the curve, we have 


J fQe= f (¢ + it2)? (1 +. 2it) dt 
Y 1 


66 
a. 
This shows that the value of the integral along the two paths joining (1, 1) and (2, 4) 
is the same. 
11. Show that J G= iy’) dz|<2.5 
Y 


where 

(i) y is the interval [— i, i] on the y-axis 

(ii) y is the semi-circle z= cos @ +ising,—1/2<@<7/2 
Solution: 


(i) We will use the inequality 


J f(Z) dz 
Y 

where L (7) is the length of y. 

On [- 4, i],x? =0 and |i" | <1. 
Hence | x? + iy”| < 1. Since L (y) = 2, it follows that 


- is If@ILM) 


<12<2.5 


J (x? = iy’) dz 
Y 


(ii) In this case x = cos @, y =sin @, 


dz =(—sin » +i cos @) do 


2 4 
Now [ G2 -w)a=545i 
Y 3 3 


2 
Hence f (x? — iy?) dz =545 <25 
Y 
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12. Prove that homotopy with respect to a domain Q is a transitive property. 
Solution: Let y,, y,, 7; be three closed curves in a domain (2. Assume that y, and y, are 
homotopic with respect to Q, with the family of curves y,,(¢, u),0<¢<1,and0<u 
< 1 generating the homotopy, so that 

Ve (t, 0) = Y, and Vi5 (t, 1) = Y>: 

Similarly, we assume that y, and y,are homotopic with respect to Q where y,, (¢, 0) = y, 
and y,, (¢, 1) = y;- 
Now, by choosing properly the parameter ¢ it can be arranged that y,, (¢, 1) = 7,, 
(t, 0). 
Define y,, (¢, u) by 


1 
Yi2(t, 2u) for 0 <u< 
Vis (t,u) = 1 
¥23(t, 2u — 1) a 
Y,; (¢, uw) is continuous in 0 <t<1,0<w<1 and 
154 0=7,60=%, 


1 
Vi3 () | = Vio (t, 1) = Yx3 (4, 0) a Yo 


Yn (4 D=1,3 4 D=%5. 
Note that they all are within the domain Q. Hence y, is homotopic to y, with respect 
toQ. 


13. Evaluate 


Zz 


e 
dz 
fh z? +1 

if y is the circle of radius | at (4) z =i and (ii) z=—i. 
Solution: 

zZ Zz d 
(i) | se-) —= 

y z +1 y z+iz-i 

Identify z, as i and f(z) as -. Applying Cauchy’s integral formula we obtain 

zti 


e dz e! 
= 2m i f(z,) = 2ni — 
J zt+iz-i ai 2i 


=n(cos | +i sin 1) 


Zz 
e 


(ii) Identify z, as —i and f(z) as 


7 
Applying Cauchy’s integral formula we obtain 


Z 


| So = 2n ie) = 201 
y z-izti —2i 


=— (cos | —isin 1) 
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14. 


15. 


16. 


17. 


18. 
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Prove that Liouville’s theorem remains true if we replace the boundedness of fby 
the boundedness of 


2n F 
J, lye") ao. 


Solution: The proof is the same as for Liouville’s theorem except that we estimate | 
F(2) —f(0) | by 
|z| al 0 
Teer J. | f(Re®) | dO. 
Prove that if fis analytic in| z|< 1 and| f(z) | <1—-—|z|, then f(z) =0. 
Solution: If p > 1, we have | f(pe’) | < 1 —p. For any given z with | z | <p, Cauchy’s 
formula gives 


ie 2 
vO), ca 


Fixing z and letting p > | we find that | f(z) | = 0; hence f(z) = 0. 


d0 


Is it true that an analytic function /f satisfies | f(z) | = for |z|<1? 


1 
1—|z| 
1 
Solution: Suppose that there is such an f. If | f(z) | > TJ2I’ then f(z) # 0. Thus 
—|z 
1/f(z) satisfies the hypothesis of Exercise and hence is identically zero. This is a 
contradiction. 


Assume that | f(z) | < M on the circumference of a square whose side is L. Let z, be 
the centre of the square. If fis analytic in the square, prove that 


t < 8M 
i7@\is—- 
Solution: There is no loss of generality if we take z, = 0. Then 


1 J SES 
2ni YC Se 


7 O)= 


L 
where C is the boundary of the square. The length of C is 4Z, and | € | = zon GC; 
so 
8M 
nL 


1 4 
0)|<—2LM —= 
If O|< 522M 
Expand in a Laurent series the function 


1 
f@= Gy about z= 0 andz=1. 


Solution: I =—l|-z-z 
z—l l-z 


and 


SoLuTIONs TO Some SELECTED EXERCISES 257 


1 1 
2 (l=(=2)" 
[l1+(Q-z)+( -z)+...fP 
=1+20 -z)+3(1-z)t... 
=1-2(z2-1)+3(-1)*-... 


1 
z(z-l) (z-N 
19. Prove that the Riemann zeta function € defined by 


2+3(z-1)-4(z—-1)*+... 


and 


C(z) = 2 n* 


converges for Re z > | and converges uniformly for Re z = 1 + ¢ where ¢ > 0 is 
arbitrary small. Prove also that ¢ is analytic forRez>1+. 


Solution: 
1 1 | 1 | 1 | 
n2 e log n ex log n e” log n 
1 1 1 
= —— = — << 
xlogn x ~ l+e 
ée n n 


fo) oo 1 
Since xe converges, we find by the Weierstrass M test that X nz converges 
n=1N n= 


= | 
uniformly for Re z= 1 + ¢. We also see that each term of the series X ae is analytic 
n= 


21 
function and since » —> is uniformly convergent for Re z = 1 + ¢. Hence by 


n=1N 


Theorem | of Chapter 7, 
2 1 
G@= 2 — 
n=1Nn 


is analytic for Rez=1 +e. 
20. Expand the function f(z) = log (z + 2) in a power series and determine its radius of 
convergence. 
Solution: We have 
1 1 1 
f@= = 


z+2 5142 


Integrating it term by term we obtain 


lz lz 


1 
=Ct—2-— 4 
PORE Gy By 


Using f(0) = log 2, we find C = log 2. 
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The radius of convergence is given by 


1 . 1 1 1s. 1 
= lim 2 -—=—lim2z 
R 2” n 2 n 


ie. R=2 lim Yn =2. 
21. Prove that 
(i) Res (tan z, 2/2) =- 1 


(ii) Res ean 0| = i 
z 2 
Solution: 
sinz cos(m/2-—z) 
(i) tan z = 


cosz sin(m/2 -z) 
At z= 77/2, cos (m/2 — z) = | and sin (1/2 — z) has a simple zero. Hence z = 1/2 is a 
simple pole of tan z. Thus 


i /2- 
Res (tan z, 1/2)= lim (z—72/2) cos (1 Ae 
z>n/2 sin (n/2—2) 
bs l—-cosz 22/2!—27/4!4... 
(ii) Lecosz 2 /21-27 [dt 
? Zz 
_il Zz 
Q!'z 4! 
1—cosz I 
Hence as aay, ai 
Zz 2 
22. Prove that 
1 oo 1 
cotz=—+2z Y = 
Zz m=1Z —m°T 
Solution: 
1 ge 
Let f(2) = cot z—--=——— 
7 zsinz 


J (z) has simple poles where 
sinz=O,ie.z=mn,m=+1,+2,+3,... 
. zcosz—sinz 
Also, hie 6 
z30 zsinz 


Thus we define f(0) = 0 


; zZcosz—sinz 
Res (f(z), mm) = lim (z—mrm) : =1 
zZ>mnt Z SIN Z 


Using earlier results we obtain 


1 a 1 
cotz=—+2z 2 —5—>— 
Z m=1Z —-m TT 
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23. 


It remains to show that f(z) is bounded on the contour I’ as shown in the figure. 


y 


ABCD is a square with center as origin and having sides of length 2m nm + 2. The 


poles + nm, + 27, ..., + mm lie within the contour. Along BC x = [m + ;| mt. Now 


er 4] 


i— = 
ee _] 


| cotz |= <1. 


=@ 41 
eae | 


Along AD, x =— [m + | mt, the same result holds. 


Along CD, y= [m + | wT 


and | cotz |< 


1+ exp[—(2mn + 1)] 
1— exp [- (2mn + 1)] | 
>lasm—>o 
Along AB, similarly 
|cotz|—> lasm—> oo 


Also 7 >0onr 
Z 
1 
Hence f= [cot Z— *) 
Z 


is bounded on I. 
If 8 is not an integer, prove that 


3 1  _ ncot xB 
Pet eee B 
Solution: Consider 
1 T cot 1z 


= ZL 
2ni Jy B? — 2° 


where y is the boundary of the rectangular domain 


1 i are. 
— [7 + ;| <x<M+t+ >? —~M<y<Mand M = 2 isan integer (see the figure below). 
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: m1 cot 1z : ' F 
The residue of Boe at z =n, an integer is B 7: If] B| <M, it follows from 
= —n 
the residue theorem that 
j= = 1 m cot tP 
n=—M B? = n B 


Note that the last term arises from the residue at — B and B. We have proved in the 
above exercise 22 that 


|cotmz|<cothaz,zony 
The length of y is 8M + 2, and since | z| = M ony, we find that 
8M+2 mncothn 
22 M?*-|BP’ 


This tends to 0 as M > ~ and hence the results follows. 


ii M2=2,|B|<M. 


is x? dx 
o GO +1)" 


Evaluate 


Solution: We have 


2 1 2 


00 x ioe) x 
dz = dx 
Jo (l+x?) aes (l+x’) 
We will use the formula 


ie R(x) dx =2ni Y Res (R,s;) 


Ims;>0 
where s,are the poles of R(z). 


2 


The function R(z) = 7 has the only pole of order 2 at z=7 in the upper half 


= 

(@? +1) 

plane. Hence R(z) can be expressed in Laurent series about z = /, i.e. 
7 a_> a_y 


R@)=——s = 1 ta,ta, (zi +a(z—-iP +... 


G42? G=i C€=d 


so that 
RG) @=)=0,7 8, @—1)t 6, 4-1 * @) 2-0 tn 


is analytic at z =i. 


a= SRe) e-1'L,., 
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_4@|_ 2 
dz| (z+1)° ed 
eee! 
Aj 4 
Hence J R(x) dx =— 201 (=) = 7/2 


tn 2 
Thus J eT = 1/4 
0 (l+x*) 
25. Prove that 
2n 
(i) J a nv2 
0 l+s 


in’ @ - 
m d0 
ii —___—_, = 8n/3V3 
®) J, (1 + 1/2 cos 0)” 
Solution: (i) Let z= e®, dz = iz d0 


0-1 : 
sin = gal 7 


——| a es 
0 1+sin?@  Jjz|=1 iz[t- 4(2-4)"] 


i} 4z dz 
=j Seen 
jzl=1 z+ —6z7 +1 


4 
The simple poles of are 


Z 
z+ —6z7 +1 


z,= 2 1,z,=1 V2,2z,= V2 + 1landz,=-1--2, 


But z, and z, are inside | z| = 1. 


4z 4z 
Hence J dz=2ni > Res| ———~—,z, 
lzi=1z* —6z7 +1 z,e|z|=1 eran ; 
4z 4z 1 
Now Res | ———.—-, z, | = lim (z — z,) —————_ = - —— 
aE ; Covi D641 242 
Similarl R ( a : 
imilar es | ———>—,Z) | =- —= 
: 24-672 41° ae. 


Hence i } 
| 


4z 1 1 
= (21 =nV2 
sz—62 +1 ( 2/2 =| 
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(ii) cos 8 is an even function. Hence 


mh Galena? 


Setting z = e®, we find 


Zz 
--8i] di 
jzl=1 24482 +1827 +8241 
Zz 
SS er 
jzl=1 (27 +4241)? 


Zz 
The poles of (+4241 are z,= 43-2. and Z,=— V3 — 2, both of order 2. z,is 


inside | z |= 1 but z, is outside | z |= 1. 


«( 7 v2)}=518 


(2? +4z+1) 


Hence I=-8i2ni xX Res ws 
z,¢\z|=1 (z° +4z+1) 


= 16n3 /18 = 8n/3V3 


26. Prove that | (log Jk dx = 13/8 
+x 


Solution: Let C be the curve as shown in the figure here and let C, and C, be the 
semi-circles of radii ¢ and R respectively with centre at the origin. 


Consider 


2 
one a 
c z +l 


(log z)? See ee 
awe & has a simple pole z =i which lies inside C 
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l 2 
Res os2) ae ee eo 
zg’ +1 zi (z+i)(z-i) 
2 3 
Hence {Ss (log 2)” dz Z - 
c 241 8i 4 
= 2 
Nes [< (log zy ae =[ (los Zz) con (los zy" 4 
c 27741 -R z +l Cc z +1 


R 
+ fees Yay [ Sows) y 
e z° +1 G,.2° +1 
Setting z =—x in the first integral and z = x in the third integral on the right, we find 
R 2 2 R( 2 
J CZ. ean es a+f ae dx 
é x* +1 CQ z +l e x +1 
+] (log 2) <2" dz =-— 13/4 
C) 24+) 
Let e— 0 and R— o. It can be easily checked that the integrals around C, and C, 
approach zero. Hence 


0 "2 0 2 3 
(log : + Ti) den (log x) xa 2 
0 x° +1 
2 (| 2 wo | oO ad 3 
Le. 2] CO ae + 2nif SE ax x | S aoe 
0 x +1 0x +1 0x +1 4 
© (J 2 © | 3 3 
i.e. 2] COB x + 2nif oe dx ae 
x +1 0x’ +1 2 4 
2 3 
(ea) co |, 
Le. 2] C8)" atx + 2nif es ie 
0 x +1 0x +1 4 
- 2 3 
Hence 2 CE ee 
0 x +1 8 
27. Prove that 
| tae = ,(0<a<l) 
0 x(1+ x) sin Ta 
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Solution: Consider 
zt! 
J i dz where I is the contour indicated in the figure shown here. Note that 
rl+z 


a-1| 


has 


: : : ae .  £ 
z=0 isa branch point and hence the contour I is chosen in this fashion. 
+Z 


the simple pole z =— | which is inside I. 


z>-1 1 


zt! ; zal 
Res i e™ = lim (z + 1) = ea- 1)ni 
1+zZ +2 


a-1 


Z ; A 
Hence J dz =2ni e@-)™ 
rl+z 
eo (ao ee 
AB 4BED JDC JCFA 
R yol 2n (Re™)*1 Re” dO 
Le. dx + eer a 
ol+x 0 1+ Re 


2nia-I (O\a-1-. i0 
&(xe™ )* dx f® (se )* ise” dO 
+ = 2ni ec ™ 


R 1+xe°™ 21 ~=6. 1+ se” 


Let e>0 and Roo. It can be easily checked that the second and fourth integrals 
tend to zero. Thus 


xo 0 eee) xt! 


00 
[ar +f dx. = 2mi 
0 1 +X oO 1 +X 
ee) x2! 
Le. {1 + erni(a— »] dx = Oni el Uni 
01l+x 
© yal d 2ni T 
Hence J x = | = 
ol+x ete ™ — sin an 
Prove that 


ee) 2 Tt 
(i) J e* 820 cos (x* sin 20) dx = WF 9s oO 
0 


ae . vr. 
(i) J e* 0820 sin (x? sin 2a)dx = oe 
0 
Solution: Consider the contour T’ as shown in the figure here. 


y 
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The contour I’ consists of the line OA, the arc C, of the circle | z| =r from A to B, 
(0 <a < 7/4) and the line BO. 


-2? nox? -2? “i ia 2, (ia 
(1) Je dz={e : dx + | e- d+ | exp {-(pe” )te'dp 
i 0 G r 
(on BO, z= pe®, 0<p <r) 
Since eo is analytic within and on contour I’, we have 
J e* dz= 0 
r 
It can be checked that 
J e? dz>0asr> 
q 


Hence, letting r — 00, we obtain from (1) 
J, exp (— pe") e! dp = fev ae - Jn /2 
i.e. 
(2) J, e7P cos 2a. [cos (p* sin 2a) — sin (p? sin 2a)] 2p = /n/2e7 


Equating real and imaginary parts on the two sides of (2) and replacing the variable 
of integration p by x, we get (/) and (ii). 
Note that, putting a = 7/4 in (7) and (ii) we obtain 


in cos (x7) dx = I. sin (x?) dx = 
0 0 


dx 2 


— 3) = 3 


1 
29. Prove that J 5 
0 (x 


Solution: Let T and I’, be the contours as shown in the figure here. 


1 
z=0 and z= 1 are the branch points of Cay 


We have 


0 id. 
J, Oe = [2 et 0 as 0 


on re” are"? 
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= 0. 
and J s(a)dz = | ae ae 2 8 asp 0 
al = (1+pe”)(-pe®) 


Here f(z) is analytic for every finite z except on the cut from 0 to 1. Hence 
[ f@a-[ soa =0 
r Tr 


The Residue* of f(z) at z = 00 is 


e é —Z 
lim {-2 f(2)} = lim ay I" 
Hence J so dz =—2ni (-1)'8 
anil3y dx 
But | fed = Jf dz = el —-e df. ey? 
=—2ni (- 1)? 
Therefore 
[ dx 2ni _ 2a 
0 (x? =z)" eM/3 _ 9-3 Je 


30. Find the number of zeros of the function 
F(z) = sin z + 2iz’ in the rectangle 
|x| <7/2,|y| <1. 


Solution: Apply Rouche’s Theorem with 2 iz’ as fand sin z as g. Forz=x+ 


= 


| sin z | = (sin’ x cosh? 1 + cos? x sinh? 1)!? 
<cosh | < 1.5431 
For z= 1/2 + iy, |v | <1,|sinz|=cosh y < cosh 1. But 2 | z’| = 2. Hence | sinz |< 
| 2 iz? | on the boundary of the rectangle, and there are two zeros inside. Note that 
one zero is at 0. 
31. A Mobius transformation that transforms the real axis to the real axis can be 
represented with real coefficients a, b, c, d. 


az+b 
We assume that none of the coefficients is zero. Let w = aed Note that the 
CZ 


inverse image of 0 is real, so b/a is real; the image of » is real, so d/c is real. Now we 
represent the transformation as 
_ (a/b)z+1_ i+) 
(c/d)z+1 nz+l 


where / and 7 are real. 


*Let w =f(z)dz where fis a rational function. Write t= 1/z. The residue of w at 00 is defined to be the 
residue of — ? f(1/f) at t=0. 
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32. 


33. 


34. 


Find the Mobius transformation which maps the unit disc of the z-plane into the unit 
disc of the w-plane. 

_aztb 
ev cr+d 


Let 


Observe that w = 0 and w = © correspond to symmetric points a and 1 / @ where 
|a|<1. Then b=- aa, c=— qd. It follows that 


-_ f 7 we) | 
(z~a) 
(Gz —1) 


But when | z|= 1, = | and therefore 


= u = pid 
a e”® (60 real) 
a 
-1 
Find the Mobius transformation which maps the upper half of the z-plane into the 
upper half of the w-plane. 


Hence 


|a|<1, 6 real. 


We have seen above that Mobius transformation that maps the real axis to the real 
axis can be represented with real coefficients. Conversely, a transformation with 
real coefficients maps the real axis to the real axis. Hence, the Mobius transformation 
in this case must be 

az+b 

czt+d 
In order to make the upper half-plane correspond to the upper half-plane, we have to 
make z =i correspond to a point w with Im w > 0. Then 


w= where a, b, c, d are real. 


ai+b — act+bd—bei + adi 
citd | +d’ 

must have positive imaginary part, so ad— bc > 0. 

Find the Mébius transformation which maps the right-hand half of the z-plane into 

the right-hand half of the w-plane. 

In order to transform the right-hand half plane to the right-hand half plane, we first 

transform the right-hand half plane to the upper-half C-plane by 


C= 
a _ agt+b 
ee vcb+d 


transforms the upper half plane to the upper half plane, and multiplication by — i 
carries this back to the right-hand half plane. Thus, 
_dizt+b _ az—bi 
ciztd  ciz+d’ 
Hence, the required Mobius transformation is 


ad—bc>0. 


az — bi 


wl a 
cz — di 
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36. 


37. 
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Prove that if fis analytic and Re f< 0 in the disk | z | < 1, then 

|f'(0) | s<—2 Re f(0). 
Solution: Let f (0) = A. Then w = f(z) maps the z disk | z | < | into the left-hand 
w-plane, and 0 to A. Now we map the half plane to the unit disk in a t-plane by 
A-w 
Atw. 
Then g | f(z) | maps the unit disk into the unit disk and 0 to 0. By Schwarz’s lemma 
(see Appendix I), 


c=) = 


d 
| “gf(e)|<1 
i.e. | fg’ FO) f'O)}_| <1 
-(A+w)-(A-w)_ -(4 +4) 
a PO)" aw? Atm)? 


1 

'(A) = -=—., A= f(0). 
A aaa ee f(0) 

It follows that 
£0 
A+A 

|f'(0)|<| A +A |=|2 Ref (0) |=-2 Ref (0). 
Let fbe analytic in | z| < 1. Suppose that 0 <| f(z) |< 1in|z|<1.Then prove that 
| f'(0) | < 2/e 


Solution: Since f(z) # 0 in| z | < 1, there is an analytic branch of w(z) = log f(z) in 
|z| <1. Then Re w(z) <0 because | f(z) | < 1. It follows from Exercise that 


y'(0) | <— 2 log | f() |, 
| f') 
<-21 0 

70) <2 OBO 
F'(O) | $—2 | FO) | log | F(0) |. 
The maximum of — ¢ log ¢ for 0 <¢< 1 is l/e at t= 1/e. Hence 
2 
f'0)|s— 

e 


Find the image of — 1/2 + kn < Rez < 1/2 + kn (k= Constant) under the mapping 


fs 


@ = sin Zz 
Solution: Write the mapping = sin z into three mappings: 
iz ~e 
@ = sinz= 5 fogoh 


1 1 
where h = iz, g=e" and f= | g-=|. 
2i 8 
Since h = iz is a rotation by 7/2, the image of the strip 
ST, = {z:-mW2+kn<Rez<n/2 + kr} 
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38. 


under the map h = iz is again a strip 
ST, = {z:—-wW2+kn<Imz<n/2 + kr}. 
The image of the strip ST, under the map g = e’ is the half plane H ~ {0}, where 
A= {z:-wW2+kn<argz<n/2 +k} 
Now it remains to find the image of H ~ {0} by f- 
Note that if k is an even integer, 
A= {z:-1/2 <argz< 7/2} and if k is an odd integer, 
A= {z:-n/2 <argz<3n/2} 


Setting f= u + iv and z= re®, we have 


( jane ( ~| $258 
Hence u=|r+— > velr-— 
x 


It follows that 


sin?@ cos’ 0 
i.e. the image of the ray {re®; 8 is constant} is the hyperbola whose axes are sin 0 
and cos 0. 


2 2 
2u 2v 
Also, “a ea ie =, 
hors ee 
i.e. the image of a circle | z | = ris the ellipse with axes 
ie oa 
—|r+—|,—|--r|]. 
2 FYODAY 


When & is an even integer, v is positive for 0 <r <1 but v is negative for > 1 ; wis 
positive for 0 < @ < 7/2 and negative for — 1/2 < 8 <0. 


Thus, when k is an even integer, the image of H ~ D’ (0, 1) under the map fis the 
upper half plane Im z > 0 and the image of H — D' (0, 1) is the lower half plane Im 
z<0. 
Hence, the image of the strip ST, with k even under the map w = sin z is the entire 
complex plane C. 

1 


Prove that log = 
l-z 


is an isomorphism of disc D(0, 1) with the strip 


—w/2<Imz<n/2. 
Solution: z, = 1 —z is an isomorphism 
DO, 1) > DG, 1); 


zZ,= ae 1s an isomorphism 
1 


1 
D(1, 1) > Re (z,) > >? 
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z,=—1 + 2z, is an isomorphism 


Re (z,) > : — Re (z,) > 0; 
Write z,=logz,=log|z,|+i 
arg z, is an isomorphism 
Re (z,)> 0 >—n/2 <Im (z,) < 1/2 


Hence 


2 
z,= log z,= log (1 + 2z,) = log [+2] 


2) 
2 1+z 
=log}| 1+ = log 
l-z 1-z 
is an isomorphism 


D(O, 1) > {z:- 2/2 <Imz< 7/2} 


Find the image of the given domain D under the following conformal mappings 


1 
(i) w=z+-;D:|z|<1,Imz>0 
Zz 


l= 

(it) w= ———~}D:0< Rez<ni2 
1+cosz 

Solution: 


(i) Setting w =u + iv and z=re®, we find 


u=(r+2) cos Oand y= (7-1) sin 9 
r r 


1 
Now Imz> 0 iff0<@<7and|z|<1iffr< 1. Thus sin 0 > 0 and r— — <0 implies 
r 


v<0 with v taking all negative values. u = 0 for0<0< 7/2 andu <0 for 1/2 <0< 7, 
u taking all real values. 


Hence, w= z+ — maps the region (| z | < 1) 7 (Imz> 0) onto the lower half-plane 
Z 


Imz <0. 


1—cosz eral 
(ii) Write the mapping w= 


2 
as the composition of mappings : 


l+cosz |e” +41 
Beg SE and z,=—z/=w 
1 a2 z,+1 3 2 


arg z, = arg e” = arg e*” = x= Rez. 
Thus 0 < Re z < n/2 implies 0 < arg z, < 1/2. 
It can be easily checked that Re z> 0 is mapped onto | z, | < 1 by 


z,—1 


zZ= 
2 z, +1 
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and it is an isomorphism of 0 < arg z, < 1/2 onto the region 
(|z,|< 1) 7 (mz, > 0) 
or (|Z, |) <1) 0 (0 <arg z, <7) 
Since |z,| =| z, |’ and arg z,= 1 + 2 arg z, it follows that 
0 <arg z,< niffn < arg z,<3nand|z,|<1 iff|z,|<1 
Finally, we find that the mapping 
wy aes maps 0 < Rez< 2/2 onto 
1+ cos z 
(|w|<1l)A@-1a<argw<n) 
40. Letz,,z,,z,#z,, be the two fixed points of a Mébius transformation 7. Show that 7 
may be written as: 
ME pO, 
WZ» ZZ» 
where k is a complex constant. 
Show that the cross ratio of z,, z,, z, w is constant. 


Solution: Let z, and z, be the fixed points. Then z, = 7(z,) and z, = 7(z,). 


Z-2Z 


Let T, = . T, maps z, + 0 and z, — % and 


Z—Z5 
T,0 To T,' maps 0 > 0 and 0 > w, 
Hence T,0 ToT," is given by 
T,0 ToT, "(u) = ku 
It follows that i=T omer, 
WZ 


i.e. —— =k 


W-Z> Z—Zy 


a 2y 


defines T. 


We will consider the particular case of the second part. We will determine z,, z, and 
k for the transformation 

Be 2 

243 


Its fixed points are given by 


Le. z=l|+i 


” w-(lt+i %2-(1+/) 
ence “> SFE ? 
w-(1-i) 2: = (1-1) 


. 543% 
4-i 277 45 


= 28 5-31 
WD a 44i 


,- d= 
17 


Thus 
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41. Find a transformation which maps the semi-infinite strip onto the upper half plane. 


y 
B ~< 
a, = 1/2 
> > 
=| 4 X 
a, = 1/2 
A “<< 
Solution: 


Here o, = 1/2 = a, as shown in the figure here. We choose x, = 1 and x,=— 1 and 
apply the Schwarz-Christoffel transformation. Thus we have 


dw =K(z + 1)?" (z = 1)" 
dz 


=K(z+ 1)” (z- 1)” 


d. 
Hence w=K J a =Kcosh'!z+D 
V(@*-1) 
where D is a constant. 
To determine K and D, we have z = 1| for w = 0, this gives D = 0 and z = — | for 


w =i, this gives K = 1. Thus 
w=cosh" z. 
42. Let fbe analytic in | z | < 1. Suppose that | f(z) | is maximized for | z| < 1 at z, with 
| z, | = 1. Prove that f"(z,) # 0 unless fis constant. 
Solution: Suppose that f’(z,) = 0. Then in a neighbourhood U:|z—z,|<¢ of z,, (é is 
small) fis analytic in U. Now fcan be represented by Taylor series with centre at z,. 
We have, for f¥ 0, 


f@)-f@) =@=2,)" , + 2. a, (Z 20)" (a, #0, m 2 2). 


When ¢ is small, the part of U inside | z| = 1 is nearly half a disk, and arg z varies by 
nearly x on the part E of OU which is inside | z | = 1. It follows that arg [f(z) —f(z,)] 
varies by nearly kx on E(m = 2), and this makes w = f(z) go outside the disk 
|w|<f(z,) |. Hence, | /| takes values greater than | f(z,) | at some points z with | z | 
< 1. This contradicts the hypothesis that | | has its maximum at z, for | z| < 1. 


43. Suppose that U and V are conjugate harmonic functions and let 


V(x, y) 
(x) = Cea 
Prove that 
¢ (x) = tan (ax + B) 


where o and B are real numbers. Also, determine U(x, y) and V(x, y). 
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Solution: 
Since U and V are conjugate harmonic functions, hence 
f(2) =U (x, y) + iV (x, y) is analytic and 


V 2 
i - . = tan (arg f (z)) 
i.e. arg f (z) = arc tan (=) 
= arc tan (x) 
Now arg f (z) = Im log f(z) 
ore “tim logf(z)] = 0 


Since log f(z) is differentiable when f(z) # 0, it follows by C— R equations that 


6 a] 
Pi log f(z) =a log f(z) =0 


Therefore, Re log f(z) =g () 
é é 
and g'() = = a(y) = — <I log Ff) 
oy Ox 
0 
= — — arc tan (x) 
Ox 
Since g’(y) depends only on y, and — = arc tan (x) only on x, we find that 
IX 


g'(v)=- a. arc tan ¢ (x) =— a (a real constant). 


Ox 

Thus arc tan d (x) =ax+B 
i.e. tan (ax + B) = > (x) 
It remains to determine U and V. 
Since g(v)=-ayt+s 
and gv) = Re log f(z) = log | f(@) | 
we have | f(z) | =e =e vr 
We know that f (2) =|f@) | cis arg f(z) 
Hence 

f@ =e * cis (ax + B) =e cis Be cis ax 
Thus U(x, y) = Ce cos ax 
and V (x, y) = Ce™ sin ax 
where C=e' cis B 


44. Find the conjugate function of 
u=V-y 
Solution: 


Ou Ou 
The function wu = x’—y’ is harmonic. Also, — = 2x, — = — 2y. Hence a conjugate 


Ox oy 


of u will satisfy 


274 


45. 


46. 
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(3) Pia ae 


Integrating the first equation of (3) with respect to y we have 

(4) v = 2xy + k (x) where & (x) depends only on x. 

Substituting (4) in the last equation of (3) we obtain k’(x) = 0 and so k (x) = constant 
=, 

Hence, the conjugate function of x° — y* is 2xy + C and the analytic function f(z) is 
given by 


f@=CH-y) tia t+ Qa=z2+iC. 


: : x, 
Prove that the harmonic conjugate of ——~ is =——. 
x+y x+y 


x 1 
Solution: 5 7 =Re (=) 
x+y gz 
1 
We have f@=- 
Zz 


is analytic in C except at the origin i.e. z= 0. 


1. 8 : 
Threfore the real part of — is harmonic in C except at z = 0. But the harmonic 
Zz 


: 1). : : : . 
conjugate of Re (=] is Im (=). That is, the harmonic conjugate of — ud x Is 
Zz Zz xo +y 


a 

x+y" 

Prove that under the transformation w = f(z) is harmonic function $ (x, vy) remains 
harmonic where f(z) is analytic and f(z) # 0. 


Solution: Let o (x, y) be transformed into a function @ [x (u, v), y(u, v)] by the 
transformation. We will first prove that 


26, FH nf, 
axe Oy =|f'@) | (34) 


dp _ A) du Bb ov 
Ox Ou Ox Ov Ox 
Ah Ap du a Ov 
dy du dy v ay 
ah 0b Ou Gu 0 (2) ab 0’v av O (2) 


We have 


2 rea a ae. 
ox Ou Ox Ox Ox \ Ou Ov Ox Ox Ox \ Ov 


ab O°u ou a7 Ou ; ao Ov 
du 6x? @x| Gu? Ox dv du ax 


_ 6b Av ov ab Ou : 0° Ov 
' Ov €x? Ax} udv Ox Av Ox 
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47. 


— abo ab Ou dul O° du 7h Ov 
Similarly = at 7 + 
oy Ou Oy” Oy| Ou“ Oy Ovou Oy 
db 6?v av| 67h Gu 07h Ov 
+ a ere 
Ov Oy’ Oy| Oudv Oy Av" Oy 
Adding, 
2 2 2 2 2 2 
ob HH _ (ou, Hu) ob ( oy ay 
ax? ay? Ou ae? &y vl ox" oy 
—&o|(auy (eu) |, eo [eu av . du av 
+ —> + +2 fs 
Ou Ox oy Ou Ov| Ox Ox Oy Oy 
6 (2). avy 
~ av? | Lax ay 
o 
Now, by C—R equations Oe 2 = e 7 ae Also, since u and v are harmonic, 
Ox oy Ox oy 
Bu du, oy, ay 


+ + 
ax* ay?” ax? By 


a GE Ou : (2) + Ov ? Ou re Ov ‘i 
= Ox oy) \ax« ov) \a& Ox 


el ee ov : = ' 2 
=|5-ti5 | =I'@! 
au av ou ov _g 
ax dx dyay 
Hence (5) reduces to 
a> > 
6) arta? - or +o 
x oy Ou Ov 
Oo ao 
It follows from (6) that if —- + —~ = 0 and f'(z) # 0 then 
Ox Ov 
2 2 
a Fb 
Ou Ov 


Determine a function which is harmonic in the upper half plane, Im (z) > 0 and 
which takes the prescribed values 


Solution: This is a Dirichlet problem for the upper half plane as shown in the 
figure 
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In other words, we have to solve for (x, y) the boundary-value problem 


a) , O° 
a2 ta =9,y>0; 
ax? dy’ x 
. 1 x>0 
Since A@ + B is the imaginary part of A log z + B where A and B are real constants, 
hence A®@ + B is harmonic. 


We have to determine A and B under the conditions 


o=1 forx>0 
o=0 forx <0 
Thus 
(it) 1=A(0)+ B, (ii) 0 =A(n) +B 
1 
Hence A=-I1/n, B=1 and 6=1--— tan' (2) 
Tt 


One can also solve this type of problem by using Poisson’s formula for the half 
plane. 
Let w(9) = 0 for0 <0 <a and | fora <0 <2nz. Finda series for the function u(r, 0) 
which is harmonic in the unit disk with these boundary values. Using the series 
compute u (1/2, 2/2) numerically. 
Solution: 
1 1 
Yen e "8 a9, ay == 
ene a 2 
For n # 0, 


1 n 
a ae ] 


n 


——e 
gos ee 
v(@) 2, Ti oddn=1 n 


1 1 i 
y 1 (e”® en ey 
2 Tl oddn=1 n 
1 2 5 sinn® 


2 ™ oddn n 
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1 2 2 sin(2m+1)0 2 
Hence, u(r, 2-5 >— > sin(2m+1)0 2 +1 


tm=0 (2m+1) 
1 ca —|)" 
u( 4) 12¢ . ( 1) 
2 2 2 mn m=0 2°""'(2m +1) 


ee (1/2) 
ye | 


= 0.2048... . 
49. Prove that if |z|< > then 


() |log (1 +2)-z|<|zP, 


3 
(ii) log (1 +2)-2+ 52" |s|zP, 


1 1 
(iii) |log (1 +z)-z 57 37 Islztt 


1 1 1 
(iv) | log (1+z)-z a 37 tH lisilzh, 


and so on. 


1 
Solution: If | z|< > 


z 2 Z4 
log 1 +z)= + Fess 
ll ae a ee 
Hence | lo nee eee es Zo | 
: 7 23 4 ~ 
sizP(5+g+5+~] 
2 4 8 
=|2/? 
This proves (7). We can prove similarly (ii), (iii), (iv). We verify (ii) below 
a a 
log (1+z)—-z+— |<]zP]—+—4—+... 
Reetlog-er 5 Sera eae el 
=|z/? 


50. Prove that x (1 + a,) converges if both Za, and X | a, |? converge. 
Solution: It follows from the previous exercise that 
|log(1+a,)—a,|<|a, 7. 


Hence, if =| a, ? converges, so does = [log (1 + a,)—a,,] ; and then if a, converges, 
so does & log (1 + a,). 


51. Investigate the convergence of x (1 + a,,) in the following cases: 
() a,=C In" 
(ii) a,,,,=(@n-1) " ne (2n)!?, n= 1, 2, 3, ... 
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(iii) a, = 2/n,n=1, 2, 3, ... 


7 
WV) 2a 
n 


Solution: (i) We have 


a 1 
| log (1 +a,)—a, + = a es 
a a 
Xe) Yllog(l+a,)-a,+—4-— 
g ( n) n 2 4 


converges absolutely. Now 2a, and = a : converge (conditionally), but Xa ‘ diverges 
and therefore log (1 + a,) diverges. 


(ii) Since & | a; | converges, it follows that 
Z 
by ie (l+a,)-a, + 8] converges 


According as n is odd or even, 


ae. 6A i: 


an + _ or > 
2 nn? Qn (n—2)'? 2(n-2) 
1 : : 
so x («, + a: | diverges, hence = log (1 + a,) diverges. 
oe \z/? . 
(iii) Since|log(1+a,)—a, |< sit follows that = [log (1 + a,)—a,] converges. 
n 


But since 2 a, diverges, the product diverges. 


(iv) Since Z| a, | converges and & [log (1 + a,,) —a,] converges, it follows that the 
product converges. 


Prove that [] (1 —z?/n?) converges uniformly on each compact set that excludes all 
n=1 


the points + n. 


Solution: Let z belong to a compact set £ that contains no point + n. Since E is 
1 
bounded, it follows that for sufficiently large n, | z?/n? | < a and 
2 2 2 
Zz Zz LZ k 
oe [ >|" vIl<=l=P? <4 
n n 


for some number k. Since © z?/n? converges uniformly on E, it follows that 
¥ log (1 — z?/n?) converges uniformly on E. 


Prove Stirling’s formula 
lim (n lel yon 1/2) = J2n 
nao 


Solution: Let a, = log (n | e"n-"~') 
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Then 


n+1/2 
a, =(n + 1/2) {log (n + 1/2) — log n} -5+ E log m -|. log xdx 


Setting f(x) = log x in the following identity 


n+1/2 1/2 n 
J, f@par= J [rons 2 ronan fim} dx 


we obtain 
n+1/2 n 1/2 n x? 
(7) J logxdx- X log m= | loga+ 2 log) l=—~ |pde 
0 m=1 0 m=1 m 
But X log [i _ | 
m=1 m 


1 
converges uniformly for 0 <x < FI 


Taking the limit in both sides of (7), we have 


n+1/2 n 
(8) lim (J logxdx— & log m| 
0 m= 


nao 


1/2 00 x2 
=| logx+ 2 log) 1=—,- |p dk 
0 m=1 m 


rs 2 
sin mz =z II [:- } 


Z 
n=1 n- 


Using the result 


the right side of (8) becomes 
2 ; 1 
[ log sin m x dx -—logn 
0 2 
It can be easily checked that 
1/2 l 
} log sin mx dx > — log 2 
0 2 
It now follows that 


1 
lim a, = log (271) 


i 
nao 
ie lim (n!e" n"~ 7) = J2n. 
n—-oo 


Define the Gamma function by the formula 


! 2 
nin 


eS aera ore mere 


From the definition it follows that [ (z) does not exist if z is zero or a negative 
integer. 
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54. Prove that I (z) exists for all other values of z other than zero and the negative 
integers. 
Solution: Let Q, be the set of all (finite) points other than zero and the negative 
integers. Let 
nin? 


— z(z4+1)...(z+n) 


(9) r,@ 


(10) g (z)=log (n!) +zlogn— ¥ log(z+m) 
m=0 


where z € or and n is a natural number. 


Then 

(11) l,, (Z) = exp g,, (2) 
and 

(2) F@= lim F,@ 


Let z € Q,. Then, for any natural number n, 


&,2)=8, 2+ % {8 —8n-1@} 
Now, if m is an integer, and m > max (1, |z |), then 
Sm (2) —Z_ 12) = log m +z {log m— log (m— 1)} — log (z + m) 
fl z(z+de 
J, (m —t)(m+ tz) 
Hence, if m > max (1, | z |) 
| Sn @)-8n_-1@ 112+ YD Gn- 1! @—-|zh) 
It now follows that 


Em @)~En-1 @} 
converges and hence Jim. g, (z) exists. Thus I (z) exists for all z € Qo. 
Define the beta function by 
(3) Be w= feta-o" ae 


55. Prove that 
B(z,w+ 1)=B(z, w)- wi(z+w) 
for Re z > 0 and Re w > 0. 
Solution: (z + w) B (z, w+ 1)—w B(z, w) 


1 1 
=(+w) | fa” dr-wI te! (1 —2)" dt 
0 0 
1 
= J ce! 1)” —f wo" at 
0 


=([# (1-a"}, =0 
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56. 


57. 


58. 


Prove that 
I, (2) = B(z,n+ 1) for Re z> 0 and nv is a natural number. 


n 
Solution: B(z,n+ 1)=—— B(z,n) 
Z+n 


—1 1 
ce oe ge BN) 
ztnztn-l z+t+l 


1 1 
But Bz, y= [et de=— 
Zz 


Hence, the result follows from (10). 
Observe that 


(14) lim {n? B(z,w+n+1)=T (2). 


Prove that 
in {n? B(z,w +n+1)} =I (2) forRez>0 


and n is a natural number. 
Solution: For Re w= 1, 
|n* B(z,wtnt1)—-n?B(z,n+1)| 


1 
= pRez| J f-4—)"” —R-9" at| 
0 
1 
<nez { eRee-N 1-1)" -1](1- 1)" at, 
0 


f w-l 
and }a-9"-1 =|) wax) de | 


<t|w|(<t<1l) 
Hence, by (13) we have 
(15) |W B(z,wtn+1)-n?B(z,nt+1)|<|w| nk? B(Rezt+1,n+1) 
It now follows from (14) that 
lim {n®e?*! B(Rez+1,n+1)}=T (Rez+1) 


nao 
Hence, the right side of (15) tends to zero as n > ~, 


This proves the result under the restriction Re w = 1. But this restriction is not 
necessary as can be seen from the following argument. 


Consider z fixed for a moment 


Then lim {n" B(z,w+n+ 1)} =g (w) (say) 
nao 


Now whenever g (w) exists, g (w) = g (w—4) for any positive integer k. This shows 
that Re w = | is not necessary. 


Prove that 
Biz, w)=T (z) Fw) (z+ w) 


for Rez>0OandRew>0 
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Solution: Let F (w) = B (z, w) T (z+ w)/T(w) 
Considering z fixed, we have F (w) =F (w+ 1) and F(w)=F (wt+n+ 1). It can be 
checked from the previous results that 

F(w)= De erat 1) 


n> nin?*® T(w+n+l) 


! Ww 
= lim [of BGwenenrerwens ial | 


=T'@) 
59. Prove that 
T(z)= J, u?—'e“du for Rez>0 


Solution: Since e* = 1 + x and e* = | — x for every real number x, it follows that 
(16) 1>e*(—-x = (1 +x) —-x)=1-x? (<1). 
Now let 1 be a natural number. Then, by (16) if u <n, then 


and hence 
(17) 1ze(1-4) 21-5) (O<u<n) 
Now (1 —x)"> 1 —nx (x < 1). Hence, 
n DP 
1ee"(1-4) s1-4. @42u<n), 
n n 
so that 
i n uw 
(18) osew-(1-4) <e"— (0<usn) 
n n 
Using (13), we have 


1 
eB en =] (nt)?~! 1-2)" net 
0 
= fie-4) du 
0 n 


pow 'e-" du exists if and only if Rez >0 
0 


Thus it follows from (18) that 


It can be checked easily that 


if u?'e" du—n? B(z,n+1)| 
0 


<| wre -(1-4) |ave J ge edi 
0 n n 
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60. 


61. 


62. 


63. 


64. 


foe) 
a Rez+1 — 
ee e “du 
0 


Hence, the result follows. 
Let G= {z: Rez2a} where a > 1. Prove that if ¢ > 0 then there is a number 6, 


0<6< 1, such that for all z in G. 
B t -l yz-1 

(19) aK ~1N! I dt\<e 
Qa 


whenever 6>B >a. 
Solution: Since e' — 1 >t for all t>0 then for0<t<1andzinG 
\(?-1y!#-!|<4-? 


f 
Since a> | the integral J, t’~? dtis finite. Hence 5 can be found to satisfy (19). 


Let F= {z: Rez <A} where— 0 < A < oo. Prove that if €¢ > 0 then there is a number 
k> 1 such that for all z in F 


| J (2 =i) fae |e 
Q 


whenever B > a >k. 
Solution: If t= 1 and z is any point in F then there is a constant C such that 
| (e!— 1)! £71 | < (e!— 1)! H-!< Celt (ef- 1)! 
Since e!(e!— 1)! is integrable on [1, 00] the required number & can be found. 
Proceeding similarly we can obtain the following results. 
Let H= {z:a<Rez<A} where | <a<A<o then the integral 


fe ait a 
0 


converges uniformly on H. 
If E= {z: Rez< A} where — 0 < A <o then the integral 


J (siya 
1 

converges uniformly on E. 

Prove that 


COP @=[ ie -De7 dt forRez>1. 


Solution: It follows from the above results that this integral is an analytic function in 
the region {z : Re z > 1}. Thus it is sufficient to prove that € (z) T(z) equals this 
integral for z=x> 1. 


It follows from exercises 60 and 61 above that there are numbers a and B, 0 < 
a < B <0, such that 


1 x-l 
J, (e! 1 to at </4, 


J, =i se eee 
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n 
Since x 


fo @) 
go 2% eo aie=1y5' 
k k=1 


1 
for alln > 1, 


Ss fo onat yx 

Lle tt dt<s4, 
n=1/0 

y “ont 7} dt < &/4 
n=1/98 


Using the relation C(z)[()= X n7T@) 
n=1 


ao ao t 1 
= |e"t dt 
n=140 


we have ICQ) P@)- Je =I eal 


2 PB B 
<et| 5 [em po! dt | (et —1y7) 7? at | 
Qa 


n=ldo 
But = e~™ converges to (e’— 1)~! uniformly on [a, B], so the result is proved. 
By using the above result we would like to extend the domain of definition of € to 
{z:Rez>-—l}. 
Let us consider the Laurent expansion of the function 
1 1 1 @2 


= =—--—+ 2 a,z" 
e-l z 2 n=l 


(20) 


; 1}, . 
where a), a,, ... are some constants. The function = 1 is bounded in a 


e-1 
neighbourhood of ¢ = 0. This implies that 


1 1 1 
ils t) ea 
Ole -l1 ¢ 


converges uniformly on compact subsets of {z : Re z > 0} and hence represents an 
analytic function on the right half plane. Thus 


z-1 


(21) core=fi(3 Lied a fa 


e'-1 ¢ 


By using exercises 62 and 63 we see that each of these summands except i? is 
oe 
analytic in {z : Re z > 0}. Thus we may define € (z) for Re z > 0 in the following 


manner. 


1 t({ TVs 1 vo p21 
6) sls ‘ a+——+] a 
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Hence € is meromorphic in the right half plane with a simple pole at z = 1 whose 
residue is 1. Let 0< Rez< 1, then 


1 =-[or? dt 
1 


=e 


Inserting this in (21) we obtain 


(22) care=f- (a 7) di 0<Rez< 1, 


In fact, our aim is to establish Riemann’s Functional Equation. 


65. C(z)=2(2n)7!'T(-2C60 2) sin (3-2) fo 1<Rez<0. 


Considering again the Laurent expansion of we find that 
e 


tea 
(e-l) t 2 


for some constant C and all ¢ in [0, 1]. Thus 


1 J 1 1 
J ( = -7+5) rae 
0 Le! t 2 


is uniformly convergent on compact subsets of {z : Re z>— 1}. Also, since 


. ( 1 | 
lim ¢ ; —-|=] 
tow Le -l ¢ 


there is a constant C 1 such that 


( : -+) see 
e-1 ft t 


—1 


This implies that 


converges uniformly on compact subsets of {z: Rez< 1}. 
Using these results we find that 


1 1 re 1 
Q3) g@re-f. ca -143) (dt -— 


" i : ~5 a for0<Rez<1. 
1\e-l1 ¢ 

Since both integrals on the right side of (23) converge in the strip — 1 < Rez< 1, we 
can define C(z) in {z:—1<Rez< lI}. 

The question naturally arises: What happens at z = 0 ? Since 1/2 z appears on the 
right side of (23), is it true that € have a pole at z= 0 ? It can be easily checked that 
this is not true. Dividing both sides of (23) by I'(z) we will get one term 

1 1 
2zT(z) 2T(z+)) 


which is analytic at z= 0. 
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Thus if € is so defined in the strip {z :— 1 < Rez< 1} it is analytic there. Combining 
this with (21) we find that C(z) is defined for Re z >— 1 with a simple pole at z= 1. 
Now if—1<Rez<0 then 
— (a dt 
Zz 1 
Inserting this in (23) we obtain 


ea) gerey= "(= 24 t)Pta.-1<Rez<0 


We h 1 1 lfe' +1 = cot (it 
a _—-= = 1 
wae 6a D. Ul etor) oe 


1 2 &0 1 
cot} —it | = —- 4it & ———.~—— 
(5 it Anon fort #0. 


1 n=l a + 
1 1 I1)\1 2% 1 
Thus + 2% 
(5 t >); n=l t? +4n? 7? 


Inserting this in (24) we get 

ioe) oO 1 
25 ZT @)=2 x ——— _|tdt 
@5) C@re (Eee) 


=2 J | eg 
n=1490 ¢7 +4n? x? 


foe) ioe) f 
=23 (nn ae | dt, 
al of +1 

ea i 
=2 (2n)! cz J dt, 
of t+] 


valid for— 1<Rez<0. 
Substituting s = ? for the real x with — 1 < x <0 we have 
1/2(x-1) 


(26) ie . a-+{° ds 


of +1 2Jo stl 


1 1 

= = cosec sn (l- | 
2 2 

= —T1 sec | —1x 
2 2 


at PS 
T(x) T 


ses 2 sin( 3 nx | cos (5 
wT 2 2 


But 


(27) 


sin 1x 
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66. 


It follows from (24), (26) and (27) that 
(28) C(z) = 202m)? F (1-2) E (1-2) sin (51 


valid for— 1<Rez<0. 

In fact, we established Riemann’s functional equation for real x with — 1 <x <0. 
But since both sides of (28) are analytic on the strip — 1 < Re z < 0, (28) follows. 
Following similarly we can show that (28) holds for— 1<Rez< 1. 

If Rez> 1 then 


where {p,,} is the sequence of prime numbers. 
Solution: Using the geometric series we find that 
1 


(29) —-= yr id 
1—p,° Mis 


0 


= 2 


for all = 1. Taking the product of the terms [: 
— Pr 


) for 1 <k<nwheren®= 1 and 
using (29) we obtain 


n 1 co 
(30) | : |. 2 ae 
k=] 1- p,? j=l 


Note that the integers n,, 7,, 3, ... are all the integers which can be factored as a 
product of powers of the prime numbers p,, p,, ..., p,, alone. Allowing n + % we get 
the required result. 


Weierstrass Elliptic Function P(z) 


We recall the following definitions. An analytic function fis called periodic if there 
exists a (complex) constant w # 0 such that 


fEtw)=f@ 
for all z € C. The constant w is called a period of the function. If there does not exist 
an integer n such that w/n is also a period, then we call w a fundamental period. If 
Im (w, w,)=0, where w, # w,, then fis called simply periodic. Note that w, and w, 
are distinct periods. IfIm (w, w,) #0, where w, # w,, then fis called doubly periodic. 
The doubly periodic analytic functions are called elliptic functions. 
Observe that if / is any analytic function for which the series 


E he-m)=/@) 


converges uniformly, then f will be periodic with period w. If w is a sum of any 
integer multiples of w, and w, with Im (Ww, wz) #0, then 


Eh (e-w)=p) 


Note that the summation over all possible w yields p (z), a doubly periodic function 
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Note also that 
h(z)+ no [h (@—w)—-h (w)] =p @) 


is doubly periodic. 
Setting h (z) = 1/z? in the above expression we obtain the Weierstrass elliptic function 


1 1 1 
a + no a = “| = P(z). 
Show that P(z) satisfies the differential equations 
(31) 6 P- P'=30k, 
and 
(32) 4 P"- RP? — 60k, = 140 k, 
where ?' and ®” are the first and second derivatives of Pand 


(33) k= 


Solution: By definition 


1 1 1 
P(Z)=—+ LX .—— - > 
©) z? w#0 tc -w)’ a} 


1 
P' (z)=2> 
( w(z- wy 
1 1 
=2 + 2 
{3 w#0 | 
and 
(34) ®' (2)= 62 
w (z-w) 


where the summation > includes the origin (w = 0). 
w 


Note that P has a double pole at the origin and ®” has a fourth order pole at the 
origin. Thus the fourth-order pole of ? at the origin can be eliminated by subtracting 
P"/6 from ??. We find 


ti. 3 
(35) P= +52, +B5 
Zz Zz 


and for all small z 


co he efle)a(e)| 


and r= 3 — 
w#0| (z—w) w 


1 1 
=2z XY —> +327 d —z 
w#0 w w#0w 
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Since x —~ =0 for m = odd integer 
w#0 w 
lim x, = 
(37) en ae 0 
38 lim 4 Zp = 3k 
( ) z>0 7 4 
Ly = 3k, 2" 
Hence, it follows from (34) and (35) that 
(39) 6g = 3, 4622-63, 
Zz 
where 
(40) Lys ZX : 


~ w#0 (z = w)4 
Since 6 P* — P" is an elliptic function it is in fact a constant if we could show the 
existence of 


lim [6 e?— P"]. 
z>0 
It follows from (37), (38) and (40) that the right side of (39) becomes 


6 P - p" = 36 k,—6 k,=30k, 
as z > 0. Also since z = 0 is the only singularity of 6 P? — P” we find that 
6 P?— P” = 36 k, for all z 
In order to prove (32) we need to multiply (31) by 2®’ and after integrating we get 
(41) 43 — P” — 60 k, P= constant 
This constant can be determined by taking the limit of the left side of (41) as z > 0 


Writing 
1 1 1 
—®' (z)=2 5+ LY — pp =2554+2 
©) 2 Zo i 7 
we have 
1 2 
(42) pina lead +33} 
Z Zz 
1 
Since P (z)=— + X4, we have 
Zz 
1 
(43) soma {ier 52, +523+E 
Zz Zz Zz 
Thus (41) becomes 
60k, 12 
“i =, “ E5 = +3 374s) 457 = 60h, 2 


The last four terms of the above expression approach zero as z > 0. The first two 
terms in the above expression can be evaluated as follows: 
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For small z 


Hence 
(44) X,= 2 : | 23h Pasko 
2 w#0 (z-w) 2 4 6 
; 1 1 
Also, since 2 —,~= % — =0 
w40w> we0w 
2 3 
aud cles 1+3(2)+6(=) +10(=) 
(z-w) w w w 44) 
Hence 
1 
(45) p> z ~ 3k, z+ 10k, 23 
3 tan (wy 4 6 
Thus 
: 24k 
lim = + 60k, +—>* + 80k, - a = 140k, 
do vA Z Zz 


It now follows that 
4 P>— Pp" — 60k, P= 140 k, 
Elliptic Integrals: The integration of the above equation gives 
[" dP 
* ta 3 — 60 ky, P — 140k} 


(46) 


We have already seen that P is a function of z. Hence, this equation gives z as a 
function of ® In other words this is the inverse function to the elliptic function P(z). 
This inverse function is called an elliptic integral. We denote this by 
(47) ze (y= [- zal 

© J/t4 w> — 60 ky w— 140k} 
Note that such an integral cannot be expressed in closed form in terms of algebraic, 
trigonometric, inverse trigonometric, logarithmic, and exponential functions unless 


the cubic has repeated roots. We give below three types of elliptic integral. The 
integral 


(48) in “ kI<1 
Zz ? 
0 Ja—u2) 0-4? u?) 
is called an elliptic integral of the first kind. If w is real and is such that | w |< 1 then 
the integral exists. Let u = sin 8 and w = sin g. Then (48) reduces to 


: [ do 
0 Ja sin? 6} 
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68. 


69. 


70. 


71. 


If k= 0, (48) becomes 


gee ay du 
aw, Vid—w? dF wy} 


The elliptic integral of the second kind is 


willl —k? uw? 

(49) z=], } — a 
: pe) 

=| ovi-« sin“ 0d0 


The elliptic integral of the third kind is 


(50) ge in ai 


0 (14 mu*) ¥{(A—w)(1-#? wy} 


(i 
° (1+ nsin” 0) J {1-k? sin? 6} 
Show that the Weierstrass zeta function 


Cu==+ z,( d ) 


w#0\Z-W WwW Ww 


satisfies 


C@=-few@d 


1 ! ae 
Solution: P(z)=—G' (2)= =z 2% 4— a — 
olution (z) G (z) 72 w#0 {c = wy | 


Show that the Weierstrass sigma function o (z) defined by 


o(z)=z II (1 = 2) eZ!) tz" /2w") 


w#0 w 
satisfies log o (z)= fe (z) dz 
Solution: By logarithmic differentiation we have 
o' (z) 
ai) = d, log o (z)=C(z) 


Show that the constants c, and c, defined by 
C(z+ a,) —C(z)= 2c, 
C(z+ ay) —C(z)= 2c, 


satisfies the relation 


Ay Cy — Ay Cg ~ Ty; 


Solution: By integrating C (z) over a fundamental parallelogram we get 


fo@aa]" rede f 2d = 20, 


ay + A a 


Show that the entire function o (z) satisfies the following relations 


co (z “ a,) a en @zt ae (z) 
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o(z+a,)=—- e224 a) (z) 
Solution: We have 
6@= LO <4 ogo 
o(z) = 
It now follows from the previous exercise that 


log o (z+ a,)— log o (z)=2c,z+k, 


log o (z + a,)— log o (z) = 2c, z +k, 


o (z+ a,)=6 (2) er eh 


o (z+ a,) =0 (2) e727 el 


since o (z) =—o (~2) is an odd function if 2 z=—a,, we find that 


8 )a(-$)em 
2 2 


and e 


Similar result holds for &,. 


Let the zeros and poles of an elliptic function f(z) be located at {z,} and {p,} ina 
fundamental parallelogram. Suppose that 


pa ZR Dy Px 
k k 
Then prove that 


0 (z-Z;) 


zy=C Il 
PO ONS (z— Py) 


Solution: Denote the product by g (z). It follows from exercise 71 that 


, Cis a constant 


6 (z-z,+a,)= —o(z—z,) e174) 9% 
oO (z-p,+ a,) ==6 (z—p,) en (2- Px) e a 
Hence g(Z+a,)=g (z) exp 2c DL (x 2) = g (Zz) 
k 


Similarly we can obtain 
g(zt+a,)=g() 


i) 


Thus g (z) is an elliptic function. It now follows that @ 
g(z 


is also an elliptic function 


without any singularity. Hence, it is a constant. 
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List OF SYMBOLS 


oP UdCUN «Ao 


bie bs hs 
ee || 
ww & 
_ 
ae 
bw 


> 


AxB 
[a, b], (a, b], etc 
B (a) 
B(x) 

C 

C 

ct (G, Q) 
d (x,y) 

d (x, A) 
diam $ 
D (z,, r) 
D (7) 
D'(z,,7) 
D, (a) 


i 


oT 
) 


belongs to 
does not belong to 
is a subset of, is contained in 
contains 
union 
intersection 
implies 
logical equivalence, if and only if 
equality and inequality of sets 
the set of all points in A which are not in B 
symmetric difference of two sets 
the complement of A 
Cartesian product of A and B 
intervals on the real line 
Open ball with radius r and centre a 
Space of all bounded real valued functions on XY 
Complex number system, complex plane 
extended complex plane 
set of all continuous functions from G to O 
distance from one point to another 
distance from a point to a set 
diameter of the set S 
Open circular disc with radius r and centre z, 
the closure of D (z,, r) 
punctured disc with radius r and centre z, 
open circular disc with radius r and centre a 
Kronecker delta 
the boundary of the rectangle 7 
empty set 
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List oF SYMBOLS 


f:x7Y 
fi:Yox 
f(E) 

fiE 

fe 

gof:X > Y 
ie 

int. A 

OA, ete. 

— 0, +00 

iff 

inf A 

lim x, 

lim sup or lim 
lim inf or lim 
lim f (x) 

R 

R x R (or R’) 


Sf 
Il Il 
| z | 
Zz 


z ,=z, (mod. 2 W) 


T() 
P(z) 
C2) 
9 (2) 
I 2, 


n=1 
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function (or mapping) with domain X and range in Y 
inverse function (or mapping) 

image of a set under a mapping 

the restriction of a function on E 

equality for mappings 

composition of mappings 

identity mapping on a set 

interior of a set 

intersection of a class of sets 

infinity (minus and plus) 

if and only if 

infimum (or greatest lower bound) of a set of real numbers 
limit of a sequence 

limit superior or upper limit 

limit inferior or lower limit 

limit of the function 

real number system 

co-ordinate plane 

n-dimensional Euclidean space 

real part of the complex number z 

the closure of a set S 

the interior of a set S 

the derived set 

the boundary of a set 

supremum (or least upper bound) of a set of real numbers 
union of a class of sets 

norm 

the set A is equivalent to the set B 

inner product of f with g 

modulus of continutiy of the function 

norm of x 

magnitude (or absolute value) of the complex number z 
conjugate of the complex number z 

congruence modulo 2 W for complex numbers 

the Gamma function 

the Weierstrass function 

the Weierstrass Zeta function 

the Weierstrass sigma function 


infinite product of complex numbers 
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Absolute value 90 
Accumulation point 22 
Addition theorem 194 
Algebra 194 
Analytic automorphism 101 
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function 202 
isomorphism 101 
square root 241 
Annulus 94 
Approximation 225 
Associative law 15 
Automorphism 101 


B 


Bernstein polynomial 226 
theorem 226 


Bessel’s differential equation 220 


function 220 
Beta function 184, 280 
Blaschke product 171 
Boundary 179 
point 246 
Bounded entire function 74 
set 140 
variation 51 


Cc 


Canonical product 165 
Cantor set 25 


Capacitor 153 
Cardinal number 5 
Cartesian product 3, 294 
Cauchy 
Riemann equations 40 
sequence 24, 33, 34, 78, 80, 82, 158, 159 
Cauchy’s inequality 74, 229 
integral formula 71, 72, 94, 95, 131 
theorem 53, 59, 63, 75, 270 
Chain 39, 69, 70, 94, 114, 204, 242, 244 
Circle 136 
of convergence 84 
Closed ball 22 
chain 70, 264 
mapping 28 
path 55 
polygon 64 
set 233 
square 231 
Closure 294 
Compact 249 
metric space 27 
set 34 
Complement 233 
Complete metric space 24 
Complex number 4 
Complex plane 37 
Composition of transformation 123 
Conductor 153 
Conformal 238 
equivalence 241 
mapping 270 
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Congruent 188 
Conjugate 295 
harmonic function 272 
Connected set 29 
Continuous function 31 
second partial derivative 41 
Continuously differentiate 41 
Contour 77 
Convergence 81 
Convergent product 161 
sequence 24 
Convex region 32 
set 32 
Convexity theorem 180, 181 
Convolution 143 
Coordinate plane 10 
Countable 16 
Cross-ratio 126 
Complex valued 43 
composition 5 
continuous 38 


Dense set 23 
everywhere 46 
nowhere 209 

Derived set 22 

Diagonal sequence 240 

Dilation 122 

Diameter 205 

Differentiable 250 
path 50 

Differential equation 220 

Dirac family 143 
sequence 143 

Dirichlet problem 146 

Discrete 19 

Disjoint region 231 

Disk 234, 237 

Distributive laws 9 

Doubly periodic 188 


E 
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Elementary factor 163 

Elliptic function 187 
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